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In  this  paper,  a  novel  reinforcement  learning  method  inspired  by  the way  humans  learn  from  others  is
presented.  This  method  is  developed  based  on cellular  learning  automata  featuring  a  modular  design
and  cooperation  techniques.  The  modular  design  brings  flexibility,  reusability  and  applicability  in  a  wide
range  of  problems  to  the  method.  This  paper  focuses  on analyzing  sensitivity  of  the method’s  parameters
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and  the  applicability  in  optimization  problems.  Results  of  the  experiments  justify  that  the  new  method
outperforms  similar  ones  because  of employing  knowledge  sharing  technique,  reasonable  exploration
logic,  and  learning  rules  based  on the  action  trajectory.
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ptimization

. Introduction

Machine learning is about designing techniques and algorithms
y which intelligent agents automatically learn the optimal acting
or a problem using available data. These techniques are very use-
ul in complex problems whose space are not completely available
r predictable. Machine learning techniques fall into three main
ategories, that are supervised learning [1], unsupervised learn-
ng [2], and reinforcement learning [3]. In the case of supervised
earning techniques, there is a set of training data for which the
olutions are available and the learner tries to infer a function
rom the training data to map  unseen data with high accuracy. In
nsupervised learning techniques, there is no training data set and
he learner tries to find hidden structures by analyzing different
eatures of the data. Reinforcement learning techniques, that are
nvolved in our method, are inspired by behaviorist psychology, in

hich agents try to figure out how to act efficiently in an environ-
ent by interaction only. With each action an agent performs, the

nvironment sends a reinforcement signal to the agent. Reinforce-
ent signals are the only information the agent receives about its

cting, and reinforcement techniques are about learning optimal
cting in an environment using the reinforcement signals. Rein-
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

orcement learning is applicable to problems in various fields of
tudy such as prediction [4], scheduling [5], wireless networks [6,7],
obotics [8], ensemble learning [9] to mention a few. The variety of

∗ Corresponding author.

ttp://dx.doi.org/10.1016/j.jocs.2015.08.002
877-7503/© 2015 Elsevier B.V. All rights reserved.
applications and the concept of learning from experience, give rise
to the study and design of reinforcement learning techniques for
complex and large-scale problems.

Progress of technology and emergence of powerful processors
provide the ability of parallelism and multi-agent computing which
effectively improves the performance and the speed of a learning
method. We  use cellular learning automata (CLA) [10,11] which
are cellular automata (CA) [12] in which cells are equipped with
learning automata (LA) [13,14], to design a parallel multi-agent
method. Our method benefits from advantages of both LAs that
use reinforcement learning techniques, and CA as a tool for paral-
lelism and a basis for modeling the fact that human decisions are
influenced by the behavior of others he refers to [15]. The mag-
nitude of the influence depends on various factors such as trust,
relationship, expertness, and etc. Cellular learning automata have
applications in complex systems and simulations [16], optimiza-
tion [17,18], classification [19], pattern recognition [20], image
processing [21], wireless sensor networks [22], dynamic channel
assignment [23,24] recommender systems [25] and many other
types of problems.

In multi-agent scenarios it is very useful to let the agents coop-
erate with each other and benefit from the knowledge gained by
others. Cooperative learning techniques [26] are a class of tech-
niques that are designed to address cooperation between agents in
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

multi-agent environments with the purpose of improving the qual-
ity, the accuracy, and the speed of the learning process. Knowledge
sharing [27] is one of the cooperative learning techniques in which
agents try to learn from each other and share what they learn. We

dx.doi.org/10.1016/j.jocs.2015.08.002
dx.doi.org/10.1016/j.jocs.2015.08.002
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
dx.doi.org/10.1016/j.jocs.2015.08.002
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Fig. 2. (a) Von Neumann neighborhood for cell ci,j and (b) periodic boundary con-
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se this technique in our method by letting agents use neighbor-
ng agents’ knowledge gathered through their individual learning
rocesses.

In this paper, we focus on solving optimization problems and
how how the proposed method can be applied to these problems.

e also compare our method with Cellular Learning Automata
ased Evolutionary Computing (CLA-EC) [28] and Recombinative
LA-EC (RCLA-EC) [29], which are the most similar methods to
urs. CLA-EC is a combination of CLA and evolutionary algorithms
nd can be applied to optimization problems. For example, CLA-
C is used for clustering and intrinsic hardware evolution, [30,31].
ur experiments show that CLA-EC suffers from the lack of explo-

ation and it is susceptible to local optima. The authors in [29]
ddressed this problem and proposed RCLA-EC, which is a CLA-EC
nhanced with a recombination operator that helps the method to
e more exploratory in searching the problem space. The results of
ur experiments indicate that our method has a better performance
han both CLA-EC and RCLA-EC, and does not suffer from their dis-
dvantages. Besides, we examine how our method performs on
wo real-world problems and compare the obtained results with

ethods other than CLAs.
The rest of this paper is organized as follows: In Section 2, we

riefly describe CLAs that are the core of our method. Next, in Sec-
ion 3 we introduce our method and describe it in full details. In
ection 4, we perform different experiments to show the sensi-
ivity of different parameters and compare our method with both
LA-EC and RCLA-EC. Conclusion and future works are highlighted

n Section 5.

. Preliminaries

In this section, we give a brief demonstration of CLAs, which are
ombinations of LAs and CAs. We  begin by introducing LAs followed
y description of CAs and CLAs.

.1. Learning automata

An LA is a decision-making machine consisting of a set of inputs,
 set of states, a set of actions, action probabilities, and a learning
lgorithm in its primary form. An LA chooses an action in each state
ased on its action probability vector, and performs it on a respon-
ive random environment. The environment receives the action as
n input and produces a reinforcement signal with a fixed unknown
robability distribution (as a response). This response shows to
hat extent the performed action is good or bad and the LA uses

his response to update its action probabilities. Action probabilities
re crucial to an LA’s decisions and form the basis of its learning pro-
ess. Interactions between the learning automaton and the random
nvironment are depicted in Fig. 1.

The random environment is an entity consisting of a set of
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

nputs, a set of outputs (reinforcement signals) and an unknown
robability distribution for producing different reinforcement
ignals. There are three well-known models based on the environ-
ent’s outputs, which are also the LA’s inputs; if the LA’s input set

Fig. 1. Interaction between an environment and a learning automaton [13].
dition for a grid of size 4 × 4.

is binary (e.g. {0, 1}), the model is known as the P-model, if the
input consists of a set of distinct symbols, it is known as a Q-model,
and finally it is an S-model, if the input set is the interval [0, 1] [13].
Depending on the problem to be solved, a proper model must be
designed in order to achieve the best performance.

2.2. Cellular automata

Cellular automata are dynamic systems consisting of a set of
identical automata in which space and time are discrete. These
automata are arranged in a cellular grid and interact locally with
their neighboring automata which are defined by popular neigh-
borhood, such as the Von Neumann (Fig. 2a), or any other kind
of neighborhoods [32,33]. Local interactions are defined by a set
of local transition rules indicating the next state of each automa-
ton given the states of its neighboring automata. Transition rules
describe the behavior of a CA and designing suitable transition rules
for a CA is an important task for which scientists try to develop
useful methods. For instance, the authors in [34] employ princi-
pal component analysis (PCA) to evaluate transition rules of CAs
and retrieve a set of rules which are suitable for different kinds of
situations.

Acknowledging that the grid of CAs cannot be infinite in practice,
boundary conditions are needed for the cells placed on the edges
of the grid. Fig. 2b depicts how periodic boundary conditions can
be imposed in the case of a two-dimensional grid.

Despite the simple structure of CA, they are able to model non-
linear dynamics in natural systems, which are very hard to model by
other mathematical tools like differential equations [35–38]. Here,
we employ CAs to facilitate the modeling of knowledge sharing
between agents. For further readings please see [12].

2.3. Cellular learning automata

A CLA is a CA in which cells of the grid are equipped with
LAs. In these automata, there are local learning rules in addition
to the evolution rules and neighbors affect the learning process
of the individuals. Simply put, CLAs can learn based on the learn-
ing capabilities of LAs and evolve based on local rules of CAs. A
d-dimensional CLA is a quintuple CLA = (Zd, ϕ, A, N, F) where
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

• Zd is a d-dimensional grid of cells;
• ϕ is a finite set of states that each cell can possess;
• A is a set of LAs, each of which is assigned to a specific cell;

dx.doi.org/10.1016/j.jocs.2015.08.002
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Table 1
List of notations used in this paper.

Notation Definition

d Size of each dimension of the CLA grid.
Ai,j The agent located in the ith row and the jth column of the grid.
Ni,j The set of neighboring agents of Ai,j .
Mi,j The set of LAs associated to Ai,j .
n  The cardinality of Mi,j for all i, j ∈ {1, 2, . . .,  d}.
mi,j

t The tth LA associated to Ai,j .
Mi,j(k) The action probability matrix of Ai,j at the kth iteration.
Pi,j

t (k) The tth row of Mi,j which is the action probability vector of mi,j
t .

pi,j
t,v(k) The probability that mi,j

t chooses action v ∈ {0, 1} at the kth
iteration.

Bi,j(k) The action (bit string) generated by Ai,j at the kth iteration.
bi,j

t (k) The tth bit of Bi,j(k).
wi,j(k) The reinforcement signal produced by the random environment

associated to Ai,j at the kth iteration as a response to the performed
action.
ARTICLEOCS-395; No. of Pages 10
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N = X1, . . .,  Xm is a finite subset of Zd that is called the neighbor-
hood vector;
F : ϕm →  ̌ is the local rule of the CLA where  ̌ is a set of valid
reinforcement signals that can be applied to LA.

CLAs can be updated either synchronously or asynchronously
39]. In synchronous scheme, all cells are synchronized with a
lobal clock and executed at the same time, while in asynchronous
cheme each cell is evolved based on its own clock. Each of these
pdating schemes can change the behavior of the underlying CA
ompletely [40,41]. In [10], a mathematical methodology to study
he behavior of the synchronous CLA is given and its convergence
roperties have been investigated.

.4. Cellular learning automata with multiple learning automata
n each cell

All models of CLAs given before use one LA in each cell. In some
pplications such as channel assignment in cellular networks and
unction optimization, there is a need to make a decision about

ultiple variables. In these applications, we need a type of CLA in
hich each cell is equipped with multiple LAs. For example, in the

hannel assignment in the cellular networks, we  need to assign
ultiple channels to each cell or in multi-variable function opti-
ization, value of several variables must be determined. In these

wo applications, we can employ one LA for assigning each channel
r determining value of each variable respectively. This type of CLA
s called CLA with multiple LAs in each cell [42].

. Proposed method

In this section, we describe our proposed learning method in
etail. One of the main goals of our method is to create a modular,
exible and reusable method that fits in many machine learn-

ng scenarios by appropriately altering its modules. We  begin by
ntroducing the individual modules, then we give a detailed demon-
tration of their interactions, which reveals how agents learn acting
ptimally through interaction with their environments.

.1. Agent and environment

Agent and environment are the only two distinct modules in
ur method that have no dependencies but inputs and outputs (the
ay they interact with each other). In our method, we employ a syn-

hronous CLA whose cells are conceived as agents that are arranged
n a 2-dimensional grid. An action of an agent is in the form of a
nite-length bit string. To generate such an action, we apply the

dea of using multiple LAs in each cell of the CLA [42]. Here, agents
nclude a finite set of LAs that have only two actions; 0 and 1, and
he action of each agent is generated by concatenating the actions
f the associated LAs. Therefore, the action set for each agent, is
he set of all combinations of zeros and ones in a finite-length bit
tring. Agents store two kinds of actions and their corresponding
nvironment’s response throughout their life-time: (1) the latest
ction they have applied to the environment and (2) the best action
hey have generated from the beginning of their evolution. They use
hese actions through their learning process which is discussed in
he following subsection.

The goal of these agents is to learn the optimal acting in a ran-
om environment by using their individual experience and the
nowledge gathered from their neighboring agents. We  use a set
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

f random environments which are responsible for evaluating the
gents’ actions and producing a reinforcement signal. These ran-
om environments are identical and each of them is associated to
n individual agent.
eci,j The �-escape bit-counter for the agent Ai,j .

An environment is the module specifying the problem that must
be solved by the agent. Agents know nothing about the problem
encapsulated in the environment, but the result of the action they
perform on it. Iteratively, agents generate an action and apply it
to the environments, then the environments respond with a rein-
forcement signal and agents use these signals as a guidance to learn
how to act better in their future trials.

The only dependency between an agent and its environment,
is the length of the action bit string needed to encode solutions of
the problem encapsulated in the environment. This low degree of
dependency makes our method reusable for solving different kinds
of problems without changing the way agents find a solution. To
solve a new problem with our method, it is sufficient to define the
length of the agent’s action and design a proper environment for
the new problem. In Section 4, we illustrate how our method can
be used to solve optimization problems.

3.2. Acting and learning

Here, we give a precise and detailed description of the agents’
acting and learning procedures in which several notations are
employed. Definitions of the notations are summarized in Table 1.

We design an iterative step-wise procedure which involves
three phases: decide, act and learn. Each agent generates a new
action in the first phase, then applies it to its own environment in
the second phase and finally updates its action probability matrix
using a learning algorithm provided with the environment’s rein-
forcement signal as an input, in the third phase. Agents perform this
procedure iteratively until a stop criterion is met. The remainder of
this subsection describes each phase in details.

When an agent enters the decision phase, each of its LAs chooses
an action for its corresponding bit in the agent’s action bit string,
using its associated action probability vector in the action proba-
bility matrix. More precisely, when Ai,j enters the decision phase at

the kth iteration, each LA mi,j
t decides on choosing 1 or 0 for bi,j

t (k),

based on its action probability vector Pi,j
t (k). Therefore, the automa-

ton mi,j
t assigns the value of 0 with probability pi,j

t,0(k) and the value

of 1 with the probability pi,j
t,1(k) to bi,j

t (k).
In the acting phase, agents perform their generated action (from

the previous phase) on their own environment. Then, environments
generate reinforcement signals and pass them back to their corre-
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

sponding agent, which inform the agent about the consequences
of its action. As the value of the reinforcement signal gets lower
(higher), the positive (negative) consequences of the performed
action gets more. In the next phase, agents use these signals to

dx.doi.org/10.1016/j.jocs.2015.08.002
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pdate their probability matrix in order to find the action with the
owest possible reinforcement signal.

As mentioned before, agents generate their actions based on
heir own action probability matrix. In the learning phase, LAs of
ach agent update the elements of their corresponding action prob-
bility vectors using a learning procedure. In our method, there are
wo types of learning procedures; individual learning and coopera-
ive learning procedures. In the case of the former, each agent tries
o learn based on its own previous actions and the reinforcement
ignals from the environment (learning from experience), while
gents try to learn from the knowledge shared by their neighboring
gents in the case of the latter. We  control the impact of cooperative
earning procedure by the parameter �, which denotes the proba-
ility that the cooperative learning is invoked after each individual

earning procedure. So high �-values result in a more cooperative
ethod.
In the individual learning procedure, the action probability

atrix of each agent is updated based on the learning rules. For
ach action Bi,j(k) performed by agent Ai,j at the kth iteration and its
orresponding reinforcement signal wi,j(k), the action probability
atrix Mi,j(k) is updated using the following rules:

If wi,j(k) < wi,j(k − 1) then for all t ∈ {1, 2, . . .,  n} and v ∈ {0, 1}:

pi,j
t,v(k + 1)

= pi,j
t,v(k) + (2v − 1)(bi,j

t (k) − bi,j
t (k − 1))(�Q (1 − pi,j

t,bi,j
t (k)

(k)))

(1)

where

Q = wi,j(k − 1) − wi,j(k)
wi,j(k − 1)

= 1 − wi,j(k)
wi,j(k − 1)

.  (2)

If wi,j(k) > wi,j(k − 1) then for all t ∈ {1, 2, . . .,  n} and v ∈ {0, 1}:

pi,j
t,v(k + 1)

= pi,j
t,v(k) + (1 − 2v)(bi,j

t (k) − bi,j
t (k − 1))(�Q (1 − pi,j

t,bi,j
t (k)

(k)))

(3)

where

Q ′ = wi,j(k) − wi,j(k − 1)
wi,j(k)

= 1 − wi,j(k − 1)
wi,j(k)

. (4)

These learning rules are designed in a way that whenever an
gent receives a response for the new action, it compares it with
he previous signal and sends the signal to a subset of its LAs who
hoose a different action as compared to the previously selected
ne, after which, each LA updates its probability vector toward
he action that results in the lower reinforcement signal (better
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

ction).
Let C denote the set of indices of the LAs of an agent whose

orresponding bits in the newly generated action bit string take
ifferent values in comparison with the values in the previous
ction bit string. When new changes in action bit string results in

Fig. 3. An example of running the escape procedure 
 PRESS
ional Science xxx (2015) xxx–xxx

an improvement, i.e. wi,j(k) < wi,j(k − 1), the probability vectors of
the LAs in C must be updated in a way  that the generation of an
action similar to the new one becomes more probable. Hence, for
each bit bi,j

t (k) where t ∈ C,  if its previous value is 0 and its current

value is 1, the automaton mi,j
t decreases the probability of choos-

ing action 0 and increases the probability of choosing action 1, and
conversely if bi,j

t (k) is 1 (Eq. (1)). The coefficient Q controls the mag-
nitude by which the probabilities change. According to Eq. (2), the
more the new action improves the reinforcement signal (smaller
wi,j(k)), the more Q approaches 1, which causes bigger changes in
probabilities.

The learning rules for the case of wi,j(k) > wi,j(k − 1) (i.e.,
changes in the newly generated action are bad) are similar,
but LAs now change the probabilities so that the generation of
an action similar to the previous one becomes more probable
(Eq. (3)).

In some problems where the difference between two reinforce-
ment signals can be high, the value of Q or Q′ may become large
and cause rapid convergence toward local optima. To address this
problem, we  introduced a smoothening parameter � ∈ [0, 1] in the
learning equations controlling the rate of convergence.

In a cooperative learning procedure, all the agents share their
best action with their neighbors. Each agent compares its latest
action value, i.e. wi,j(k), to the best action values of its neighbors
and tries to learn the best action among neighbors using the same
learning rules in the individual learning procedure by choosing
the best neighbor’s action as its own  new action. More precisely,
each agent imitates the best action among its neighbors instead of
generating a new action based on its own  knowledge (probability
vectors).

In our method, there is a chance of being trapped in local optima
in the case of complex optimization problems involving many local
optima. Therefore, we  designed a procedure called �-escape to
increase the chance of escaping from local optima when solving
complex optimization problems. This procedure is executed with
probability � after each action generation. In this procedure, agent
Ai,j chooses eci,j bits of its generated action bit string randomly and
inverts not only the bits themselves but also the probabilities in
their corresponding probability vectors. More precisely, assume
that the probability of � holds at the iteration k of the procedure.
If we  denote the set of indices of the selected bits of the action bit
string Bij(k) by

Si,j(k) = {s1, s2, . . .,  seci,j
}, (5)

then, for each bit bi,j
r (k) where r ∈ Si,j(k), the agent replaces the

bi,j
r (k) with 1 − bi,j

r (k) and swaps the values of pi,j
r,1(k) and pi,j

r,0(k)
(Fig. 3). For each agent Ai,j, eci,j is initialized with 1 and is increased
each time the �-escape procedure is called. This increment is cyclic,
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

which means that whenever the value of eci,j reaches n, the incre-
ment operator resets it to 1.

Algorithm 1 illustrates the pseudo code of the acting and learn-
ing procedures in our method.

when eci,j = 3 and selected bit indices are 1,4,5.

dx.doi.org/10.1016/j.jocs.2015.08.002
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. Experimental results

In this section, we are going to answer the following questions
hrough performing different experiments:
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

. How do the parameters � (cooperation), � (exploration),
and � (convergence speed) influence the agents’ learning
behavior?

. How well does the proposed method overcome local optima in
comparison with CLA-EC and RCLA-EC?

. How does our method succeed in solving hard optimization
problems in comparison with CLA-EC and RCLA-EC?

. How does our method’s performance compare with other meth-
ods that are not based on CLAs?
 PRESS
ional Science xxx (2015) xxx–xxx 5

4.1. Parameter sensitivity

To address the first question, it is of vital importance to investi-
gate the sensitivity of parameters individually. Therefore, we need
a problem with simple space, in which any changes in the agents’
learning behavior can be clearly illustrated. To show how changes
in the design parameters affect the learning behavior of agents, we
used the OneMax problem, which involves maximizing the num-
ber of ones in a bit string of length n. To solve this problem with
our method, we assigned n to the action’s length and designed the
environment in such a way  that it produces reinforcement signals
using the following function:
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

wi,j(k) = n −
n∑

t=1

bi,j
t (k). (6)

dx.doi.org/10.1016/j.jocs.2015.08.002
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(lower) values to � in case of environments with small (large) range
of responses, is better in practice.
(�) Choosing an appropriate value for this parameter is a bit hard.
Since � affects the rate of exploration, there is a need for prior
ig. 4. Impact of cooperation (�) on agents’ learning performance in solving the
neMax problem.

Despite the simplicity of the OneMax problem and the fact that
he optimum solution is known a priori, it is a well-suited prob-
em to illustrate the impact of different parameters on the agents’
earning behavior.

.1.1. Impact of �
To show how cooperation affects the learning performance, we

an our method to solve 10 different instances of the OneMax prob-
em for n = 10, 20, . . .,  100 with a 10 × 10 grid (100 agents). For each
f the problem instances, we examined the performance of our
ethod with six different �-values. Besides, we set � = 0 and � = 1

o avoid the effects of the �-escape procedure and the smoothen-
ng coefficient, respectively. Each of the experiments was  repeated
00 times and the average number of decisions (action generations)
eeded to reach the optimum bit string was considered as the per-

ormance measure. Results of the experiments show that higher
alues for � result in higher learning performance (Fig. 4).

As depicted in Fig. 4, performance of the non-cooperative
ethod (� = 0) dramatically decreases for large instances, while

he performance of the cooperative methods (� > 0) decreases only
lightly as the number of bits increases.

.1.2. Impact of �
Here, we performed experiments for different values of � from

 (no exploration) to 0.1. We  also used only one agent to omit the
mpact of cooperation and set � = 1 to avoid effects of smoothening
n these experiments. All of these experiments were performed 100
imes on different instances of the OneMax problem with n ∈ {10,
0, . . .,  70} and the agent was allowed to perform at most 5 × 106

ctions. The logarithm of the average number of distinct actions
hat were examined by the agent to reach the goal, was  considered
s a measure to assess the effect of the parameter �.

As the value of � increases, the agent explores more distinct
ctions from its action set to find the optimal action (Fig. 5). Explo-
ation helps the agent to explore more actions and escape from local
ptima, but it is of great importance to assign a tailored value to �
ccording to the problem at stake. An unreasonable high value for
, distracts the agent and does not allow it to exploit the problem
pace properly.

.1.3. Impact of �
To show the effects of the smoothening parameter on agents’

ehavior, we performed experiments for different values of � from
 (no smoothening) decreasing to 0.2. We  also used only one agent
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

o remove the impact of cooperation and set � = 0 to avoid effects
f exploration on these experiments. All of these experiments were
erformed 100 times on different instances of the OneMax problem
ith n ∈ {10, 20, . . .,  70, 80} and the agent was allowed to perform
Fig. 5. Impact of the �-escape procedure on agents’ learning behavior in solving the
OneMax problem.

at most 5 × 106 actions. The logarithm of the average number of
actions the agent tries to reach the goal was used to assess the
effect of this parameter on agent’s learning behavior.

As shown in Fig. 6, the speed of convergence decreases and the
agent needs more tries to learn the optimal action as � decreases.
Although it is not desirable to decrease the learning speed in all
problems, it is essential in some problems to avoid rapid conver-
gence toward non-optimal actions.

4.1.4. Choosing suitable values for parameters
The OneMax experiments illustrate the influence of each design

parameter on the learning behavior of agents. Assigning different
values for these parameters directly affects the performance of the
method. Therefore, it is necessary to tune them according to the
problem at hand and the desired behavior of agents. This can be
done by relying on the following guidelines:

(�) Results show that higher values for � improve the learning
experience of the agents. Yet in real scenarios, where the commu-
nication between hardware brings along costs, it is necessary to
reduce this value.
(�) Choosing the optimal value for � depends on the maximum
and minimum value of the reinforcement signal. Assigning higher
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

Fig. 6. Impact of the smoothening parameter (�) on agent’s learning behavior in
solving the OneMax problem.

dx.doi.org/10.1016/j.jocs.2015.08.002
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Table 2
Performance of the CLA-EC, RCLA-EC, and the proposed method in optimizing the
Trap problem of length 25. Success Rate denotes the percentage of trials in which
the global optimum found.

Method Best fitness Average fitness Success rate (%)

CLA-EC 1 1 0
RCLA-EC 1 1 0
Proposed method 0 0 100

Table 3
Performance of various configurations of the proposed method in optimizing the
Trap problem of length 25.

Method Best
fitness

Average
fitness

Success
rate (%)

Proposed method (� = 0.05, � = 1) 0 0 100
Proposed method (� = 0, � = 0.6) 1 1 0
ig. 7. The environment’s responses for the Trap problem instance of size n. Best
lowest possible) response is 0 for the string that has zero number of ones.

knowledge about the problem space to assign a suitable value.
Unfortunately, for most of the hard problems, it is not possible to
predict the problem space a priori. According to our findings, it is
a good practice to begin with lower values and gradually increase
it until the desired behavior or performance is reached.

In the following experiments, we chose parameters values in
greement with the above guidelines.

.2. Escaping from local optima

As mentioned before, the methods that are the closest related
o ours, namely CLA-EC and RCLA-EC, have problems in exploration
nd they are very susceptible to become trapped in local optima. We
hose the Trap problem, which is similar to the OneMax problem,
ut we now aim at a binary string in which all bits are zero. In other
ords, we want to minimize the following function:

i,j(k) =
(

1 −
(

n∏
t=1

(
1 − bi,j

t (k)
))) (

1 + n −
n∑

t=1

bi,j
t (k)

)
. (7)

Eq. (7) behaves like a trap function, which makes optimiza-
ion algorithms end up in the deceptive local optimum (string of
ll ones) as the best solution. Fig. 7 illustrates the environment’s
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

esponse for the Trap problem instance of size n.
In our experiments, CLA-EC always failed to find the global opti-

um  of the Trap problem. Learning rules of a CLA-EC make it act
n a greedy manner and it suffers from the lack of exploration.

Fig. 8. Performance of the proposed me
Proposed method (� = 0, � = 0.4) 1 1 0
Proposed method (� = 0, � = 0.2) 1 1 0

Consequently, CLA-EC does not explore other potential solutions
in a complex problem space involving many local optima. The
authors of [29] proposed RCLA-EC in which they added a recom-
bination procedure to CLA-ECs, as such designing a method that is
both explorative and exploitative. RCLA-EC uses shuffle crossover
[43] to recombine solution genome of a cell with its adjacent cells’
genomes. This approach helps RCLA-EC to explore the problem
space, but it failed in instances with length larger than 10 in our
experiments. We ran our method with lengths from 25 to 500 and
averaged the number of tries over agents as a performance mea-
sure. We  used 100 agents and a Von Neumann neighborhood. We
also set � = 1 to have a highly cooperative method, � = 0.05 to escape
from the trap, and � = 1 since there is no need to lower the conver-
gence rate in this problem. Results show that our method is able to
solve the Trap problem and the average number of decisions made
by the agents is almost linear with respect to the length of the bit
string (Fig. 8).

Table 2 illustrates the experimental results that we  collected by
running CLA-EC, RCLA-EC and our method for the Trap problem
of length 25. As shown in the results, neither CLA-EC nor RCLA-EC
succeeds in finding the global optimum in their 100 trials, while
our method always finds the global optimum.

We also examined our method to see whether it finds the global
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

optimum or not, using �-values only. As shown in Table 3, relying
on �-values solely cannot help the agents in finding the global opti-
mum in this problem. However, �-values do help agents search the

thod in solving the Trap problem.

dx.doi.org/10.1016/j.jocs.2015.08.002
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Table 4
Comparison between proposed method, CLA-EC and RCLA-EC in solving 1-
dimensional bin packing problem based on the best and the average of the number
of  bins they found over all of the trials (best values are boldfaced).

# Items Best known Proposed method CLA-EC RCLA-EC

Average Best Average Best Average Best

10 3 3 3 3.71 3 3.7 3
15  5 5 5 6.42 5 5.3 5
20  6 6 6 8.72 7 8.14 7
25  8 8 8 11.05 11 10.34 9
30  9 9 9 13.3 12 12.5 11
35  11 11 11 18.4 17 17.07 15
40  12 12.73 12 21.25 20 19.5 18
45  14 14 14 23.9 23 22.3 21
50  15 15.64 15 26.3 25 24.2 22

Table 5
Comparison between proposed method, CLA-EC and RCLA-EC in solving max-cut
problem based on the best and the average of the cut values they found over all of
the  trials (best values are boldfaced).

Instance Best known Proposed
method

CLA-EC RCLA-EC

Average Best Average Best Average Best

sg3dl051000 110 107.45 110 85.64 92 82 86
sg3dl052000 112 106.2 112 84.4 88 84.4 88
sg3dl053000 106 103.4 106 81.8 90 80.6 86
sg3dl054000 114 106.2 114 83.8 88 82.8 86
sg3dl055000 112 106.6 112 84.2 88 83 92
sg3dl056000 110 105.6 110 86 94 80.8 86
sg3dl057000 112 106.2 112 82.8 86 83 92
sg3dl058000 108 103.4 108 83 88 80.8 86
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roblem space locally, while higher �-values increase the chance
f escaping local optima.

.3. Solving classical optimization problems

We  designed two experiments in which solving two NP-Hard
ptimization problems is the goal. These two experiments not only
how the flexibility of our method but also demonstrate its superi-
rity over CLA-EC and RCLA-EC. We  examined our method for the
ollowing NP-Complete optimization problems; bin packing [44]
nd maximum cut [45]. Because of their complexity class, any other
P problem can be reduced to them in polynomial time. Conse-
uently, by covering these problems we actually cover any other
P problem.

.3.1. Bin packing problem
We  compared our method and both CLA-EC and RCLA-EC in solv-

ng the one-dimensional bin packing problem [46]. In each instance
f this problem, there are n items {1, 2, . . .,  n} with weights of {c1,

 . .,  cn}. The goal is to pack these items in a minimum number of
ins with the same maximum capacity of M.

Since a problem instance with n items can be packed into n bins
t the worst case, we assigned each � log 2n�-bit block of the action
it string to each of the items. Therefore, the bin number in which
he item i is packed, is encoded as a binary number located between
ositions ((i − 1) � log 2n �) +1 to i� log 2n � of the action bit string,
hich results in a action bit string of length n� log 2n �.

Because of the constraints of the problem instances, it is pos-
ible that an agent performs an infeasible action (solution). If the
erformed action is decoded as a feasible solution, the environment
enerates a reinforcement signal equal to the number of distinct
ins encoded in the performed action bit string. More precisely if,

 = {number(((i − 1)�log2n�) + 1, i�log2n�) | i ∈ {1, 2, . . .,  n}}, (8)

hen the reinforcement signal is

i,j(k) = |T|, (9)

here number(x,y) is a function that converts the binary number
ocated between positions x and y of the action bit string to the
orresponding decimal number. In the case of an infeasible action,
he environment adds n + 1 units to the signal computed with Eqs.
8) and (9), which guarantees that a reinforcement signal invoked
y an infeasible action is always larger than the ones for feasible
ctions.

We  performed nine different experiments from 10 items to 50
tems. The maximum capacity of bins was set to 1 and each item
ad a weight in the range of [0, 1]. In each instance of the prob-

em, the items’ weight were assigned in a way that the optimum
olution were known in advance so that we could check whether a
ethod finds the optimum or not. Our method found the optimum

olution in all settings, whereas CLA-EC and RCLA-EC found only
ear optimum solutions (Table 4).

.3.2. Maximum cut problem
We tested our method and both CLA-EC and RCLA-EC on several

enchmarks of the Weighted Maximum Cut (max-cut) problem
escribed in [47]. Consider a graph G = (V, E) with vertex set V =
v1, . . .,  vn} and edge set E ⊆ {{x,  y} | ∀ x, y ∈ V, x /= y}. Let fx,y be the
eight associated with edge (x, y) in E. A cut (S, S′) is a partitioning

f V into two sets being S and S′ = V \ S. The value of a cut (S, S′) is
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

iven by the following expression:

ut(S, S′) =
∑

x∈S,y∈S′,y>x

fx,y, (10)
sg3dl059000 110 105.2 110 84 88 81 86
sg3dl0510000 112 106.6 112 84.6 90 82.2 86

where the goal in the max-cut problem is to find the cut in G that
yields the maximum cut value.

To solve this problem, each bit of the action is associated with a
node of the graph G. If the bit located at the position x has the value
1 (0), its corresponding node vx in G belongs to the partition set S
(S′).

Since agents try to minimize the environment’s response, it
should be computed in such a way that the minimization of the
environment’s response corresponds to maximization of the value
of the cut. For this reason, the environment computes the reinforce-
ment signal of an action using the following equation:

wi,j(k) =
n∑

t1=1

n∑
t2=t1+1

ft1,t2 (bi,j
t1

(k) + bi,j
t2

(k) − 2bi,j
t1

(k)bi,j
t2

(k)) (11)

In all of the chosen benchmarks, there is a weighted graph
with 125 vertices and 375 edges with weights belonging to the
set { − 1, 0, 1}. Table 5 summarizes the performance of the three
methods in solving ten different weighted max-cut instances. The
proposed method not only found the best-known solution in all
of the instances, but also the averages of the answers in different
trials are very close to the best-known answers, while CLA-EC and
RCLA-EC did not perform well in tackling this problem.

4.4. Solving real-world optimization problems

We  implicitly illustrated the performance of our method in
comparison with many other methods that are examined on the
selected max-cut benchmarks in our previous experiment. Here,
e learning method based on cellular learning automata and its
.doi.org/10.1016/j.jocs.2015.08.002

we are going to solve two  real-world optimization problems and
explicitly compare the performance proposed method to other
optimization algorithms which participated in the competition of
the 2011 Congress on Evolutionary Computation (CEC2011) [48].

dx.doi.org/10.1016/j.jocs.2015.08.002
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Table  6
Comparison between proposed method and other methods published in CEC2011
in  solving problems T01 and T07 based on the best and the average of the fitness
values they found over 25 trials (best values are boldfaced).

Method T01 T07

Best Average Best Average

Proposed method 0 1.6376E−07 6.5822E−01 8.8081E−01
Adap . DE [49] 0 3.85 0.5 0.5
CDASA [50] 3.28E−18 1.01E+01 6.76E−01 9.39E−01
DE − �Cr [51] 7.21E−15 8.77E−01 6.66E−01 8.85E−01
DE − RHC [52] 5.02E−20 8.91 9.51E−01 1.15
EA  − DE − MA [53] 1.17E−11 7.60227 0.5 5.8474E−01
ED  − DE [54] 0 0 5.19E−01 1.19
ENSML DE [55] 0 1.78 1.28 1.42
GA  − MPC [56] 0 0 0.5 7.48E−01
Mod  DE LS [57] 3E−06 2.6E−05 7.2305E−01 8.3277E−01
mSBX − GA [58] 6.7922E−05 4.1976 6.7903E−01 9.8388E−01
RGA [59] 1E−04 9.2907 6.765E−01 9.65E−01
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SAMODE [60] 0 1.2120 0.5 8.17E−01
WI  DE [61] 0 3.28 0.5 6.56E−01

e ran and evaluated our method on the problems T01 and T07
nder the same evaluation criteria as employed by the other meth-
ds considering the rules stated in the problem set.

As shown in Table 6, our method found the best possible solution
or the problem T01. Besides, it approached the best solution for the
roblem T07 and outperformed seven of the other methods.

It is worth mentioning that our method uses binary strings for
ecision making. Therefore, to solve the problems with real-valued
ariables, it needs to encode them as binary strings. As the vari-
bles accept a wider range of values with higher precision, much
ore bits are required for encoding them. For instance, suppose

hat there are 20 real-valued variables in the interval [0,1]. To have
-digit precision, we need to assign 10 bits (210 = 1024) for each
f the variables, which results in bit strings of length 200. This
eans that agents should decide on 200 variables instead of 20,
hich leads to a larger search space and a harder task. Still, our
ethod shows good performance on both real-world optimization

roblems and obtained competitive results.

. Conclusion and future works

In this paper, we have presented a novel learning method based
n CLA and cooperative learning techniques. The proposed method
as been configured and applied to optimization problems. We
ave performed several experiments to investigate the impact of
esign parameters on our method and the agents’ learning behav-

or. Besides, We  have performed several experiments to compare
ur method with CLA-EC and RCLA-EC in solving optimization prob-
ems.

Both CLA-EC and RCLA-EC are applications of the CLA with mul-
iple LAs in each cell. The proposed method enhances the learning
erformance and gives promising results using the same type of
LAs together with the following three main novelties in compari-
on with CLA-EC and RCLA-EC:

1) Learning rules based on agents’ action trajectory
Previous methods consider agents’ best action as the main

parameter in their learning process which makes them behave
in a greedy manner and does not allow them to sense the
changes in the problem space. Here, we designed the learning
rules based on agents’ action trajectory.

2) Local optima escape procedure
Please cite this article in press as: M.  Mozafari, et al., A cooperativ
application in optimization problems, J. Comput. Sci. (2015), http://dx

CLA-EC does not consider exploration and does not perform
well in problems containing local optima. Although RCLA-
EC uses shuffle crossover as a recombination operator for
exploration, it does not have a good performance in complex

[
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problems since it blindly shuffles and recombines solutions. We
designed an escape procedure by which agents change their
action bit string (solution) gradually, and results have shown
that this procedure increases the chance of escaping from local
optima.

(3) Cooperation
Cooperation in previous works is based on a voting method

by which agents count their neighbors’ votes about the poten-
tial solution and decide based on higher votes. Our method uses
a knowledge sharing technique by which agents use their best
neighbor’s action to improve their learning process. We  have
shown that this way of cooperation increases the method’s
performance.

We have also evaluated the performance of our method in com-
parison with a bunch of optimization algorithms in solving two
real-world optimization problems. These corroborated the excel-
lence of the proposed method.

Employing trust management systems and expertness in agents’
cooperation and applying the method to multi-agent reinforce-
ment learning scenarios are other directions for future researches.
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