MATLAB

FOR
CONTROL
ENGINEERS

KATSUHIKO OGATA




Contents

Preface vii

Chapter 1 Introduction to MATLAB 1

1-1 Introduction 1

1-2  Addition, Subtraction, Multiplication, and Division
with MATLAB 19

1-3 Computing Matrix Functions 26

1-4 Plotting Response Curves 34

1-5 Three-Dimensional Plots 42

1-6 Drawing Geometrical Figures with MATLAB 46

Chapter 2 Preliminary Study of MATLAB Analysis
of Dynamic Systems 55

2-1 Partial-Fraction Expansion with MATLAB 55

2-2 Transformation of Mathematical Models
of Dynamic Systems 66

2-3 MATLAB Representation of Systems in Block
Diagram Form 73

iii

Scanned with CamScanner



P—-——_

Chapter 3 Transient-Response Analysis 85

3-1 Introduction 85

3-2 Step Response 85

3-3 Impulse Response 118

34 Ramp Response 122

3-5 Response to Arbitrary Input 128

36 Response to Arbitrary Initial Condition 136
3-7  Three-Dimensional Plots 144

Chapter 4 Root-Locus Analysis 151

4-1 Introduction 151
4-2 Root Locus Plots with Polar Grids 165

4-3  Finding the Gain Value K at an Arbitrary Point
on the Root Locus 169

4-4  Root-Locus Plots of Non-Minimum-Phase Systems 173

4-5 Root-Locus Plots of Conditionally Stable Systems 176

4-6  Root Loci for Systems with Transport Lag 180

4-7 Root-Locus Approach to Control Systems Compensation 186

Chapter 5 Frequency-Response Analysis 221

5-1 Plotting Bode Diagrams with MATLAB 221
5-2  Plotting Nyquist Diagrams with MATLAB 234
5-3 Log-Magnitude-Versus-Phase Plots 250

5-4 Phase Margin and Gain Margin = 262

5-5 Frequency-Response Approach to Control
Systems Compensation 271

Chapter 6 MATLAB Approach to the State-Space Design
of Control Systems 305
6-1 Introduction 305
6-2 Controllability and Observability 305
6-3 Pole Placement 313
64  Solving Pole-Placement Problems with MATLAB 321

6-5 Design of State Observers with MATLAB 325
66 Minimum-Order Observers 335
67 Observer Controllers 349

iv Contents

Scanned with CamScanner



Chapter 7 Some Optimization Problems Solved with MATLAB 3;75

7-1 Computational Approach to Obtaining Optimal Sets
of Parameter Values 375

7-2  Solving Quadratic Optimal Control Problems
with MATLAB 395

Appendix 409
References 425
Index 427

Scanned with CamScanner



Preface

This book is written to assist those students and practicing engineers who wish to
study MATLAB to solve control engineering problems. It is written at the level

of the senior engineering student. “
The book is organized into seven chapters. Chapter 1 presents an introduction

to MATLAB. Chapter 2 deals with preliminary materials that the reader must
know prior to applying MATLAB to the analysis and design of control systems.
Chapter 3 is a detailed discussion of how to apply MATLAB to obtain transient
response outputs of dynamic systems to time-domain inputs. Chapter 4 treats
root-locus analysis and design with MATLAB. Detailed frequency-response
analysis and design with MATLAB are given in Chapter 5. Chapter 6 discusses
state-space design problems, such as pole placement and state observers, solved
with MATLAB. Finally, Chapter 7 presents a computational approach to obtain-
ing optimal sets of parameter values in connection with control systems design.
The book concludes with a discussion of MATLAB's approach to solving qua-
dratic optimal control problems.

The book includes some of the MATLAB materials presented in my previous
publications Modern Control Engineering (4th ed.) and System Dynamics
(4th ed.).

All sample problems discussed in the book are given detailed explanations so
that the reader will acquire a good understanding of MATLAB’s approach to

solving the analysis and design problems presented.

vil
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the reader has a relatively new versi.on gf MA!’
t-locus diagrams or Nyquist diagrams With
'S ofi duce grid lines or curves differe
MATLARB, the reader’s grid command may pro ! nt
from those presented hegre; it all depends on the version of MATLAB-.(F(}I‘ prob-
lems that may arise with regard to grid lines or curves, se¢ the appendix.)
It is hoped that the reader will find this book useful in applying MATLARB tq

solve many control engineering problems.

The book assumes that the
in his or her computer. In plotting ro0

KATSUHIKO OGATA ._
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Introduction to MATLAB

1-1 INTRODUCTION

MATLAB® is a matrix-based system for performing mathematical and engineer-
ing calculations. We may think of MATLAB as a language of technical comput-
ing. All variables handled in MATLAB are matrices. That is, MATLARB has only
one data type: a matrix, or rectangular array, of numbers. MATLAB has an ex-
tensive set of routines for obtaining graphical outputs.

This section presents background material necessary for the effective use of
MATLAB in solving control engineering problems. First, we introduce MATLAB
commands and mathematical functions. Then we present matrix operators, rela-
tional and logical operators, and special characters used in MATLAB. Finally, we
introduce the semicolon operator, MATLAB ways to enter vectors and matrices
into the computer, the colon operator, and other important material that we must
become familiar with before writing MATLAB programs to solve control engi-
neering problems.

MATLAB is used with a variety of toolboxes. (A toolbox is a collection of
special files called M-files,) For control systems analysis and design, MATLAB 15

~ased with the control system toolbox. When we refer to MATLAB in this book,
we include the basic programs of MATLAB and the control system toolbox.

MATLARB is basically command driven. Therefore, the user must know thfa
commands that are used in solving computational problems. Table 1-1 lists vari-
ous types of MATLAB commands and predefined functions that are frequently

utilized in solving control engineering problems.
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Table 1.1 MATLAB Commands and Matrix Functions

B
Commands and Iv!atrix lfunctions | Explanations of What Commands Do
Commonly Used in Solving Conteo and Matrix Functions Mean
Engineering Problems S
Absolute value, complex magnitude.
ahs Compute a state-feedback gain matrix
acker for pole placement, using Ackermann’s
formula.
Phase angle.
sagle Answer when expression is not assigned.
2?;11 Arclangen.t. .
sids Manual axis scaling.
Bade Plot Bode diagram.
clear Clear workspace.
clf Clear current figure.
computer Type of computer.
conj Complex conjugate.
conv Convolution, multiplication.
corrcoef Correlation coefficients.
cos Cosine.
cosh Hyperbolic cosine.
cov Covariance.
ctrb Compute the controllability matrix.
c2d Conversion of continuous-time models to
discrete-time models.
deconv Deconvolution, division.
det Determinant.
diag Diagonal matrix.
eig Eigenvalues and eigenvectors.
end Terminate scope of for, while, switch, try,
and if statements.
exit Terminate program.
exp Exponential base e.
expm Matrix exponential.
eye Identity matrix.
feedback Feedback connection of two LTI models.
filter Direct filter implementation.
for I_{epeat statement(s) a specified number of
times, ;
format long Fifteen-digit scale fixed point. [g
(Example: Q‘B’ 33338353333)
format long e Fifteen-digit ﬂoag point. ) 4
(Example: 1.3333333333383% '
format short Five-digit scaled fixed point.
(Example: 1.3333)

Chapter 1 / Introduction to MATLAB

Scanned with CamScanner



Table 1-1 (continued)

Commands and Matrix Functions
Commonly Used in Solving Control Explanations of What Commands Do
Engineering Problems and Matrix Functions Mean
format short e Five-digit floating point.
(Example: 1.3333e + 000)
fregs Laplace transform frequency response.
freqz z-Transform frequency response.
gram Controllability and observability gramians.
grid Toggles the major lines of the current axes.
grid off Removes major and minor grid lines from
the current axes.
grid on Adds major grid lines to the current axes.
help Lists all primary help topics.
hold Toggles the hold state.
hold off Returns to the default mode whereby plot
commands erase the previous plots and
reset all axis properties before drawing
new plots.
hold on Holds the current plot and all axis
properties so that subsequent graphing
commands add to the existing graph.
i V-1
imag Imaginary part.
impulse Impulse response of LTI models.
inf Infinity (o0)
inv Inverse
1] v -1
legend Graph legend.
length Length of vector.
linspace Linearly spaced vector.
load Load workspace variables from disk.
log Natural logarithm.
loglog Loglog x-y plot.
logm Matrix logarithm.
logspace Logarithmically spaced vector.
log10 Log base 10.
Ige Linear quadratic estimator design.
Igr Linear quadratic regulator design.
Isim Simulate time response of LTI models
to arbitrary inputs.
lyap Solve continuous-time Lyapunov
equations.

Section 1-1 / Introduction
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Table 1-1 (continued) i i _

[ Commands and Matrix Functions Explanations of What Commands Do
Commonly Used in Solving Control ad Matrix Functions Mean
Engineering Problems S —
3 Gain and phase margins and crossover

BArg frequencies.
Maximum value.

max Mean value.

o Median value.

median Three-dimensional mesh surface.

m?‘r’h Minimum value.

ﬂ:ﬁre al Minimal realization and pole-zero
cancellation.

NaN Not a Ilumber.

ngrid Generate gr.id lines for a Nichols plot.

nichiols Draw the Nichols plot _nf the LTI model.

num2str Convert number to string.

nyquist Plot Nyquist frequency response.

obsv Compute the observability matrix.

oded5 Solve nonstiff differential equations,
medium-order method.
(If time constants involved do not vary by
several orders of magnitude or more, the
differential equations are called nonstiff
differential equations.)

ode23 Solve nonstiff differential equations, low-
order method.

odell3 Solve nonstiff differential equations,
variable-order method.

ones Constant.

ord2 Generate continuous-time second-order
system.

pade Pade approximation of time delays.

parallel Parallel interconnection of two LTI models.

1p:;ace Pi{m).
Compute a state-feedback gain matrix for

- pr_:-le placement,

L Linear x—y plot.

pgle Polar plot.

]p:loly gﬁmpute the poles of LTI models.

polyfit Ptlnvert fnots to pﬂl}:ngmla]_

polyval Polynomfal curve ﬁ'ttmg,

polyvalm l'v? }ﬂ}on‘nal evalyatmm

printsys p atrix polynomial evaluation.

prod rint system in pretty format.

pzmap Product of elements.
Pole-zero map of LTI models.

Chapter 1 / Introduction to MATLAB
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Table 1-1 (continued)

Commands and Matrix Functions :
Commonly Used in Solving Control Explanations of What Commands Do
Engineering Problems and Matrix Functions Mean
quit Terminate program
rand Generate random numbers and matrices.
rank Calculate the rank of a matrix.
real Real part.
rem Remainder after division.
residue Partial-fraction expansion.
rlocfind Find root-locus gains for a given set of roots.
rlocus Plot root loci.
rmodel Generate random stable continuous-time
nth-order test models.
roots Polynomial roots.
semilogx Semilog x—y plot (x-axis logarithmic).
semilogy Semilog x-y plot (y-axis logarithmic).
series Interconnect two LTI models in series.
shg Show graph window.
sign Signum function,
sin Sine.
sinh Hyperbolic sine.
size Size of matrix.
sqrt Square root.
sqrtm Matrix square root.
sS Create state-space model or convert LTI
model to state-space model.
ss2tf Convert state-space model to transfer-
function model.
std Standard deviation.
step Plot unit-step response.
subplot Create axes in tiled positions.
sum Sum of elements.
switch Switch among several cases, based on
expression.
tan Tangent.
tanh Hyperbolic tangent.
text Arbitrarily positioned text.
tf Create transfer-function model or convert
LTI model to transfer-function model.
tf2ss Convert transfer-function model to
state-space model.
tf2zp Convert transfer-function model to
zero-pole model.
title Plot title.
trace Trace of a matrix.

Section 1-1 / Introduction
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Table 1-1 (continued)

B

Commands and Matrix Functions ;

Commonly Used in Solving Control | Explanations of What Commands Do

Engineering Problems and Matrix Functions Mean

who Lists all the variables currently in memory,

whos List all the variables in the current
workspace, together with information
about their size, bytes, class, etc.

xlabel x-axis label.

ylabel y-axis label.

ZEro Transmission zeros of LTI systems.

Zeros Zeros array.

zlabel z-axis label

zpk Create zero-pole-gain models or convert
to zero—pole—gain format.

zp2tf Convert zero—pole model to transfer-
function model.

Accessing and exiting MATLAB. On most systems, once MATLAB has
been installed, execute the command MATLAB to invoke MATLAB. To exit
MATLAB, execute the command exit or quit.

MATLAB has an online help facility that may be invoked whenever the need
arises. The command help will display a list of predefined functions and operators
for which online help is available. The command

help 'function name'

will give information on the purpose and use of the specific function named. The
command

help help

will give information on how to use the online help.

Matrix operators. The following notation is used in matrix operations

(if multiple operations are involved, the order of the arithmetic operations can be
altered with the use of parentheses):

+ Addition

== Subtraction

S Multiplication
A Power

Conjugate transpose
Matrix division
Array division

Sy e,
o Qo
== =
.-"'H

Chapter 1 / Introduction to MATLAB

Scanned with CamScanner



(Wf: shall not discuss matrix division, such as A/B or A\B, in this book. Scalar
division (e.g., A/c or c\A) and array division (e.g., A./B or A\B, where A and B

may be vectors) are presented.

Relational and logical operators. The following relational operators are
used in MATLAB:

< Less than

<= Less than or equal to

> Greater than

>= Greater than or equal to
== Equal

~= Not equal

nly. The last two (==, ~=) com-

The first four operators compare the real parts 0
“=" is used in an assignment

pare both the real and imaginary parts. Note that
statement while “==" is used in a relation.
The logical operators are
& AND
OR
~ NOT

Special characters. The following special characters are used in MATLAB:

(] Used to form vectors and matrices
() Arithmetic expression precedence
Separate subscripts and function arguments
End rows, suppress printing

: Subscripting, vector generation

| Execute operating system command
%o Comment

r

#’

"E}\\W Ll

Use of semicolon. The semicolon is used(to suppress rinting. If the last
character of a statement is a semicolon, printing 1S sU sed; the command is
still executed, but the result is not displayed. This is a useful feature, since one
may not need to print intermediate results. Also, in entering a matrix, a semicolon
is used to indicate the end of a row, except for the last mi —

T I o T
t role in MATLAB, being
s. For

e

Use of colon. The colon plays an importan
involved in creating vectors, subscripting matrices, and specifying iteration

example, the statement
t=1:5

generates a row vector containing the numbers from 1to 5 with unit increment—

that is,
t=
1 2 3 4 5

Section 1-1 / Introduction
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An increment other than unity can be used. For example,
f= 1:0.5:3
will result in

i=
1.0000 1.5000 2.0000 2.5000 3.0000

Negative increments also may be used. For example, the statement
t=5:-1:2

gives
=
5 4 3 2
Other MATLAB commands that generate sequential data, such as linspace
and logspace, are presented later in this section.

The colon is frequently used to subscript matrices. A(;,j) is the jth column of
A and A(j,:) is the ith row of A. For example, if matrix A is given by

-

il
~ B =
[==T U, I S
o O W

then A(:,3) gives the third element in all of the rows (i.e., the third colu'ﬂm), as
follows:

3
6
9

A(2,:) gives the second row of A, namely,
4 5 6

A(:) returns a long column vector consisting of elements of the first column, sec-
ond column, and third column:

oo W N R —

Note that A(i,j) denotes the entry in the ith row, jth column, of matrix A. For
example, A(2,3) is 6.

Chapter 1 / Introduction to MATLAB
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An individual vector can be referenced with indexes inside parentheses. For
example, if a vector x is given by

x=[2 4 6 8 10]

then x(3) is the third element of x and x([1 2 3]) gives the first three elements of
x (that is, 2, 4, 6).

Entering vectors into MATLAB programs. In entering vectors and matri-
ces into MATLAB programs, no dimension statements or type statements are
needed. Vectors, which are 1 X n or n X 1 matrices, are used to hold ordinary
one-dimensional sampled data signals, or sequences. One way to introduce a
sequence into MATLARB is to enter it as an explicit list of elements separated by
blank spaces or commas, as in

x=[1 2 3 —4 =-5]
or

x=[1,2,3,-4,-5]

For readability, it is better to provide spaces between the elements. The values
must always be entered within brackets.
The statement

x=[1 2 3 —4 -5]

creates a simple five-element real sequence in a row vector. The sequence can be
turned into a column vector by transposition. That is,

yEx
results in
'r’ =
1
2
3
—4
-5

How to enter matrices into MATLAB programs. A matrix

1.2 10 15
A= 3 §85 2
4 68 7

may be entered into a MATLAB program by a row vector as follows:
A=[1.2 10 153 55 2;4 6.8 7]

Again, the values must be entered within brackets. As with vectors, the elements
of any row must be separated by blanks (or by commas). The end of each row,
except the last, is indicated by a semicolon.

Section 1-1 / Introduction - \ _ 5
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f T

i matically dj
Note that the elements of the matrix :::::tz‘::l? Y displayeq afte; i
| Statement is executed following the carriag

e 1.2000 10.0000 15.0000
3.0000 5.5000 2.0000
4,0000 6.8000 7.0000

If we add a semicolon at the end of the matrix statement such that
A=[12 10 153 55 2;4 68 7);

the output is suppressed and no output will be seen on the sCreen,

A large matrix may be spread across several input lines. For example
the matrix

’mnSide;
15630 24572 3.1113 41051
32211 10000 2.5000 32501
B=110000 2.0000 0.6667 0.0555
0.2345 09090 1.0000 03333

This matrix may be spread across four input lines as follows:

B =11.5630 2.4577 3.1113  4.1051
3.2211  1.0000 2.5000 3.2501
1.0000  2.0000 0.6667 0.0555
0.2345 0.9090 1 0000 0.3333]

Note that carria

g€ returns replace the
As another

€xample, a matrix

| 1 etm
Cq[\/i 3 :I

semicolons,

may be entered as

1.0000 0.9802

10 Chapter 1 / Introduction to MATLAR
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Generating vectors. B.esides the colon operator, the linspace and logspace
commands generate sequential data:

x = linspace(n1,n2,n)
w = logspace(d1,d2,n)

The linspace command generates a vector from n1 to n2 with n points (including
both endpoints):

>> x = linspace (=10, 10, 5)

X =
-10 =5 0 5 10

'Thg quspace command generates a logarithmically spaced vector from 10 to
10® with n points (again, including both endpoints). Frequently n is chosen to 0o
50 or 100, but it can be any number. For example,

w = logspace(—1,1,10)

generates 10 points from 0.1 to 10 (note that the 10 points include both
endpoints):

>> w = logspace (-1,1,10)
w =
Columns 1 through 8
0.1000 0.1668 0.2783 0.4642 0.7743 1.2915 2.1544 3.5938
Columns 9 through 10
5.9948 10.0000

Transpose and conjugate transpose. The apostrophe or prime denotes
the conjugate transpose of a matrix. If the matrix is real, the conjugate transpose
is simply the transpose. An entry such as

A=[1 2 34 5 67 8 9

will produce the following matrix on the screen:

11

A=
s guig
4 5 6
7 8 9
Also, if
B=A'
Section 1-1 / Introduction
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12

is entered, then

W b —
[= TR, [ N
L=l s « BN

appears on the screen.

Entering complex numbers. Complex numbers may be entered with the
function i or j. For example, a number 1 + j/ 3 may be entered as

x = 1+sqrt(3)*i
or
x = 1+sqrt(3)*j
This complex number, 1 + jV/3 = 2 exp[(w/3)j], may also be entered as
x = 2*exp((pi/3)*))

It is important to note that, when complex numbers are entered as matrix

elements within brackets, we avoid blank spaces. For example, 1 + j5 should be
entered as

x = 1+5%
If spaces are provided around the + sign, as in
X =1+ 5%

the representation is of two separate numbers,

If i and j are used as variables, a new complex unit may be generated as
follows:
ii = sqrt(—1)
or
Ji = sqrt(~1)

Then -1 + j\/3 may be entered as

X = =T+sqrt(3)*ij
or

X = ~14sqrt(3)4j

Chapter 1 Introduction to MATLAB
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If we defined ii = V —1 and want to change ii to the predefined i = A=l
enter clear i in the computer. Then the predefined variable i can be reset.

Entering complex matrices. For the complex matrix ?
xom | = o
=j5! 2

an entry such as

X={1 "5 2
will produce the following matrix on the screen:
X=
1.0000 0 + 1.0000i
0 — 5.0000i 2.0000
Note that
Y= X
will yield
Yi=
1.0000 0 + 5.0000i
0 —1.0000i 2.0000
which is

|11 5
Y*[ﬂ 2}
Since the prime denotes the complex conjugate transpose, use one of the

following two entries for an unconjugated transpose:

Y' or  conjY')

If we enter
Y.I
then the screen shows
ans =
1.0000 0—1.0000i
0 + 5.0000i 2.0000
Also, if
conj(Y')
is entered, then the screen shows
ans =
1.0000 0 — 1.0000i
0 + 5.0000i 2.0000
Section 1-1 / Introduction , 13
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i A statement ig
t fit on one line.
nmfn';f"?emz?fd $w:rith a carriage return or t!le ent‘?rﬁiey'olfft:]l}ee or mo?;
bein el?:tered is too long for one line, an ellipsis consis d %0 indicate that the
perifds (...), followed by the carriage return, can be use

: le is
statement continues on the next line. An examp

X =1.234 + 2.345 + 3.456 + 4.567 + 5.678 + 6.789 . . .
+ 7.890 + 8.901 —9.012;

Note that the blank spaces around the =, :;, and — signs are optional. Such
spaces are often provided to improve readability.

one line. Several statements may be
Entering several statements on :
placed on 0?16 line if they are separated by commas or semicolons. Examples are

x1=[1 2 3], x2=[4 5 6],x3=[7 8 9]
and
x1=[1 2 3;x2=[4 5 6;x3=[7 8 9]

Selecting the output format. All computations in MATLAB are per-
formed in double precision, However, the displayed output may have a fixed
point with four decimal places, For example, for the vector

x=[1/3 0.00002] ]l.

MATLAB exhibits the following output:

X=
0.3333 0.0000

If at least one element of a matrix is not an exact

ble output formats, The displayed output can be cont
lowing commands:

integer, there are four possi-
rolled with the use of the fol-

format short
format long
format short e
format long e
short and format long are commonly used. When-
no format ‘ommand is entereq MATLARB s
the numerical results in format short as follows: ’ i

>> X

X =

0.3333 0.0000

Chapter 1 , Introduction to MATLAR
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For x = [1/3  0.00002], the commands format short; x and format long; x yield
the following output:

>>x =[1/3 0.00002];
>> format short; x

X =
0.3333 0.0000
>> format long; x

X=

0.33333333333333 O.QGDUEOGDOUDDDO

If all elements of a matrix or vector are exact integers, then format short and
format long yield the same result;

>>y=[2 5 40];
>>y
}':

2 5 40

>> format short; y

y:
2 5 40

>> format long; y

Y:
2 5 40

Utility matrices. In MATLAB, the functions

ones(n)
ones(m,n)
zeros(n)
zeros(m,n)

generate special matrices. The function ones(n) produces an n X n matrix of
ones, while ones(m,n) produces an m X i matrix of ones. Similarly, zeros(n) pro-
~duces an n X n matrix of zeros, while zeros(m,n) produces an m X n matrix of

r-—""‘--_--—""-__
ZEros.

Section 1-1 / Introduction A TR : I ; 15
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For x = [1/3 0.00002], the commands format short; x and format long; x yield
the following output;

>>x = [1/3 0.00002];
>> format short; x

X=
0.3333 0.0000
>> format long; x

X =

0.33333333333333 0.00002000000000

If all elements of a matrix or vector are exact integers, then format short and
format long yield the same result:

>>y=[2 5 40];
>>y
Y:

2 5 40

>> format short; y

Y:
2 5 40

>> format long; y

Y:
2 5 40

Utility matrices. In MATLAB, the functions

ones(n)
ones(m,n)
zeros(n)
zeros(m,n)

generate special matrices. The function ones(n) produces an n X n matrix of
ones, while ones(m,n) produces an m_X i matrix of ones. Similarly, zeros(n) pro-

“duces an n X n matrix of zeros, while zeros(m,n) produces an m X n matrix of
ZEros.

Section 1-1 / Introduction ; : 15
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to enter an identity matrix | j, MaA; ;
Identity matrix. We often l?eed ; : i -
pmgramghe statement eye(n) gives an 7 X n identity matrix. For exampl—g-%

>> eye(5)

ans =
1.0 0 00
01T 0 0 o0
0 01 00
00010
0 0 0 0 1

Diagonal matrix. If x is a vector, the statement diag(x) Produces a diggn .
matrix with x on the diagonal line. For example, for a vector 80ng

X = [ones(1,n)]
diag([ones(1,n)]) gives the following n x p identity matrix:

>> diag([ones(1,5)))

dans =

=0 = o Y

=

Coo—=0o
SO =00
O—=0oo0oo
=t O

If A is a square matrix, then dia ' icti

S 'C matrix, 8(A)is a vector consist i ,
daag(c}’rag{AJ} 1 a diagonal matrix With elements of clii;;n(i(;f e dlna}ngonal e -""
onal line; 8\\) appearing on the diag.

>>A=[12 345 6;7 8 9];
>> diag(A)

dns =

]
5
9

> diag(diagm})

ans =

1
0
0

e é

Chapter 1 Introduction, ¢4 MATLAB |

ocwuo
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Note that diag(1:5) gives

| >> diag(1:5)
ans =
10 0 0 0
0 2 000
00 3 0 o0
0O 0 0 4 0
0 0 005
and diag(0:4) gives
>> diag(0:4)
ans =
0000 0 0
01 000
0 02 00
00 0 3 0
0O 0 0 0 4
Hence, diag(1:5) - diag(0:4) is an identity matrix. . 7

It is important to note that diag(0,n) is quite different from diag{O:ﬁ). The

command diag(0,n) gives an (n + 1) X (n + 1) matrix consisting of all zero
elements:

>> diag(0,4)

ans =
000000
00°0 06 0
0 0O0O0OO
0 00 0DOQO
0 00 00O

Variables in MATLAB. A convenient feature of MATLAB is that variables
need not be dimensioned before they are used. This is because a variable’s
dimensions are generated automatically upon the first use of the variable, (The
dimensions of the variables can be altered later if necessary.) Such variables (and
their dimensions) remain in memory until the command exit or quit is entered.

Section 1-1 / Introduction -
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Suppose that we enter the following statements in MATLAB workspace:

A=[1 2 34 5 6;7 8 9I;

x=[3 4 5l

To obtain a list of the variables in the workspace, simply type the command Wh,

Then all of the variables currently in the workspace appear on the screen:
>> who

Your variables are:

A X

If, instead of entering the command who, we enter the command whos, the
screen will show a list of all the variables in the current workspace, together with

information about their size, number of bytes, and class:

>ssA=[12 34567 89];

>>x=[3 4 5];

>> whos
Name Size Bytes Class
A 3x3 72 double array
X 1x3 24  double array

Grand total is 12 elements using 96 bytes

The command clear will clear all nonpermanent variables from the work-
space. If it is desired to clear only a particular variable, say, ‘x’, from the work-

space, enter the command clear x.
If you need to know the time and date. Statement clock gives the year,

month, day, hour, minute, and second. That is, clock returns a six-element row
vector containing the current time and date in decimal form:

clock

ans =
[year month day hour minute second]

or

>> clock
ans =

1.0e+003*

2.0070  0.0010 0.0090 0.0150 0.0070 0.0150

Chapter 1 / Introduction to MATLAB
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Statement date gives the current date:

>> date
ans =

09-Jan-2007

Correcting mistyped characters. Use the arrow keys on the keypad to

edit mistyped commands or to recall previous command lines. For example, if
we typed

x=1 1T 2

then the parenthesis must be corrected. Instead of retyping the entire line, hit the
tp-arrow key. The incorrect line will be displayed again. Using the left-arrow key,
move the cursor over the parenthesis, type [, and then hit the delete key.

How MATLAB is used. MATLAB is usually used in a-command-driven
mode. When single-line commands are entered, MATLAB processes them imme-
diately and displays the results. MATLAB is also capable of executing sequences
of commands that are stored in files, i ' i

€ commands that are typed may be accessed later with the up-arrow key. It

is possible to scroll through some of the latest commands that are entered and
recall a particular command line.

How to enter comments in a MATLAB program. If you desire to enter
comments that are not to be executed, use the % symbol at the start of the line.
That is, the % symbol indicates that the rest of the line is a comment and should

be ignored. If comments or remarks require more than one program line, each
line must begin with %. - :

1-2 ADDITION, SUBTRACTION, MULTIPLICATION,
AND DIVISION WITH MATLAB

Addition and subtraction. Matrices of the same dimension may be added
or subtracted. Consider the following matrices:

2 3 1 0
A=|4 35| B=|2 3
6 7 0 4
If we enter
A=[2 34 56 7]
Section 1-2 / Addition, Subtraction, Multiplication, and Division with MATLAB 19
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then the screen shows

o
~ U1 W

trix B is entered as
o B=1[1 02 3,0 4]

then the screen shows
B =
1 0
2 3
0 4

For the addition of two matrices, such as A + B, we enter

C=A+B
Then matrix C appears on the screen as
C=
3 3
6 8
6 11
If a vector x is given by
5
x=|4
6
then we enter this vector as
X = [5;4,6]
The screen shows the column vector as follows:
X =
5
4
e 6
e following entry wil|
& entry will subtract 1 from each element of vector x
y=x-—1
The screen wij| show
y =
4
3
5

Chapter 1 / Introduction to MATLAB
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Matrix multiplication. Consider the matrices

1 4 1 31 2
x=1|2| y=\|35]| A=|3 4 0
3 - 6
or,in MATLAB,

x=[1;2;3; y=[456; A=[1 1 23 4 01 2 5]
If the expression
Z= x;*y
is entered into the computer, the result is
z=32

(Multiplicatim:l of matrices is denoted by *.) Note that when the variable name
and = are not included in the expression, as in

x.Ty
the result is assigned to the generic variable ans:
>>x = [1;2;3];
>> vy = [4;5;6];
>> x'*y
ans =
32
Also, the entry
x*y'

will yield a 3 X 3 matrix as follows:

>>x=[1;2:3];
>>y = [4;5;6];
>> x*y'
ans =
4 5 6
8 10 12
12 15 18
Section 1-2 / Addition, Subtraction, Multiplication, and Division with MATLAB 21
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Similarly, if we enter

YK
then the screen shows
ans =
4 8 12
5 10 15
6 12 18
Matrix-vector products are a special case of general matrix-matrix prod
For example, the entry um
b = A*x
will produce
b=
9
11
20

Note that a scalar can multiply. or be multipli i
Siitking Ply, iplied by, any matrix. For example,

5*A
gives
ans =
5 5 10
15 20 0 .
5 10 25 '
and entering
| - |
will also give | 3
ans = |
5 5 10
15 20 0
5 10 25
Magnitude ang
Phase angq]
Phase angle of gle of a com lex ;
gle of the complex numpey z=yx f iy _n l:er?gb;r];a re?p-l:cl:l.l:egln}'ngug:nagﬁ
1
r = abs(z)

Chapter 1 Introduction to MATLAR
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and the statement
Z = r*exp(i*theta)

converts them back to the original complex number z.

Array multiplication. Array, or element-by-element, multiplication is de-
noted by .* If x and y have the same dimension, then

Xty
denotes the array whose elements are simply the products of the individual

elements of x and y. For example,if
x=[1 2 3 y=[4 5 6
then

zZ=x."y
results in

z=[4 10 18]
Obtaining squares of entries of vector x, For a vector x, x.A2 gives the
vector of the square of each element. For example, for,
x=[1 2 3]
X.A2 is given as shown in the following MATLAB output:

s>w= 23
>>x. N2
ans =

1 4 9

Also, for the vector
Y=[2+5 3+4 1-j]

y.A2 is given as follows:

>>y = [245% 3+4% 1-i];
>> yA2

dns =

—21.0000 + 20.0000i —7.0000 + 24.0000ij 0 —2.0000i

Section 1-2 / Addition, Subtraction, Multiplication, and Division with MATLAB 23
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Similarly, if matrices A and B have the same dimensions, then A.*B dengge
array whose elements are simply the products of the corresponding

A and B.

then

results in

For example, if
I 2 3 _ 4 5 6
A=[o 9 8]’ ’ [7 8 5]

C=A.*B

4 10 18
C_[O 54 40]

Obtaining squares of entries of matrix A. Fora matrix A
matrix consisting of the square of each element. For example, for

1 2 I+F 232§
A= ., B-=
[3 4:, [3"'41' 5—1']

A.A2 and B.A2 are given as follows:

modulus (mg

Chapter 1 / lntroducﬂan ta Maw .o

» A2 gives the |

>>A=[1 2;3 4
>> AN2

ans =

9 16

>>B = [1+4i

2-2*:3+4% ©_:1.
>> B.A2 S B 1;

dans =

0 +2.0000; - ;
| 77:0000 +24,0000; 0

24,0000 — 10.0000i

Values, The

gl'litude): !

abs(A) = Sqrt(real(A).A7 . imag(A) A2)

Scanned with CamScanner
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The command angle(A) returns the phase angles, in radians, of the elements of
the complex matrix A. The angles lie between —m and . The following example
1s illustrative:

>> A= (2424 143%i;445%  6-i];
>> abs(A)

ans =

2.8284 3.1623
6.4031 6.0828

>> angle(A)
dns =

0.7854  1.2490 .
0.8961 —-0.1651

A"_'ﬂy 'division. The expressions x./y, x.\y, A./B, and A.\B give the quotients
of the individual elements. Thus, for

x=[1 2 3] y=[4 5 6]

the statement

u=x./y
gives
u=[025 04 05]
and the statement TG b TS
v =x.\y
results in
v=1[4 25 2]

Similarly, for matrices A and B, where
Az 3 |4 5 6
S R

C=AJ/B

the statement

Section 1-2 / Addition, Subtraction, Multiplication, and Division with MATLAB 25
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gives

02500 0.4000 0.5000]
C= 0.1429 1.5000 1.6000

and the statement

yields

_ | 4.0000 2.5000 2.0000
D=170000 06667 06250

Note that whenever a division of a number by zero occurs, MATLAR giv
warning, as in the following outputs:

>> 5/0 >> 0/0 o
Warning: Divide by zero. Warning: Divide by zero,
ans = ans =

Inf NaN

(Inf denotes infinity and NaN means “not a number.”)

1-3 COMPUTING MATRIX FUNCTIONS

26

In this section, we dj
» We discuss computati
: ations of :
polynomial evaluation- . g norms, eigenvalues, a i .
tos: tion; and finding the inverse of : I.ld o
pics. © Ol a square matrix, among other

. _ ;
OrM(A) = largest singular value of A

Similarly, seye

ral definit;
monly useq o definitig

S NS are 3
tion is

vailable for the Norm of a vector, Qne com-

norm(x) = sum(abs(x}.f\?.JﬂO.S

C
hapter 1 , Introductiop, to MATI an
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The following example illustrates the use of the norm command:

>>x=[2 3 6]
>> norm(x)

ans =

7

Characteristic equation. The roots of the characteristic equation of a square
matrix A are the same as the eigenvalues of A. The characteristic equation of A is
computed with

p = poly(A)
For example, if
0 1 0
A=l 0 o0 1
-6 -11 -6

then the command poly(A) will yield

>A=[0 1 0,0 0 1,-6 —11 —6];
>> p = poly(A)

p:
1.0000 6.0000 11.0000 6.0000

This is the MATLAB representation of the characteristic equation
s +65°+11s+6=0

Note that polynomials are represented as row vectors containing the polynomial
coefficients in descending order; that is, in the present example,

p=0 6 11 6]

The roots of the characteristic equation p = 0 can be obtained by entering the
command r = roots(p):

>> r = roots(p)
fre=

—3.0000
—2.0000
—1.0000

Section 1-3 / Computing Matrix Functions . 5
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The roots are s = -—3,_5' = —2’ and 5 = —1. Note that the CUIH]nandS p[}l}‘

roots can be combined into a single expression, such as y
roots(poly(A))
The roots of the characteristic equation may be reanenigled‘-back into he oty
nal polynomial with the command q = poly(r). Forr = [ I, Polyp “’lll
produce the polynomial equation
S$+682£+11s+6=0
The following MATLAB output is illustrative:
>>r=[-3 -2 -1];
>> q = poly(r)
q =
1.6 11 6
Addition or subtraction of polynomials. If the two polynomials are of gy
same order, add the arrays that describe their coefficients. If the Ppolynomials are

of different order (n and m, where m < n), then add n —
hand side of the coefficient array of the low
MATLAB output is illustrative:

M Zeros to the feft.
er order polynomial. The following

>>a=[3 10 25 36 50];
>>b=[0 0 1 2 10];
>>a+b

ans =

28
Chapter 1 / Introduction to MATLAR
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are the eigenvalues of A.They are obtained with the command
eig(A)
Which returns the eigenvalues in a column vector.

If A is real and symmetric, the eigenvalues will be real. But if A is not symmetric,
the eigenvalues will frequently be complex numbers.

For example, with
01 0
A=|-1 0 2
3-89 8

the command eig(A) produces the eigenvalues shown in the following output:

>A=[0 1 0-1 0 23 0 5]
>> eig(A)

dans =

5.2130
—0.1065 + 1.4487i
—=0.1065 — 1.4487i

MATLAB functions may have single- or multiple-output arguments.

For example, as seen previously, eig(A) produces a column vector consisting of the
eigenvalues of A, while the double-assignment statement

[X,D] = eig(A)

produces eigenvalues and eigenvectors. The diagonal elements of the diagonal
matrix D are the eigenvalues, and the columns of X are the corresponding eigen-
vectors such that

AX = XD
For example, if
0 1 0
A=]| 0 0 1
= =41 =8

then the statement

[X,D] = eig(A)

Section 1-3 / Computing Matrix Functions : =

Scanned with CamScanner



30

gives the following result:

>>A=[0 1 00 0 1;76 =11 —6];
>> [X, D] = eig(A)

X =

—0.1048

—0.5774 0.2182 0.
05774  —0.4364 0.3145

-0.5774 0.8729 —0.9435

D=
-1.0000 0 0
0 —=2.0000 0
0 0 —3.0000

The eigenvectors are scaled so that the norm of each is unity,

If the eigenvalues of a matrix are distinct, the eigenvectors are alwa
pendent and the eigenvector matrix X will diagonalize the original ma

tion from eig satisfies the relationship AX = XD.
Convolution (product of po!_vnomials). Consider the polynomials '.‘

a(s) = 3s5* + 1043 4 25¢% + 365 & 50
b(s) =5 + 25 + 19

The product of the polynomials j the co
of polynomials a(s) and p
€ = conv(a,b),

>>a=[3 1o 25  3g 50);
=~

>b=1 10]: '

>> % Define the product of
< o aandb as ¢,

c1'Iapt!:'.r
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Deconvolution (division of polynomials). To divide the polynomial a(s)
by b(s), use the deconvolution command

[q.r] = deconv(a,b)

The following MATLAB output is illustrative:

>>a=[3 10 25 36 50];

>b=[1 2 10

>> % Define the quotient and remainder of a/b as q and r, respectively.
>> [q, r] = deconv (a,b)

q-_-
3 & 13

0O 0 o0 22 180

This MATLAB output means that

3s* + 1053 + 2552 + 365 + 50

= (5% + 25 + 10)(3s® + 45 — 13) + 225 + 180
o S

Polynomial evaluation. If p is a vector whose elements are the coefficients
of a polynomial in descending powers, then polyval(p,s) is the value of the poly-
nomial, evaluated at s. For example, to evaluate the polynomial

p(s) =35 + 25 + 1
AN @2

at s = 5, enter the command

p=[3 2 1];
polyval(p,5)
Then we get
ans =
86
Next, consider the matrix

—2+ j2V3 0 0

J= 0 -2-72V3 0

0 0 -10
Section 1-3 / Computing Matrix Functions 31
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Soti omial for J
The command poly(]) gives the characteristic polyn

0 0 =
>>) = [-2+i*2*sqrt (3) 0 0;0 —2-i*2*sqrt3) O; 105
>>p=poly (J)

p:
Shm:’i'{'%'\"{— lbol.OUDQ 14.0000 56.0000- 160.0000-

5

A

_—-__‘q-.‘J .-
I e . :
This is the MATLAB ex;ression for the characteristic polynomial for j.
1818

poly(J) = ¢(J) = I + 141 + 567 + 1601

Here, I is the identity matrix. For the matrix

0 1 0
A= 0 0 1
-6 —-11 -6

the command polyvalm(poly()),A) evaluates the following ¢( A):

154 45 g
$(A) = A% + 1442 4 S6A + 1601 = | —4g 66 -3
18 -15 g4

The MATLAR output is as follows:
>>]=[——2+i*2*5qrt(3) 0 00 —2—i*Q%g M3) 0,0 g —10]; |

;-6 — 1
>> polyvalm (poly (1), A)

dans =

154.0000 45.0000
~48.0000

66.0000 =3.0000
IB.OOOO =15 .0000 84.0000
Matrix
e - ponenti The

Matriy A 'Ih “Ommang SXPM(A) giveg the matrix expﬂﬂe“t-i-a-;t- "

32
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Note that a transcendental function is interpreted as a matrix function if an “m”
1s appended to the function name, as in expm(A) or sqrtm(A).

As an example, consider the matrix

0
0
—6

A

1 0
0 1
—-11 -6

Then the matrix exponential e® can be obtained as follows:

>A=[0 1 060 0 1,6 —11 -6];
>> expm(A)
ans =
0.7474 0.4530 0.0735
—0.4410 —0.0611 0.0121
—0.0723 —0.5735 —0.1334

The following MATLAB output affords another example:

>> expm(eye (3))

ans =
2.7183 0 0
0 27183 0
0 0 27183

Inverse of a square matrix. The inverse of a square matrix A can be

obtained with the command

inv(A)

For example, if matrix A is given by

Section 1-3 / Computing Matrix Functions
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1-4 PLOTTING RESPONSE CURVES

5 o 3 ws:
then the inverse of matrix A is obtained as follo .

S>A=[1 1 23 4 01 2 51;
>> inv(A)

dns =

22222 -0.1111  —0.8889
-1.6667  0.3333 0.6667
0.2222 -0.1111 0.1111

That is,

22222 -01111 -0.8889
A= -16667 03333 0.6667
02222 -0.1111 0.1111

J'{'lﬁTLAB ig case sensitive. It is important to note that MATLARB is
sensitive. That is, MATLAB distinguishes between upper- and lowercase Jet,

Thus, x and X are not the same vari i
. riable. All funct :
such as inv(A), eig(A), and poly(A). 100 names must be in lowe

tWo-dimensiona] plots onl .

Y _
2; L Xn, Yn) o

beneﬁtgf “aling Tilulti d 50 on are pa;

allow; Ple cyry > AT€ pairg of .

Each pyiy us ang, Vectors of differes 0n the pjot. % t:"e*:tor& Each x-y pair is
dlfferent‘type e liil;t lengths to be g; 1ple ATguments have the

Splayed oy 1 same graph.
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Plotting more than one curve on a single graph may also be accomplished by
using the command hold on or the comimand hold, either of which freezes the
current plot and intritfs erasure and rescaling; Hence, subsequent curves will be
plotted over the original curve. Entering the command hold off or the command
hold again releases the current plot,

Adding grid lines, title of the graph, x-axis label, and y-axis label.
Once a graph is on the screen, grid lines may be drawn, the graph may be titled,
and x- and y-axes may be labeled. MATLAB commands to produce a grid, title,
x-axis label, and y-axis label are as follows:

grid (grid lines)
title (graph title)
xlabel (x-axis label)

ylabel (y-axis label)

Note that, once the command display has been brought back, grid lines, the graph
title, and x and y labels can be put on the plot by successively entering the pre-
ceding commands, :

Writing text on the graph. To wtite text on the plot, use the command text.
The command text (X, Y, ‘string’) adds the text in quotes to location (X,Y) on the
current axes, where (X, Y) is expressed in units of the current plot. For example,
the statement ' = PR

text(3,0.45,'sin t')

will write sin ¢ horizontally, beginning at point (3,0.45).

Another command used frequently to add text to a two-dimensional plot is
gtext. The command gtext('string') displays the graph window, puts up a cross hair,
afid waits for a mouse button or keyboard key to be pressed. The cross hair can
be positioned with the mouse. Pressing a mouse button or any key writes the text
string onto the graph at the selected location.

Imaginary and complex data. If z is a complex vector, then plot(z) is
equivalent to plot(real(z), imag(z)). That is, plot(z) will plot the imaginary part of z
against the real part of z.

Polar plots. The command polar(theta,rho) will give a plot of the angle
theta (in radians) versus the radius rho, in polar coordinates. Subsequent use of

the grid command draws polar grid lines.

Logarithmic plots. The following commands produce the indicated plots:

log log: a plot using logyg—log;q scales

semilogx: a plot using semilog scales; the x-axis is log;,
while the y-axis is linear

semilogy: a plot using semilog scales; the y-axis is log;,
while the x-axis is linear

Section 1-4 / Plotting Response Curves s
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e

B, a plot is automay:
Automatic plotting algnrit(t;nt'lhsé olfinphﬂ?:;; e’d anl:i K Wonenc auigfnaay
.If another plot is requested, ' 4 P 4
?:;;E'dr;::aled. Thl; automatic p]utt;ntg a;ﬁgr::]l;mﬁi?;rgilesigned tg w::kc;?he%
i, Bode diagrams, Nyquist plots, > e
I;gilgg:;;ﬁuf systEImS, but are not always Perf?cgg::(fﬁ ;i:;l:r:l::;a
may become desirable to override the ?Ulﬂmﬂu;ﬂu
command and to select the plotting limits manually.

tic}ns, it

it i i I'VE In a region specif:
Manual axis scaling. If it is desired to plot a cu gion Specifje by
v=[x-min x-max y-min y-max]

enter the command axis(v), where v is a fuur—elem.ent x:ector. This com

the axis scaling to the prescribed limits. For logarithmic plots, the ele
0g10 of the minima and maxima.

are ]lgxgéﬂuﬁng axis(v) freezes the current axis scaling for subsequent plots Typing

axis again resumes automatic scaling.

The command axis('square') sets the plot region on the screen to be square,
With an equal aspect ratio, a line with unity slope is at a true 45°, not
the irregular shape of the- screen. The command axis('normal') sets
ratio back to normal. The command axis(‘equal') sets the aspect
equal tick mark increments on each axis are equal in size,

mand Sets
ments of ,,

ratio so that

Plot types. The command

plot(x,y, '0")

Ng 0-mark symbols, Note that the o-marks will not be con-
nected with lines or curves. To connect e plot 4

; them with solid line
data twice by entering the commangq NEs or curves, plot the

P'Ot(x,y_,x,y, 'OI)
The commang

OWs:
Line types
Point types
solid _ -
dotted plus +
dash-dot St.ar[ .
Circle
O
X-mark %
chapte; 1 / lntl‘ndumi-
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Available colors on the screen. The statements

plot(X,Y,'r")
plot(X,Y,'+g")

indicatelthe use of a red line on the first graph and green + marks on the second.
The available colors are as follows:

red r
green g
‘blue b
white w
yellow y
magenta m
cyan c
black’ black

(Other colors can be generated with a color map.)
Generating Greek letters, short arrows, etc. To generate Greek letters,

such as a, B, v, 8, w, etc., use '\character', as the following list of some characters
from the Greek alphabet illustrates:

a \alpha 6 \theta

B \beta '$ \zeta

Y \gamma A \Delta

8 \delta S \Theta

w \omega 2 \Sigma
o \sigma () \Omega
¢ \phi r \Gamma
W \psi m \Pi

Similarly, to generate the infinity sign, horizontal and vertical short arrows,
etc., use the following commands:

a— oo \lnﬁmty e \circ
«— \leftarrow b, \rightarrow
% 1 \uparrow | \downarrow
& s \pm - efc,
Section 1-4 / Plotting Response Curves : ) 37
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Let us enter MATLAB Program 1-1 i

inti es.
Plotting and printing CUrve: ' |
the compuﬁar and print the resulting plot |

o> t=0: 0.01*pi:2*pi;
>> alpha = 3;

>> y = sin(alpha*t);

>> plotit,y)

id .
::z ﬁ:lle(’Piot of sin(\alphat) (\alpha = 3)")

>> xlabel('t (sec)’)
[ > ylabel('sin (\alphat)')

Note that the vector t is a partition of the domain 0 < ¢ < 27 with mesh size
0.017, while y is a vector giving the values of the sine at the nodes of the
partition.

Figure 1-1 shows a plot of the output y = sin(at) versus t, reduced to 509 of
the actual print size. The letter size of the title, xlabel, and ylabel| may be adequate
for the plot as seen on the screen, However, if the plot size is reduced to half or
less, the letters become too small.

Plot of sin(ar) (q=3)

Fiﬂlll'e 11

38
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To enlarge the letter size, specify a larger font size in the title, xlabel, and
ylabel. (See MATLAB Program 1-2.) The size of the plot in Figure 1-2 is half
ﬂ_lat of the actual printout from the computer. Notice-that in Figure 1-2 the letter
size of the title, xlabel, and ylabel appears sufficiently large.

MATLAB Program 1-2

>>t=0:0.01*pi:2*pi;

>> alpha = 3;

>> y = sin(alpha*t);

>> plotit,y)

>> grid

>> title('Plot of sin(\alphat) (\alpha = 3)', 'Fontsize', 20)
>> xlabel('t (sec)','Fontsize', 20)

>> ylabel('sin(\alphat)','Fontsize', 20)

Plot of sin(at) (a=23)

Figure 1-2 *
Plot of sin(at) versus f. t (sec)

In addition to setting the font size with commands such as

'Fontsize', 15
'Fontsize', 20

it is possible to set the font angle and font name by using commands such as

'Fontangle', 'italic'
'Fontname’', 'Times New Roman'

Subscripts can be obtained with “_". For example,

y_1 generates y,
y_2 generates y,

Section 1-4 / Plotting Response CI.II'\I':.‘.S 39
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Superscripts can be generated by using “/”. For example,

x/\2 generates %7
xA3 generates X°

As another example, let us plot the graph of
y=x’

over the interval 0 = x < 3 with increments of 0.1. MATLAB Program 13 g
this graph. R

MATLAB Program 1-3

>>x=0:0.1:3;

>>y =x.N2;

>> plot(x,y)

>> grid

>> title('Plot of Ve xf\z',‘Fontsize’,zo,'Fontangle' 'italic")
>> xlabel('x‘,'Fontsize',zo,'Fontangle' "italic") ’

>> ylabel(‘y','Fontsize',ZU,'Fontangie':'italic'}

Figure 1.3
Plot of y= g2

chaPter
1 /! ]ﬂh‘ﬁducﬂon to M-ATL}\
R
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(.l_se of subplot command. Multiple curves on one screen may be split into
multiple windows with the use of the command

subplot(m,n,p)

The graph display is subdivided into m X n smaller subwindows numbered from
left to right and top to bottom. The integer p specifies the window. For example,
subplot(2,3,5) or subplot(235) splits the graph display into six subwindows
numbered from left to right and top to bottom. The integer p = 5 means the fifth
window (that is, the window located in the second row and second column).

Let us next plot the four curves

y1 =sint

y2 = sin 2t

y3 = sin t + sin 2t
Y4 = (sin t)(sin 2t)

for 0 = r = 27. We shall plot the curves in four subwindows, one curve to a
window. MATLAB Program 1-4 produces the plots shown in Figure 1-4.

sin(2r)

¥; = sin(r)

Y2

. 8
5 3
d S
=] 8
v ~
I =
= : : =
i i
2!) 2 4 6 8 3
! (sec)
Figure 1-4 ‘ ;
Plots of sin #,sin 2¢,sin ¢ + sin 2t, and (sin )(sin 2¢).
Section 1-4 / Plotting Response Curves a1
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MATLAB Program 1-4
>>t=0:0.01 *pi:2*pl;
>> y1 =sin(t); :

2 =sin(2*); .
z ;3 = sin(t) + srq(Z 2tljt)]*
>> y4 = (sin(t)." (sin( ’1) grid
>> subplot(2,2,1), pfot(t,:ifl £l
22 xlabel('t (sec)), ylabel(y—

2), grid
bplot(2,2,2), plot(t..}'I e o
:::::: }sclljatfelt*t (sec)), ylabel('y_2 = sin(2t)")

id
lot(2,2,3), plot(ty3), grid 1l
2 illj:tfeﬁ't (sec)’), ylabel('y_3 = sin(t) + sin(2t)")

lot(2,2,4), plot(t,y4), grid " |
:;z i?:tfeﬁ't (sec)"), ylabel('y_4 = (sin(t)) (sin(21))")

1-5 THREE-DIMENSIONAL PLOTS

MATLAB can handle three-dimensional plots. Three-dimensional curves mq ;-. :
plotted with the use of the command plot3, command mesh, or command sy
among many other plotting commands available in MATLAR, E

The three-dimensional curve is a curve that is expressed in a three-dimensiona

coordinate system. Consider a simple three-dimensional cojl defined by 3

= CDS(I), y = Sin(r)’ 7=t

4he command plot3 produces the t inesic ]
by using MATL AR Program 1.6 hree-dimensional curye shown in Figure 1-¢

ol
H

MATLAB Program 1_5

>> X = cos (1);
>>Y =sin (y);

>> = t;
>> plot_’s{xj},fz)
>> grid
>3 tit 1
. -di : .
2> S Csquargh " 1onal coil'
L "aXisl
2> Ylabel (0 if)
>> zlaheg| ('z-axicr
42 Xis')
Chapte, 1 .
/ Introdyey;
on to MATLAR
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Three-dimensional coil
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Figure 1-5
Three-dimensional curve.

'striTo'wnte text on the three-dimensional plot, use the command text(X, Y, Z
To plot a general three-dimensional surface, use the command mesh or surf.

For example, to plot a sphere of radius unity with n X n facets, we may use
MATLAB Program 1-6.

MATLAB Program 1-6

>>n=10;

>> [x, y, z] = sphere (n);
>> mesh (x, y, z)

>> title ('"Mesh plot');
>> axis (‘equal')

>> xlabel ('x-axis')

>> ylabel ('y-axis')

>> zlabel ('z-axis')

Section 1-5 / Three-Dimensional Plots a3
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MATLAB Program 1-7

>>n=10;

>> [X, ¥, ] = sphere (n);
>> surf (x, y, 2)

>> title ('Surf plot');

>> axis (‘equal’)

>> xlabel ('x-axis')

>> ylabel (‘y-axis')

>> zlabel ('z-axis')

Surf plot
"‘IT\\.“
- ] -
-f".. ; \\‘\.
- L
e : 1 : \'\_‘
- I 1 .
r I I
| ! i i
i A 1y
.- j | : i .
- [] i
1 e 1 1 e
r ! L
I '} -
L | "'-u.,l
! 1
! i
! 1
- - ! ]
05~~~ - !
e, s HiE 1
'Q.‘ ]
TN
1
| i
| 1
- 1
o - ~.
- - ~ 1
B O P |
! 1 RS
L] s |
B
i 1
i 1
1
]
- T I
~0.5Q--"" K :
o L 1™ :
P
1 -
I
i 1
1
! |
1 - s 1 \
- 1
™~ I
I
I

y-axis -1 x-axis

Figure 1-7
10 X 10-faceted sphere in the form of a surf plot.

In Chapter 4, we shall use the command mesh to generate three-dimensional
plots related to step responses and impulse responses.

Section 1-5 / Three-Dimensional Plots 45
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B
1-6 DRAWING GEOMETRICAL FIGURES WITH MATLA

In this section, we present commo
rical figures such as circles, triangu

Circle. Let us write a MATLAB

The center of the circle is

and the radius of the circle is 2. Assume that the xy region of the plot is given

S=sxsSand-5sy=S3.
MATLAB Program 1-8 draws this circle, which is shown in Figure 1§,

MATLAB programs to draw 8€Omey,

sed :
e boxes, and spirals.

Jar waves,
program to draw a circle defined by

(+2t+ (-1 =2

(aye) =A<ZT)
(

MATLAB Program 1-8

>>t=0:0.01:2*pi;
>> X = 2*cos(t);
>>y = 2*sin(t);

>> plot(x—2,y+1)

>> axis([= = s e L .
>> Brid( > 5; axis('square)

>> title('A circle of radi

>> xlabel(x) radius 2 located at x = ~2andy =1
>> y]ab'e":l}"l:l
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Triangular wave. Write a MATLAB program to draw the triangular wave
shown in Figure 1-9.

MATLAB Program 1-9 draws such a triangular wave, shown in Figure 1-10.

WA
2 -
I .
0 | |
R ® !
o "\_,r
_1 —
Figure 1-9
Triangular wave, 2 b

MATLAB Program 1-9

>>ul =[0:0.5:2)"; u2=[1.5:-0.5:-2]"; u3=[-1.5:0.5:0]";
>>w = [ul;u2;u3];

>>t = 0:0.5:8.0;

>> plot(t,w), grid

>> xlabel ('t")

>> ylabel ('w')

1.5

0.5

Figure 1-10 25 1 2 3 4 5 \/

Triangular wave. d

Section 1-6 / Drawing Geometrical Figures with MATLAB a7
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Figure 1-11
Two rectangles,

|
(-10,5)

e

Rectangles. Write a MATLAB program to fira:et:;yriztgng? is ;g"“’n
in Figure 1-11. Assume that the region for the plotis g = 20 gy

-20 = y = 20.

(10, 5)

(=5,2) (5

'2)

(-5,-2) S,

-2)

(-l Ul _5)

(10, -5)

MATLAB Program 1-10 draws the rectangles, as in Figure 1-12,

MATLAB Program 1-10

>>y2=[-2 2 2
>> plot(x1,y1 X2,y2);

>> axis(v); axis('squarE'J;
>> grid;

>> xlabel('x')

>> ylabel('y)

>>x1=[-10 10 10 =10 —10]:
>>yl=[-5 -5 5 5 —5];
>>X2=[-5 5 5 =5 -5];

22ve 20 20 —sg 20

Scanned with CamScanner
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) In"eﬂed-pendulum system. Write a MATLAB program to draw the
Inverted-pendulum system shown in Figure 1-13.

2L
 G) ¢ 6d
-_4—6 -4 =2 0 2

Figure 1-13 /
Inverted-pendulum system.

4 6

MATLAB Program 1-11 draws this inverted-pendulum system, as shown in
Figure 1-14.

MATLAB Program 1-11

>>xp = [0 5*sin(pi/6)];

>>yp=[0 5*cos(pi/6b)l;

>> plot(xp,yp)

ssv=[-6 6 —4 8];axis(v);

>> hold

Current plot held

>> a = 0:0.01:2*pi;

>> x = 5*sin(pi/6)+0.5*cos(a); y = 5*cos(pi/6)+0.5%sin(a);
>> plot(x,y)

ssxb=[-3 3 3 -3 3]
ssyb=F3 -3 0 0 -3j;

>> plot(xb,yb)

>> plot{2+0.5*cos{a], —3.5+0.5*sin(a))
>> pIot(—Z+D.5*cos(a}, —3.5+0.5*sin(a))

>> axis('square')

Section 1-6 / Drawing Geometrical Figures with MATLAB : 49
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50

-2 F

-4'Q'Q

-6 -4 -2 0 2

4 6
Figure 1-14

Inverted-pendulym System produced by MATLAB Program 1-11.

Three-dimensional coil. MATLAR Program 1-12
dimensiopa] (3D) coj in Figure 1-15. Th
Zx-plane plot i i
MATLAB p

X-axis by 15°, Ty,

Produces the three.
€ Program gajgq ;

gure 1-16. Yet another

of the coj] Totated aboy; ;
€ 2x-plane plot of the Totated coj] ig shown in Fig

he

ure 1-17.

LS

/

JJF_-J—-J—-—-"

I

o ety o
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MATLAB Program 1-12

>>t = 0:pi/50:10*pi;
>> X = cos(t+3*pi/2);
>>y = sin(t+3*pi/2);
>>Z=0.1%;

>> plot3(x,y,z)

>> grid

>> title('3D Coil'");
>> xlabel('x")

>> ylabel('y")

>> zlabel('z")

S

>> % zx plane plot
>

>> plot(z,x)

>> grid

>> title('zx plane plot for coil')

>> xlabel('z")

>> ylabel('x")

>>

>> % Rotate about x axis (zx plane rotated about x axis by 15 degrees)
>>

>>a = 15%pi/180;

>> ¢ = cos(a); s = sin(a);

>> zp = s*y + c*z; % Rotate about x axis

> AP = X;

>> yp = C'y — s*z;

>> plot(zp,xp) % Rotated zx plane plot

>> grid

>> title('zx plane rotated about x axis by 15 degrees')

>> xlabel('zp')
>> ylabel('xp')

Section 1-6 / Drawing Geometrical Figures with MATLAB
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Figure 1-16
zx-plane plot of 3D coil.
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Spirals. Many MATLAB programs draw spirals. MATLAB Programs 1-13

through 1-16 show some of them.

a 4 -5
[ MATLAB Program 1-13 0.8
5> q = [0:0.1:10%pil; 061
>>r= [Dﬁ)f\(qu”' 04}
>> x = r.*cos(q);
>> y = r.¥sin(q); 62
>3 plot(x,y} a OF-
>> grid 43l
>>v =[=1 11 1]; axis(v); axis('square') '
>> title('Spiral') 04}
>> xlabel('x') ot
>> ylabel('y') '
-08
T 06 0702 0 02 04 06 08 1
x
Spiral
1 Y T T Pt T
!- i
>> theta = —10:0.01:0; 0.6 S Rt S
>> r = —0.1*theta; o4t
>> X = r.*cos(theta);
>>y = r.*sin(theta); 94T
>> plot(x,y) ~ of
>> v = [-1 1 —1 1];axis(v); axis('square'); 5
>> grid ‘
>> title('Spiral') -0.4
>> xlabel('x') 5
>> ylabel('y') ol b e
0.8 ........,__.5._..-,+_....; ; 1__ | i |
TR T I S A
1 H H i L i i ] 3
"1 08 06-04-02 0 02 04 06 08 1
X
Section 1-6 / Drawing Geometrical Figures with MATLAB 53
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R
MATLAB Program 1-15

>>t=0:0.01:10;
>>r=0.08*;

>> x = —T.*cos(t);
>>y=-—T. *sin(t);

>> plot(x,y)

>> 5: :—}1’ 1 =1 1];axis(v);
>> grid -

>> title('Spiral')

>> xlabel('x')

>> ylabel('y')

axis('square’

);

o |

LI 08060402 0 02 04 o5 g~
0 .

MATLAB Program 1-16

>>t = 0:0.01:10%pj;

>> x = 1./pow2(t).*cos(pi*t);

>>y = 1./pow2(t).*sin{pi*t);

>> plot(x,y)

>> grid

>>v = [=11 -1 1]; axis(v); axis('square’)
>> title('Spiral')

>> xlabel('x")

>> ylabel('y')

>> % The spiral obtained here s the
>> % same as that obtained by

| >> % MATLAB Program 1-13.

-0.6
0.8}

OOT LY (N S W e s, . 2
i B T A R .
P (SR - B %

-1 08060402 0 02 04 06 05 1
X

Note:
ote: Command Pow2(t) produces base 2 power as follows:

Fort = (:1:5
POw2(t) produces

20

See the following MATLAB output

54

Chapter 1 / Intrudu:t[on to

r——

21 22 23 94 s |

>>t=0:1:5;
>> pow2(t)

dns =

— 24816 3 |

MATLAB
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Preliminary Study of
MATLAB Analysis

of Dynamic Systems

2-1 PARTIAL-FRACTION EXPANSION WITH MATLAB

For transfer functions with denominators involving higher-order polynomials,
hand computation of partial-fraction expansion may be Eluite time consuming.
In such a case, the use of MATLAB is recommended. MATLAB has a command
to obtain the partial-fraction expansion of B(s)/A(s). It also has a command to
obtain the zeros and poles of B(s)/A(s).

First we present the MATLAB approach to obtaining the partial-fraction

expansion of B(s)/A(s). Then we discuss the MATLAB approach to obtaining
the zeros.and poles of B(s)/A(s).

Partial-fraction expansion with MATLAB. Consider the function

B(s) num _bys" + bys" 1 +.--+ b,
A(s)  den S'+as" M+ + g,

where some of g, and b;may be zero.In MATLAB, row vectors num and den specify
the coefficients of the numerator and denominator of the transfer function. That is,

num = [by b ... by]
den=1[1 a; ... a,)

The command

~

[r,p,k] = residue(num,den)

55
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finds the residues (r), poles (p), and direct terms (k) of a partial-fraction ©Xpangiy,

of the ratio of two polynomials B(s) and A(s)-
The partial-fraction expansion of B(s)/A(s) is given by

B(J‘} _ r{l} !’(2} R ;'_-_—!:(;:_inj + k(.i‘:l (2""1)

A(s) s—p(1)  s-p2)

EXAMPLE 2-1 Consider the transfer function
B(s) 288 +55°+3s5+6

Als) S +652+11s+6

For this function,
num=[2 5 3 6]
den=[1 6 11 6]

The command
[r,p,kl = residue(num,den)

gives the following result:

>>num=[2 5 3 6);

>> den=[1 6 11 6];

>> [, p, k]l = residue (num,den)

& =
—6.0000 '
~4.0000 :

3.0000 |

p —]
~3.0000 [
~2.0000 -'
—1.0000

k =

2

(Note that the rec; :
esidues are returned in column vector r,the pole locations in column vector :

P.and the direct termin ro
_ I W vector k.) This i :
Partial-fractiop €xpansion of B(s)/AgsFm T AT S e

E{ﬂ=2ﬁ+532+3s+ﬁ
A5) P 6+ 1y g
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The residue command can alsobe used to form the polynomials (numerator and denominator)
from the partial-fraction expansion. That is, the command

[num,den] = residue(r,p,k)

where r, p, and k are as given in the previous MATLAB output, converts the partial-fraction
€Xpansion back to the polynomial ratio B(s)/A(s), as follows:

>>r=[-6 +—4 3;
>>p=[-3 -2 -] B

>>k=2:

>> [num,den] = residue(r,p,k)
~=r

num =

2 5 3 6

den =

Or we may enter the following MATLAB program to get B(s)/A(s) = num/den:

>> [num,den] = residue(r,p,k);
>> printsys(num,den,'s')
num/den =
2sA3 + 55A2 + 35 + 6
N3+ 6sM2 + 11s+ 6

The command
printsys(num,den,'s')

prints num/den in terms of the ratio of polynomials in s.

Note that if p(j) = p(.j +1)=--=p(j+m—1) (that is, p; = Pisg ==
Pj+m-1), then the pole p(j) is a pole of multiplicity m. In such a case, the expansion’
includes terms of the form

), D iem=1
s=p()  [s - p()]P [s = p()HI™

(For details, see Example 2-2.)

Section 2-1 / Partial-Fraction Expansion with MATLAB 57
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EXAMPLE 2-2 Expand

B(s) 32+25+3= sS+25+3
As) T (1 S+

into partial-fractions with MATLAB.
For this function, we have
num=[0 1 2 3]
den =[1 3 3 1]

Note that for the numerator either [0 1 2 3]or [1 2 3] may be used. The command

[r,p,k] = residue(num,den)

gives the following result:

>>num=[1 2 3];
>>den=[1 3 3 1];

>> [r,p,k] = residue(num,den)
| =

1.0000

0.0000

2.0000
p a5

~1.0000 <
~1.0000 °
~1.0000 <’

k=
[]

This output is the MATLAB representation of the partial-fraction expansion of

B(s) 1 ;.0 2
A(s) s+1 (s +1)2 ¥ (s+ 1)
Note that the direct term k is zero.

To obtain the orj inal functi !
into the computer: satiunction B(s)/A(s) fromr,p, and k, enter the following program

>> [n_um,den] = residue(r,p,k); e
> printsys(num,den,'s')

The computer wij then show

num/den = — "2+ 25 +3
SA3 + 352 +35 + 1

58
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Finding zeros and poles of B(s)/A(s) with MATLAB. The MATLAB

command Can S
[z,p,K] = tf2zp(num,den) _'r J— ) l
obtains the zeros, poles, and gain K of B(s)/A (). 2{
Consider the system defined by
B(s) 45’ + 165 + 12

A(s)  s* + 125° + 4452 + 485

To obtain the zeros (z), poles (p), and gain (K), enter the following MATLAB
program into the computer:

>>num=[4 16 12];
>>den=[1 12 44 48 0],
>> [z,p,K] = tf2zp(num,den)

The computer will then produce the following output on the screen:

T
-3
-1
p =
0
—6.0000
—4.0000
—2.0000
K=
4

The zeros are at s = —3 and —1.The poles are at s = 0, —6,_—4, and —2. The gain
Kis 4. '

the zeros, poles, and gain K are given, then the following MATLAB
program will yield the original num/den:

4

el L e

>>p=1[0; -2; —4; —6]; ZF_J_ +F
>>K=4;

>> [num,den] = zp2ti(z,p,K); s
>> printsys(num,den,'s')

num/den =
4572 + 16s + 12

sA4 + 12573 + 44572 + 48s

Sectlon 2-1 / Partial-Fraction Expansion with MATLAB 59
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EXAMPLE 2-3 Obtain the zeros (z), poles (p), and gain (K) of the system
B(s) 55 + 30s* + 555 + 30
A(s) £ +957+ 335 + 65

MATLAB Program 2-1 gives the desired result.

MATLAB Program 21

>>num=[5 30 55 30];
>>den=[1 9 33 65];
>> [z,p,K] = tf2zp(num,den)

Z=
=3.0000
—2.0000
=1.0000
p =
=5.0000
~2.0000 + 3,0000i
=2.0000 - 3.0000i
K=
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EXAMPLE 2-4 qﬁnsider the mechanical system shown in Figure 2-1. The system is at rest initially. The
displacements x and y are measured from their respective equilibrium positions. Assuming
that I{-‘(f) is a step force input and the displacement x(r) is the output, obtain the transfer
function of the system. Then, assuming that m = 0.1 kg, b, = 0.4 N-s/m, k; = 6 N/m,
k2 = 4 Nim, and p(t) is a step force of magnitude 10 N, obtain an analytical solution x(¢).

€ equations of motion for the system are ;

kay(x = y) = byy

Laplace transforming these two equations, assuming zero initial conditions, we obtain

(ms® + ky + wg_akz@—?mﬁ (2-2)
] ko X (s) = (ky Jﬂrﬁiﬁ) (2-3)

Solving Equation (2-3) for Y(s) and substituting the result in nvquation (2-2), we get

ki

k2 + bz.f

(ms? + ky + kp) X(s) = X(s) + P(s)
or '
[(ms® + ky + ky) (ks + bas) — kF]X(s) = (ky + bys)P(s)

from which we obtain the transfer function

-

X(s] " bys + ki
P(s) ~ mbys® + mkys® + (ky + ky)bys + ks -

24

Substituting the given numerical values for m, k,, k,, and b, into Equation (2-4), we have

X(s) _ 0.4s + 4
P(s) 0045 + 045> + 45 + 24
10s + 100

TP + 1082 + 1005 + 600 (2-5)

Since P(s) is a step force of magnitude 10 N,

P(s) ==

Figure 2-1 ; ) i,
Mechanical system. e \
Section 2-1 / Partial-Fraction Expansion with MATLAB 61
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Then, from Equation (2-5).
10s + 100 10
X(s) = 37 105 + 1005 + 600 ¢

direct term: |

> num = [100 1000];
ssden=[1 10 100 600 0l;

>> [r,p,k] = residue(num, den)

r=
—0.6845 + 0.2233i
0.6845 — 0.2233i |
~0.2977 |
1.6667
| o=
| ~1.2898 + 8.8991 ]
—1.2898 — 8.8991i
~7.4204
0

k=

o

On the basj
¢ basis of the MATLAR output, X(s) can be Written a,
s

Bt e i

~0.2977
+ 1.
T g

s -
L3605 + 1.2898)

i ) =397 E
(s + Lagggy B _oagm N

The iny + 889912 ~—2L1 | 1.6667
erse Laplace transform o X(s) g S+ 7.4204 i
8ives
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EXAMPLE 2-5 Obtain the inverse Laplace transform of

F(S)=ss+854+2333+3532+285+3
5 + 652 + 8s

[Use MATLA!B to find the partial-fraction expansion of F(s).]
The following MATLAB program will produce the partial-fraction expansion of F(s):

>>num=[1 8 23 35 28 3|
>>den=[1 6 8 0);
>> [r,p,k] = residue(num,den)

=

0.3750
0.2500
0.3750

Note thatk = [1 2 3] means that F(s) involves s* + 25 + 3 as follows:

0.375 0.25 0.375
+
s+4 542 L4 5

F(s)=5+2s+3+
Hence, the inverse Laplace transform of F(s) is given by

d? d
f@) = &?5(;) + 256(:) + 38(¢) + 03757 + 025¢ ™ + 0375, fort > 0—

EXAMPLE 2-6 Given the zero(s), pole(s), and gain X of B(s)/A(s), use MATLAB to obtain the function
B(s)/A(s). Consider the following three cases;
1. Thereisnozero. Polesareat—1 + 2jand -1 - 25, K = 10.
2. Azeroisat0. Polesare at jl +2jand -1 - 2§, K = 10.
3. Azeroisat—1. Polesareat—2,-4and -8, K =12

“Section 2-1 / Partial-Fraction Expansion with MATLAB 63
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| MATLAB programs to obtain B(s)/A(s) = num/den for the three cases are o

S 2= [ ]
> p = [F142%;-1-2%);
>>K=10;

>> [num,den] = zp2tf(z,p,K);
>> printsys(num,den)
num/den =
10
N2 + 25 + 5

>>z = [0];
>> P = [F142%; ~1-2%);
>>K=10;
>> [num,den) = zp2tf(z,p,K);
>> printsys(num,den)
num/den =

10s

A2 + 25 + 5

>>Z=[-1]:
>>p=[-2;-4; -g);
>> K =12;
>> [num,den] = zp2ti(z,p,K);
>> printsys(num,den)
num/den =
125 + 12
SA3 + 1452 + 56s + 64

EXAMPLE 27 Solve the differentia] €quation

64
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We need to find the partial-fract i ince the denominator involves a
t L 1s simpler to use MAT i jal-fraction expansion. 1n€

following MATLAB program may be used:

>>num = [2]:
>>den=[1 2 10 0 0 o
>> [r,p,k] = residue(num,den)
r=
0.0060 — 0.0087i
0.0060 + 0.0087i
—0.0120

—0.0400
0.2000

p:

—1.0000 + 3.0000i
~1.0000 - 3.0000i
0

0
0
k=

[l
From the MATLAB output, we find that

0.006 — 0.0087j & 0.006 + 0.0087j —0.012 -004 02
==

) S s+1+3 3 P I e

Combining the first two terms on the right-hand side of the equation, we get

0012(s + 1) + 00522 0012 004 02
T 1P+ ¥E s TP

X(5)

The inverse Laplace transform of X(s) gives

L

x(t) = n_ulze/“’é:s 3) + 001746 sin 3t — 0.012 — 004 + 017,  forr = 0

oL
Note that if only the roots of a polynomial such as

dis) =5 +25* + 35 + 4
are desired, we may use the command
r = roots(d)

(See MATLAB Program 2-3.) The command poly(r) produces the original
polynomial such that

d = poly(r)

Section 2-1 / Partial-Fraction Expansion with MATLAB 65
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(See also MATLAB Program 2-3.)

MATLAB Program 2-3

>>d=[1 2 3 4]
>> I = roots(d)

r=

=1.6506
—0.1747 + 1.5469i
=0.1747 — 1.5469i

>>d = p{}]y(r}
d=

1.0000  2.0000

our discussjop, With the -time Conversjg
i € ransfor :
Matiop fr
om t

N (c2d)

ransfer f,, he trangf, : ]
Nction ¢ er function to
© State space, i

hia i kil ikl
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It is important to note that the state—spﬂce representalmn of any,ayslemﬁﬂi..
unique: There are many (indeed infinitely man = e ns of

W‘:em The MA !!r_es one_possible such represenlatmﬂ.
Consider the transfer-function system <
Y(s)

U(s) &+ 6+ 55+ 10

There are many-(again, infinitely many) possible state-space representatmns of
this system. One posmble such representation is

Xy .. 1. B 0
Xy | = 0 0 1 X2 | + 10 |u
X3 -10 -5 =6 || x3 -50
X1
y=[1 0 0] x|+ [0]u
X3

Another possible state-space representation (among infinitely many alternatives) is

J'C] _6 _'5 "10 Xi 1
Hli=] 1 0 ofx|+|0k (2-7)
X3 0 1 0] x3 0
Xy
= 2-8

MATLAB Program 2-4 transforms the transfer function given by Equation (2-6)
into the state-space representation given by Equations (2-7) and (2-8).

MATLAB Program 2-4
>>num = [10 10);
>>den=[1 6 5 10];
>> [A,B,C,D] = tf2ss(num,den)
A=
—f =3 =10
1 0 0
0o 1 0
B=
|
0
0
C=
0 10,10
D=
0
Section 2-2 / Transformation of Mathematical Models of Dynamic Systems 67
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EXAMPLE 2-8 Consider the transfer function system

Y(s) 25.04s + 5.008
Uls) ~ 5 + 5002475 + 25.1026s + 5.008

Obtain a state-space representation of this system with MATLAB,
MATLAB command

[A,B,C,D] = tf2ss(num,den)

will produce a state-space representation of the system. (See MATLAB Program 2-5.)

MATLAB Program 2-5
>>num = [25.04 5.008];
ss>den=[1 5.03247 25.1026 5.008];
>> [A,B,C,D] = tf2ss(num,den)
A=
=5.0325 =25.1026 —5.0080
1.0000 0 0
0 1.0000 0
B =
1
0
0
C=
0 25.0400 5.0080
D=
0
This is the M - "

15 1s the MATLAB representation of the following state-space equations:
% —30325  -251026 —5.008 [ x, 1
.-‘fz = 1 0 0 5| +]0lk
X3 0 1 0 %

X
y=[0 2504 5008 x, + [0)u
X3

. function. in the
tate-space equations, use the Cﬂmmandn To obtain

[num,den] = ssth(A,B,C,D,iu)

Chapter 2 / Pl‘elimln,ary Study of MATLAR Analysia -
¥Namic Svetam -
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iumust be specified for systems with more than one input, For example, if the system
has three inputs (u1, 42, u3), then iu must be Eﬁﬁm%'z, or 3, where 1 implies ul,

2 implies u2, and 3 implies u3.
If the system has only one input, then either

[num,den] = ss2tf(A,B,C,D)
or

[num,den] = ss2tf(A,B,C,D,1)
may be used. (See Example 2-9 and MATLAB Program 2-6.)

EXAMPLE 2-9 Obtain the transfer function of the system defined by the following state-space equations:

X 0 1 0 Xy 0
x| = 0 0 1 }l:x3:|+[ 25.04 ]u
X3 -5.008 -25.1026 —5.03247 | x5 —121.005
Xy =
y=[1 0 0] x
X3

MATLAB Program 2-6 will produce the transfer function of the given system, namely,

Yis) _ 25.04s + 5.008
“ U(s) s + 5.0325s% + 25.1026s5 + 5.008

MATLAB Program 2-6

>>A=[0 1 0,0 0 1,-5.008 -25.1026 —5.03247];
>> B = [0;25.04; —121.005];
>>C=[1 0 0]

>>D = [0];
>> [num,den] = ss2tf(A,B,C,D)

num =
0 —0.0000 25.0400 5.0080

den =
1.0000 5.0325 25.1026 5.0080
> 9, *****The same result can be obtained by entering the following command *****
>> [num,den] = ss2tf(A,B,C,D,1)
num =

0 -0.0000 25.0400 5.0080

den =
1.0000 5.0325 25.1026 5.0080

‘Section 2-2 / Transformation of Mathematical Models of Dynamic Systems 69
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If the system involves one output but more than one input, use the ¢, )
[num,den] = ss2tf(A,B,C,D,iu)

This command converts the state-space system
x = Ax + Bu
y = Cx + Du

to the transfer function system

w = jth element of [C(sI — A)™'B + D] |
Ui(s) il
Note that the scalar iu is an index into the inputs of the system ang SPecifieg

which input is to be used for the response.
EXAMPLE 2-10 Consider the system,”
! -
i" i;_ﬂlx,+1nul
I'. .i'z o =2 _3_| xz 0 1 Hz. =

Tyl 0] 2: _+-[0 -~---U]E:I] ;

2

.

which has two inputs and one output. .
Two transfer functions may be obtained for this system. One relates the output y and

input 1, and the other relates the output y and input u,. (When considering input u;, y
assume that input u, is zero, and vice versa.) MATLAB Program 2-7 produces the trans-
fer functions in question, J

MATLAB Program 2-7

>A=[0 1,2 -3
>>B=[1 0,0 11;

>>C=[1 0]

>>D =0 0]; {5

>> [num,den] = ss2tf(A, BCD 1) ;

i

num = .-
0  1.0000 3.0000 ']

den =
13 i

>> [num,den] = ss2tf(A, B, C, D, 2) .'

num = | ._
0 0.0000 1.0000

den =

1 3 2

Chapter2 / Preliminary Study of MATLAB Analysis of D B s
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EXAMPLE 2-11

From the MATLAB output, we have

Y(s) 543
Uis) s#+35+2

and

Y(s) 3 1
Uys) s*+35+2

Consider a system with multiple inputs animulﬁmaa_wti When the system has more
than one output, the command

[NUM,den] = ss2tf(A,B,C.D.iu)

produces transfer functions for all outputs to each input. (The numerator coefficients are
returned to matrix NUM with as many rows as there are outputs.) '
Now consider the system defined by

(| _[ o 1[x], [t 1] m

_iz -25 -4 X2 0 1 Uy

-}"| - 1 0 X + 0 0 g

| Y2 0 1 X2 0 0 Uy

This system involves two inputs and two outputs. Four transfer functions are involved:

Y () /U1(5), Ya(s) /Uy (), Y1(s) /Us(s), and Ya(s) /Us(s). (When considering input u;, we
assume that input u, is zero, and vice versa.) See the output of MATLAB Program 2-8.

MATLAB Program 2-8

>>A=[0 1;-25 -4];
wn B=1 sl 1l
>>C=[1 00 1]; .

>>D=[0 00 0];
>> [NUM,den] = ss2tf(A,B,C,D,1)

0 0 25
den =

1 4 25
>> [NUM,den] = ss2tf(A,B,C,D,2)
NUM =

0 1.0000 ©$.0000

0 1.0000 -25.0000
den =

1 4 25

Section 2-2 / Transformation of Mathematical Models of Dynamic Systems 71
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: i sfer functiopg.
This is the MATLAB representation of the following four tran Nctions.

¥i(s) s+ 5
¥ (“F s+ 4 . — —_—
U:(s; TP tdst+25  Uis) S +ds+ 25
Ys(s) _25 Yo(s) s-—25

Ui(s) s2+4s+25 Uxs) & +4s+25

Conversion from continuous time to discrete time, The co o
[G,H] = c2d(A,B,Ts) :

where Ts is the sampling period in smpds. converts dthe ;talt:ic-spaoe mode]
continuous time to discrete time, assuming a zero-order ho

on the inpyg. e
is, with that command, i
X = Ax + Bu
is converted to

x(k + 1) = Gx(k) + Hu(k)

Consider, for example, the following continuous-time system;:

An equivalent discrete- obtained with the command [G
C2d(A,B,Ts). If the sampl; i i

shown in MATLAB Program 2-9,

MATLAB Program 2-9
>>A = [0 1,-25

~4];
>>B = [0;1];
>> [G, H] = c2d(A, B, 0.05)
G

0.9709  0,0448
~1.1212 7915

H=
0.0012

0.0448
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MATLAB Program 2-10

>s>A=[0 1,725 —4];
>> B =[0;1];

>> format long

>> [G, H] = c2d(A, B, 0.05)

O
0.97088325381929  0.04484704238264
—1.12117605956599  0.79149508428874

H=
0.00116466984723
0.04484704238264

The discrete-time state-space equation when Ts = 0.05 sec is then given by
xi(k+1) | _ 0.9709 0.04485 || x1(k) " 0.001165 u(k)
x(k + 1) —1.1212 07915 || xa(k) 0.04485

If we used format short or if we did not specify format, we would have gotten

0.0012
v [0.{}448:|
See MATLAB Program 2-9.) In transforming a

which is not quite accurate. (
crete-time system, it is recommended that we use

continuous-time system to a dis
~ format long.

2.3 MATLAB REPRESENTATION OF SYSTEMS IN BLOCK DIAGRAM FORM

In this section, we shall revie“?MhTLAB Le})resentations of systems given in the

form of block diagrams. o .
Figure 2-2(a) shows a block with a transfer function. Such a block represents

a system or an element of a system. To simplify our presentation, we shall call the

x = Ax + Bu
———— G{J‘] = num B = e —t
e y=€x+Du
(a) (b)

Figure 2-2
Block diagrams of systems.

(a) System is given by transfer function; (b) system is defined by state-space form.

Section 2-3 / MATLAB Representation of Systems in Block Diagram Form 73
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- to represent such g _
block with a transfer function a system. MATLAB uses-ss |
system. The statement

sys = tf(num,den)

resen 2-2(b) shows a block with a state-space representation, |
'Tep ly Fig:lrfion of such a system is given by {
The MATLAB representa

sys = SS{A, B:Cr D)

i d blocks. In what fullow& |
: involve many interconnecte
A physical %ﬁteﬂglg;n;;nected blocks, parallel-connected blocks, and
sl mﬂiﬁﬁ; blocks. Any linear time-invariant system may be represented
E;edczanitﬁﬁons of series-connected blocks, parallel-connected blocks, and
feedback-connected blocks.

Series-connected blocks. In the system shown in Figure 2-3, G, and G,

are series connected. System G, (which is represented by sysl) and system G,
(which is represented by sys2) are respectively defined by

sys1 = tf(num1, den1)

sys2 = tf(num2, den2) ' |
provided that the two systems are de
series-connected system (sys) can be

Likdiaia,

fined in terms of transfer functions. Then the
given by

SYs = series(sys1, sys2)
‘The system’s numerator and denominator can also be given by

il e

[num, den] = series(

If systems G and G, are given in state-g .
: Pace form, thep ¢
Tepresentations are, respectively, heir MATLAB

numt,dent,nurnz,denZ)

sys1 =ss(A1,BI,C1,D1} 1
Sys2 = ss(A2, B2, C2, D2)

m G1G, is given by

-

The Series-connecte syste

P Ty

SYS = series(sys » SYs2)

Paralle]

~Conne.
systems I Cted blocks

F
Figure 2-4(a), the oprry . EFES 2

~4(a) and (b) show
Parallel-connected
Gutp“fs from twa SYstems G, ang G, are added, while
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G
1 \E

Gg S

B

(a) (b)

connected systems.

lel-

()G *

the output from system G, is subtracted from the output éf system

L b
in Figure 2-4(b) are defined-in terms of transfer functions, then

G 1f Gy and G
sys1 = tf(num1, den1)
sys2 = tf(num2, den2)

and the parai]e]-connected system G; + G, is given by

sys = parallel(sys1, sys2)

If G; and G, are in state-space form, then
sys1 = ss(Al, Bl1.C1, D)
sys2 = ss(A2, B2, C2, D2)

 and the parallel-connected system G + G is given by

e e

sys = parallel(sys1, sys2)

If the parallel-connected system is G; — G, as shown in Figure 2-4(b), then we
define sys1 and sys2 as before, but change sys2 to —sys2 in the expressions for sys;
that s, '

sys = parallel(sys1, —sys2)

systz:dba(:k'c““"“md blocks. Figure 2-5(a) shows a negative-feedback
and Figure 2-5(b) shows a positive-feedback system.

G . " " ")
H =28
H a2
(a)
Figure 5 ®)

[i'l N i = 5S

) Positive-f,
Section 5.5 eedback system.

/ MATLA
B Repres
e
‘ Mlation of Systems in Block Diagram Form 75
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erms of transfer functions, they ‘

inedint
are defin®
1fGand H , (numg, dengl

sysg =
e (numh, denh]

sysh =
d the entiré feedback system is given by
an sys = feedback(sysg, sysh)

or [num, den] = feedback(numg, den numh, den)

If the system has a unity feedback function, then H = (1] ang —

Sy
sys = feedback(sysg, N ]]

Note that, in treating the feedback system, MATLARB g
back was negative. If the system involves a positive. feedback,
in the argument of feedback as follows:

Umed th ,
we DEed tﬂﬂ-ﬁi

sys = feedback(sysg, sysh, +1) i
Alternatively, we can use —sysh in the statement sys; that is,
sys = feedback(sysg, —sysh) $

for the positive feedback system.
The following diagram summarizes the statement sys for feedback syt

__——-"-‘
sys3 .
R() L4 . N (3) GiGﬁ =.__.3--
5 — e
G, p= G, 2 R(s) 1+GG !

where G3 = GiG:

sys = feedback(sysh (!
__-—___'—'———_

sys 1
R(s) Cls)
G o
Cls) o R
GH
H Res) Lf g9

- 1,
dback(s¥®
8ys 2 ' y
_—___-_-___‘——l—_

uﬂl’ ;
g mic 5¥° i
Chapter 2 Preliminary Study of MATLAB Analysis of DY 3
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ions of the cascaded system, parallel system, an

—_—

den2 =_5-+5

r funct
2-12 Obtain m;-gjs: l;e,ﬁ,Assume that Gy(s) and G,(s) are as follows: dfeedback System
A i Fi
shown 11
10
paml, £, - G,(s) = Dum2 5

G\(S) = Genl s +25+10°

r functions of th_e cascaded system, parallel s stem,
ptain the tra"‘Sfewe use the following commands: , . or feedback

[num, den] = series(num1,den1,num2,den2)
[num, den] = parallel(num1,den1,num2,den2)
[num, den] = feedback(num1,den1,num2,den2)

ATLAB Program 2-11 gives C(s)/R(s) = num/den for each arrangement of Gi(s)
:zd G,(s). Note that the command

printsys(num,den)

displays the num/den [that is, the transfer function C(s)/R(s)] of the system considered.

Ris) C(s)
(a) 1 Gi(s) p——] Gos) [—

) - C(s)
e | Gzl:..'-')
R(
9 C(s)
Gi(s) a5
(c)
| Ga(s)
Fl]gure 26
Cascaded
(b) parapey sy:f:te.m’
() feedy, ck S)fszrzn'
sECI"{C"'I 2-3 ! LA
Represe,
tation of Systems in Block Diagram Form 71

Scanned with CamScanner



=
O o
]
as
"hl
3
TR -
\
ey
LTI, i

7sn2 + 20s + 50

5."\3 4+
um, den] = parallel(num1,den1,num2,deny).

>2 10 um,den)

’ > prirltSYS(ﬂ

' num/den =
5572 + 20s + 100

sA3 + 7572 + 20s + 50

>> [num, den] = feedback(num1,den1 ,num2,deny);
>> printsys{num,den) :

num/den =

10s + 50
shA3 4+ 7572 + 20s + 100

EXAMPLE 2-13 Consider the system shown in Figure 2-7. Obtai
~1 n th E
Y(s)/U(s) with MATLAB. e closed-loop transfer find

MATLAB Program 2-12 generates the closed-loop transfer function ¥(s)/Ulk

sys 1

r A N
~U(s) i)
4 B 2 1 '

(s+1(s+8) 5
+ sysg 1 sysg 2 sysg 3
0.2 |-——t
sysh
__—-""-

78

Figure 27
Ciused-lﬂop System.

Chapter 2 :
o'{ Prellminary Study Of MATLA.B Analysi s o.r Dynamlc Sﬁstaﬁ‘s ' i
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a2 - TLAB Program 2-12 R et A

M

e
= [4]; e

>> 5y58] . =
=[2];deng2 =[1 9 g]; 5Y532_=,tf(nung,dengz)- ~

umg2

:::: ::umgg; = [1]; deng3 = [T 0I; sysg3 = tf(numg3.q

h= [0.2]; ’
e feedback (sysg2,sysh);.

51 .
?z 2;52 = series (Sys'l ,-5}1533 );
};- sys3 = series (sysg1,5ys2);
; 5ys = feedback (sys3,[1])
~Transfer function:
g
A3+ 95/ +8AsE 8

I

der the system shown in Figure 2-8. Obtain thiﬂmw—wﬂfﬂ%
pANPLE 2-14 Cons! with MATLAB. Also, obtain a state-space representation of the systefp.
Y(5)/UG) B Program 2-13 produces the closed-loop tﬁﬁﬁérmmJY(SJ/U(s) and
also the state-space representation of the closed-loop system.

Note that in MATLAB Program 2-13 the state-space representation of the transfer-
jon system was obtained with the command

-~

e

funct

sys_ss = ss(sys)

where sys is given in terms of transfer functions.

i 0
/ \ 2y
- \ .
Uis)

\ 1 ¥(s)
= sysg2

Fitll!ez..g

Secu(ln 2_‘3 /

MATLAR R
€presentat; '
I ation of Systems in Block Diagram Form 73
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e |

MATLAB Program 2-13 ] - |

= A 1 _—:[1 DrSYSg =t(nl.ll'n

s ?ﬁ.ﬂgl 5 ﬁ% 32222 —[1 0Ol sysg2 = tf(hum
>> = :

sg3 = [11; _
::-Z Z::s? = parallel(sysgI ,sysg3 );
>> sys2 = series(sys] ,sy5[g1 l),
>> 5Ys = feedback(sysZ:

Transfer function:
s + 2

.
A2 +s+2

31 ;dEng] ];
82,deng)).

a =

x1 x2
x1 =1 =1
x2 2 0
b=
ul
x1 1
x2 0
cC=
x1 x2
yl 1 1
d=
ul
yl 0

Continuous-time model.

The state-space equations obtained are
i- q - -1 -1 X1 4 l]ﬂ ' ﬁﬁ
iz 2 0 X2 0 .

A (g-lm
y=[1 ”Lﬂ + [0]u

ent
Note that this state If we use the state™

“Space representation is not unique.
[A,B,C,D] = tf2ss(num,den)

space equations:
. oo 0
X2 1 0|l x2

. ms i
C - gyste
hapter2 , Preliminary Study of MATLAB Analysis of Dynamic . j

We obtain the following state-
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' y=[1 2][2} + [0Ju o

MATLAB Program 2-14.)

MATLAB Program 2-14

’;;-,:J;_h 2l;den=[1 1 2]
>> [A,B,C,D] = tf2ss(num,den)

(5¢@

A=

The state-space equations [Equations (2-9) and (2-10)] can be transformed into those
given by Equations (2-11) and (2-12) by means of-the ‘Eransformation matrix

1 0 \
b

——

If we use another transformation matrix
0 0.5
P=
[i —0.5]
then th .
€ state-space equations [Equations (2-9) and (2-10)] become
[{n]= -1 1 x], [
x2 _2 U X3 2 #

y=[1 ¢ xl]
o ][’52 + [0]u

Figure . © &€ infinite]
~8. ¥ many state-space representations of the system shown in

Section 23

MATLAB
Repr :
I Presentation of Systems in Block Diagram Form al
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U

in a state-space
\ . Figure 2-9() L ° Teprese[“aﬁnn
howﬂ n 1 Df

gtem § e 1€ resentation of the system i

the 5Y Al i
Conside’ state-SP system and then tra bty
g cjosgd_lwgpsysw - Db[agu grath losed;roachyis to obtain state-spl;sfoim thay Ez:,ﬂ“e
One @ ssi her ap ; epre
transfer-fu” xp On.]i;? the state-space representation of g, emiieuhﬁ“:
: hen © ¢ C]%

Wﬂjagfﬂm ram 2-15 pro
TLAB Pro8 5 o(b). To

sys_tf = tf(sys_ss)

shown in MATLAB Program 2-15.

Uis) (s + 1) - 2 i)
: (%D $ s(s+35) ——

(a)
sys_ss3
P
o N
4 |-.L. = 5_!
v @ TEF 11
T * s / s45—|
r .‘(_ 2 r g % [
/ Y _ .
|I _sysl sys2
\__)—‘ﬂiﬁsﬂ sys_ss2

Figure 2-9 (b)

a A
(2) Closed-logp System; (b) redrawn closed-loop system.

82
Chapter 2 e
/' Preliminary Study of MATLAB Analysis of Dynam o
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MATLAB Program 2-15

’/_\
s>numl=[1 2 Tdent <[y, -
5> num2 = [2]; den2 = [1 J; 5y51 = tfing

S1; sys2 = tf(num2,den2)_ m1,den)

>> sys_ss1 = ss(sys1); .
>> 5yS_552 = ss(sys2);

>3 sys_,ssB = series(sys_ss1,sys_ss2).\_~

>> SyS_S5 = feedback(sys_ss3, [1])

7 o I L
x1 -7 1 1
x2 —4 0 0
x3 o0 05 0
b=

1
x1 1
x2 2
x3 0

ul
yl 0

Continuous-time model.
>> f ™
>> sys_tf = tf(sys_ss) J
Transfer function:
262 +4s+ 2
A3+ 7572 +4s + 2 g

diagram, the resulting

|lation. If so, we woluld
ression

t:losiglszem cancellation. When we simplify a block

st ?IOP transfer function may involve pole-zero cance il

canb check the expression. If cancellation does occur, the cancelled €XpP
¢ obtained by use of the command

minreal
factors

This Command
nsfer

tween the nu£ETforms the pole-zero cancellation if there
function, erator and denominator and produces the m

are common
inimal-order trd

“ction 2- M
8 83
TLAB Representation of Systems in Block Diagram Form
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the follOWi“g tfanst.er_ function:

As an examP ¥(s) (s + 1)(s +2)
— ‘______.-—'-'-_______-___'_--.
i) G+ T4+
52 + 35 + 2

__..____—-——-_-_________'_-—
=3 +8%+ 195 + 12

4 1) in the numerator and (s + 1) in the denop;
S ¥

. S fer function f Matgy
! the minimal-order trans or Y(s
I‘]llrninreal. (See MATLAB Program 2-16.) ( ) m‘i

Claafl}’a (
other. To obt

ly
d
the comman

i]u
AT

MATI.AB Program 2-—16 \
e 2

smum=[1 3 2j;den=[1 8 19 12y~

tflny
>> 5Y$ e

Transfer function:

sh2 + 35+ 2
A3 +8sM2 + 19s + 12
>> sys_min = minreal(sys)

Transfer function:
s+ 2
sh2 +7s+ 12

The minimal-order transfer function (the canceled transfer function)is

Y(s) _ s+ 2
U(s) £+7s+12

84
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Transient-Response
Analysis

3.1 INTRODUCTION

This chapter presents the MATLAB approach to obtaining system responses
when the inputs are time-domain inputs such as the step, impulse, ‘aI.ld ramp
functions. The chapter also discusses system responses to initial conditions and
arbitrary time functions. System responses to the frequency-domain inputs are
presented in Chapter 5. :

Section 3-2 discusses step responses and Section 3-3 deals with impulse
responses. Section 34 treats ramp responses and Section 3-5 examines responses
to arbitrary inputs. Section 3-6 obtains system responses to arbitrary initial

conditions. Finally, Section 3-7 discusses three-dimensional plots of transient
responses,

32 STEP RESPONSE

MATLAB : i g
System of the Eﬁﬁf“"“ﬂﬂ of standard second-order system. A second-order

2
7}
G(S) = > L 3
5° + 2w,s + wj

85
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stem. Given wy and £, the commapg

i he standard second-order sy .
is called the s prmtsys{num den) O prmtsys(num,denrs}

omials in 5
y;ie where w, = Srad/secand { = 04, AT]

prints num/den as a ratio of pol
dard second-order system when @, = 3 tadjse,

Consider, for example, the ¢2
Program 3-1 generates the stan
and £ = 04.

MATLAB Program 3-1

>wn =5 y :

ing_| - |
z ?::rffll,gen] = ord2(wn,damping_ratio);
- num= 5ﬂ2*num0;

bt
>> printsys(num,den, s')

num/den =
25

A2 + 4s + 25

Step response. If num and den (the numerator and denominator of 5
transfer function) are known, we may define the system by

sys = tf(num,den)

Then a command such as
step(sys) or step(num,den)
will generate a plot of a unit-step response and will display a response curve on
the screen. The computation interval At and the time span of the response are
determined by MATLAB.
If we wish MATLAB to compute the response every At seconds and plot the

response curve for 0 < ¢ < T (where T'is an integer multiple of At), we enter (¢
statement

. t=0ALT
In the program and yse the command
step(sys,t) or step(num,den,t)

Cr-specified time,
mands have left-hand arguments, such as

where t is the g
If step com

Y =step(sys,t) or vy = step(num,den,d

and
MATLAR Iyl = step(sys,) o [yt] = step(num,den) 5 plote"
the screen ?tr?sd;ms the unit-step response of the system, but displary:n
Feessary to use a plot command to see response ¥
Chapter 3 e
/ Tnamsiu‘:nt-Rt‘.-,spum-,.s,.E Analysis _ : ﬂ
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' MﬁTLﬂB represﬁntaﬁo" of linear systems., The transfer function of
a

nted by two arrays of numbers, For example, the system

C(s) _ _ 2s+25
R(s) s*+4s+25

4 res
S)fﬁlem 15 reP

d as two arrays, each containing the coefficients of the

e as follows:

be represent

fs polynomials
in decreasing powers O

num=[2 25]
den=[1 4 25]

ternative representation is

Ana
num=[0 2 25]
den=[1 4 25]
In this expression, a ZEr0 is padded. Note that if zeros are padded, the dimensions

f the num vector and den vector become the same. An advantage of padding
:cms is that num and den vector can be directly added. For instance,

num+den=[0 2 25]+[1 4 25]
=[1 6 b50]

In writing the numerator, either expression,
num=[2 25] or num=[0 2 25]

may be used. As you have already seen in Chapter 2, we use both expressions in
solving MATLAB problems. MATLAB Program 3-2 produces the transfer func-
tion of the system.

MATLAB Program 3-2

>>num=[2 25];
>>den=[1 4 25];
>> sys = tf(num,den)

Transfer function:
2s + 25

sA2 + 4s + 25

For a contrg
Matrix B
tions are

I'system defined in state-space form, where state matrix A, control

out : .
kn Putmatrix C, and direct transmission matrix D of state-space equa-
Own, the commang

‘ i step(A,B,C,D)
Wi r Uy

Ul generate plots of ypir. !

Mingg nit-step re

when ¢ ; sponses, i i ically deter-
entis not explicitly jnc P The time vector is automatically

luded in the step commands.

Section 3
~2 f
Step Response 87
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EXAMPLE 3-1

Note that the command step(sys) may be used to obtain the unit-step respong, :
of a system. First, we define the system by

sys = rf(num,den)

or
sys = 55(A,B,C,D)

Then, to obtain, for example, the unit-step Tesponse, we enter

step(sys)

into the computer.

When step commands have left-hand arguments, such as

[y,x,t] = step(num,den,t)
ly,xtl = step(A,B,C,D,iu)
[y, x ] = step(A,B,C,Djiu,) (3-1)

no plot is shown on the screen. Hence, it is necessary to use a plot command
see the response curves. The matrices y and x contain the output and state
response of the system, respectively, evaluated at the computation tfme points
(y has as many columns as outputs and one row for qach element in t; x has as
many columns as states and one row for each element 1n t.)_

Note in Equation (3-1) that the scalar iu is an index into the inputs of the
system and specifies which input is to be used for the response; t is the user-
specified time. If the system involves multiple inputs and multiple outputs, the
step command, as given by Equation (3-1), produces a series of step response
plots, one for each input and output combination of

x = Ax + Bu
y = Cx + Du

(For details, see Example 3-5.)

Consider the spring-mass—dashpot system mounted on a cart, as shown in Figure 3-1
Here, u is the input displacement and y is the output displacement. To derive the transfer

) |

___.———-—-'_-_-.—-._.
Massless cart k
AW
m
h
1:I__

Figure 3-1
Spring-mass—dashpot
system mounted on a

cart. T

Chapter 3 / Transient-Response Analysis = |
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tem, RIS _that,‘for ARG Systems, Newtop's sec.:o d |
' ’ nd law Stateg

1

" -Ema=2[f

.« o ass, @ 18 the acceleration of the mass, and 2 F is the sum o
where m1s@ in the direction of the am_:ele.-ratwn. Applying Newton’s
on the mas 1+ and noting that the cart is massless, we obtain

fthe forces acting
Second law tg the

preseﬂtsl'sm
dly _ _,[d4y _du) _
mz b(dr ar) kY- u)
or
d’y . dy du
— 4 = —_—
mr_drz + bﬂ,! ky bdr + ku

tion represents a mathematical model of the system under consideration.

ua i q siligen o
The latter €4 rm of the equation, assuming zero initial conditions, gives

Taking the Laplace transfo
("ts‘z + bs + k)Y (s) = (bs + K)U(s)

Taking the ratio of Y(s) to U(s), we find the transfer function of the system to be

. Y(s)  bs+k
Transfer function = UGs) =+ by &

Assuming that m = 10kg, b = 20 N-s/m, k = 100 N/m, and the input u(r) is a unit-step

input (a step input of 1 m), obtain the response curve y(1). '
Substituting the given numerical values into the transfer function, we have

Y(s)  20s+100 _ 25+10
U(s) 108 +20s + 100 s*+2s +10

MATLAB Program 3-3 will produce the unit-step responsc y(1). The resulting unit-step

response curve is shown in Figure 3-2.

MATLAB Program 3-3

>>num=[2 10];
>>den=[1 2 10];
>> sys = tf(num,den);
>> step(sys)

>> grid

fi‘:lzh;;glotr the duration of the response is automatically determined by MATLAB. The
Tk :\T.s]iabels are also automatically determined by MATLAB.

we need { 15h to compute E'md plot the curve every 0.01 sec over the
Oenter the following statement in the MATLAB program:

t=0:0.01:8;

interval 0 = ¢t = 8,

Section 3-2 / Step Response i
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Amplitude

Figure 3-2
Unit-step response curve. Time (sec) §

Also, if we wish to change the title and axis labels, we enter the desired t; ]
labels as shown in MATLAB Program 34, ile and desieg

MATLAB Program 34

>>t=0:0.01:8;
>>num=[2 10];
Sdeni={1 2 10k
>> sys = tf(num,den);
>> step(sys,t)

>> grid

>> title('Unit-Step Response', 'Fontsize', 20')
>> xlabel('t','Fontsize', 20')

>> ylabel('Output y','Fontsize', 20')

prograt:

Note that if we did not enter the desired title and desired axis labels In mee" “Time
the title, x-axis label, and y-axis label on the plot would have been “Step ResPom®® ©
(sec)”, and “Amplitude”, respectively. (This statement does not apply to Dld'?;
MATLAB.) When we enter the desired title and axis labels, as we have done 1 ed)"
Program 3-4, MATLAB erases the predetermined title and axis la 5
the x-axis label, and replaces them with the ones we have specified. If the
small, they can be made larger. For example, entering

I : I 0
Fontsize', 2 it

ul
Pn:sgrﬂ“”"‘"':s praifd?

in the title, xlabel, and ylabel variables as shown in MATLAB response U g
size of text appearing in those places. Figure 3-3 is a plot of the

with MATLAB Program 3-4,

Chapter 3 / Transient-Response Analysis vi
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Unit-Step Response

15 —————

= o [ R S C, S

e

=

—

ot

:3 z : :
Figure 3-3 : : _
Unit-step response 0 H ! : ; :
curve. Font sizes for 0 1 2 3 4 s : -
title, xlabel, and ylabel

t (sec)

are enlarged.

EXAMPLE 3-2 Consider the mechanical system shown in Figure 3-4. The transfer function X(s)/P(s) is
X(SJ W bz&' o+ k2

P(s) ~ mbas® + miky? + (ki + Kp)bos + kiky &)
(For the derivation of this transfer function, see Example 2—4.)
The transfer function ¥Y(s)/X(s) is obtained as

Y(s) kK

X(s) by + kg
Hence,

Y(s) Y(s) X(s) ky
a (3-3)

P(s)  X(s) P(s) mbys® + mhkys® + (ky + k)bys + kik,

Assuming that m = 0.1kg, b, = 0.4 N-s/m, k; = 6 N/m, k, = 4 N/m, and p(t) is a step
force of magnitude 10 N, obtain the responses x(f) and y(1).

Figure 34 1
Mechanical system. x
Section 3-2 Step Response ' t
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Substituting the numerica]

4 val i
by Equations (3-2) and (3-3), w: E;i;f: m, by, k;, and ky into the transge, fun
X( m%%
5) _ 04s + 4
P(s) ~ 0045 + 045 + 45735
_ 10s + 100
=7 W
% 8> + 105 + 1005 + 609
(
Y(s) 4 &
P(s) 0045 + 048 + 45 1 o5
100

T P02 +100 2
TR BT

Since p(t) is a step force of magnitude 10 N, we may define p(1) _@
(P whe

unit-step input of magnitude 1 N. Then Equations (3-4) and (3-5) carr i gy i
enag
X(s) _ 100s + 1000
U(s) (s +10s* + 1005 + 600
and ' ' ) g N
Y(s) 1000
Uls) (s + 105 + 1005 + 600) ¢ (4)

Si‘nce u(f) is a unit-step input, x(¢) and y(f) can be obtained from Equations (3-6) and (39
with the use of a step command. (Step commands assume that the input is the Unit-step
input.)
In this example, we shall demonstrate the use of the commands
y = step(sys,t)
and
plot(t,y)

MATLAB Program 3-5 produces the responses x(t) and y(f) of the system on one
diagram.

MATLAB Program 3-5

>>t=0:0.01:5;

>>numl = [100 1000];

>> num2 = [1000];
ss>den=[1 10 100 600];
>> sys1 = tf(num1,den);

>> sys2 = tiinum2,den);
>>y1 = step(sys1,t);

>> y2 = step(sys2,t);

>> plot(t,y1,t,y2)

>> grid

>> title('Unit-Step Responses')
>> xlabel('t (sec)')

>> ylabel('x(t) and y()')

>> text(0.07,2.8,'x(t)")

>> text(0.7,2.35,'y(t)')

Chapter 3 / Transient-Response Analysis
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The response curves x(f) and y(?) are shown in Figure 3-5,

Unit-Step Responses

()

x(5) and y(1)

05 Hif

Figure 3-5
Step response curves x(f) and y(t).

Writing text on the graphics screen. To write text on the graphics screen,
we enter, for example, the following statements:

text(0.07,2.8,'x(t)")

and

text(0.7,2.35,'y(t)")

The first statement tells the com i inni '
puter to write x(¢) beginning at the coordinates
X =007,y =28, Similarly, .

beginning ot the oger the second statement tells the computer to write y(f)
e coor = -
Figure 3-5 ] Inates x = 0.7, y = 2.35. [See MATLAB Program 3-5 and

AI‘ = s -
other way to write text in the plot is to use the gtext command. The syntax is

gtext('text")

When gtext i
ti1s €Xxecuted : ! i .
Touse) at the desjreq ’1?‘"’ computer waits until the cursor is positioned (with a

Pressed, the teyy enclo dc?tio.n on the screen. When the left mouse button is
POsition, Any number ;E tm Simple quotes is written on the plot at the cursor’s
MATLAR Program .'i-lsg.)m£t commands can be used in a plot. (See, for example,

Sect
on3-2 4 Step Response

I. 93
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(AMPLE 3-3 Obtain both analytically and computationally the unit-step response of the following highe,.
order system:

C(s) 3+ 255+ 725 + 80
= ______.————_'__
R(s)_s.4+853+4052+965+80

[Obtain the partial-fraction expansion of C(s) with MATLAB when R(s) is a unit.
function.] .

MATLAB Program 3-6 yields the unit-step response curve shown in Figure 36,y i
yields the partial-fraction expansion of C(s) as follows:

Step

39 +25% +72s +80 1
C(s) = a1 g5 + 405> + 965 + 80 5

-02813 — j0.1719 —0.2813 + j0.1719
_— + -
T s+2-j4 s+2+j4

% -0375 1
04375 , —037 _
s+ 2 (s+2) s

—0.5626(s + 2) " (0.3438) x 4
T2+ 48 (s+2)+ 4

04375 0.375 " 1

s+2 (s+2P7 s

Step Response
1.2 T

0 0.5 1 1.5 2 25 3
Time (sec)
Figure 3-6
Unit-step response curve,

24 Chapter 3 / Transient-Response Analysis
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MATLAB Program 3-6 \

—> % —— Unit-Step Response of C(s)/R(s) and Partial-Fraction ExpanW

>>
s>num=[3 25 72 80];

s>den=[1 8 40 96 801;

> step(num,den); ‘ .

s>v=[0 3 0 1.2];axis(v), grid

>> - - .

> % To obtain the partial-fraction expansion of C(s), enter commands
5>% numl=[3 25 72 80];

>>%  denl= [1\3(50/2_@__8[1#0};”’
>>%  [rpk] = residue(numl ,den1)

>> -
s>snuml =[3 25 72 80];

ssden1=[1 8 40 96 80 O0];
>> [rp,k] = residue(num1,den1)

B SHEES 34%94“-&3&34 £0
r= R e —— pov—

—-0.2813 —0.1719i

-0.2813 + 0.1719i

—0.4375

—0.3750
1.0000

|

p:

—2.0000 + 4.0000i
—2.0000 — 4.0000i
=2.0000

=2.0000
0

k=

|0

Hence, the time Tesponse can be given by

c(t) = ~0.5626e% cos 4¢ + 0.3438¢~2 sin 4t

—0.4375¢™ - 0375te72 + 1

The fact that the re

; Sponse cu i
elp{)ne“tlal curve Ve consist

s'of dam i : :
can be seen from Figure 3-6, ped sinusoidal curves superimposed on an

S ]
€ction 3-2 Step Response
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; it-step response o,
EXAMPLE 3-4 Obtain both analytical and mmputatinr;al s-f;l{tttﬁsi:f the uni | P i "%.
feedback system whose open-loop transier i

5(s + 20)
G(s) = {5 + 4.5883)(s + 34118s + 16.346)

The closed-loop transfer function is
5(s + 20) .
gzs; = (s + 4.5883)(s* + 341185 + 16.3460) + 5(s + 20)
5 s
5s + 100
T+ 85 + 325 + 805 + 100
5(s + 20)

(& + 25 + 10)(s? + 65 + 10)
The unit-step response of this system is then

5(s + 20)
s(s® + 25 + 10)(s> + 65 + 10)

R S W™
‘é‘(-ﬁ"l‘])_-g' 8(5+3) 8

C(s) =

+
(s+1)2+ 32 (s +3)2 + 12

The time response ¢(f) can be found by taking the

inverse Laplace transform of C(s) as
follows:

sin 3¢ — %2_3’ 13

3 17
. ~t cos 3¢ 1 -3t
ct) =1+ ge " cos e cos t e

sint,  forr=0

A MATLAB Program to obtain

the unit-ste
MATLAB Program 3-7, The resulting

: P response of this system is shown i
umt-step response curye

is shown in Figure 3-7,
MATLAB Program 3_7 ]
>> Y% — Unit—step résponse —
>>

>>num = [5 ][}U];
>>den=[1 g

3280 100,
>> step(num, den)
>> grid

>> title(Unit.s;

®P Response of CEIRGs) = (55 4 100)/(sng 4 8513 + 325n2 + 80s + 100)'};
96 -

Scanned with CamScanner




§oAX B 4=Cx 4Dy

X&)z P XY+ BYG)
5T-A) X B)= Bua)
wle= LT - M BUG)

9l <X (Y +DLG)

EXAMPLE 3-5

l.gmwm of C{s)/R(s) = (5s+1 Dﬂ}f[s‘+3:3+:_’.2ﬁ+ﬁlﬂs+lﬂn

Amplitude

Figure 3-7
Unit-step response curve.

Time (sec)

Obtain the unit-step response curves of the system
B ACK
|l _|-1 -1 x " 1 1w
X3 65 0 x; 1 0| u;
|| 0= i 0 0]
¥2 0 1]l x 0 0] w
— A

Although it is not nec:e%sary to t%tain the transfer matrix expression for the system to

obtain the unit-step response curves with MATLAB, we shall derive such an expression
for reference. For the system defined by

x = Ax + Bu
y=Cx+ Du
the transfer matrix G(s) is a matrix that relates Y(s) and U(s) as follows:

Y(s) = G(s)U(s

Taking Laplace transforms of the state-space equations, we obtain

sX(s) —x(0) = A + BU(s) L- (3-8)
Y(s) = CX(s) + DU(s) — (3-9)

In deriving the transfer matrix, we assume that x(0) = 0. Then, from Equation (3-8), we get
X(s) = (s1 — A)'BU(s) (3-10)

Section 3-2 / Step Response
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Substituting Equation (3-10) into Equation (3-9), We obtain

Y(s) = [C(sT — A)'B + D]U(s)
Thus, the transfer matrix G(s) is given by
G(s) = C(s1 — A'B+D
The transfer matrix G(s) for the given system then becomes

G(s) = C(s1 - A)'B
jrooffs+1 1M1 1 1
o 1 -65 s] |1 0 |
\ 2 1 s -1 |[1 1
\ +s5+6565 s+1[1 0

P 1 [s-1 s
S+s+65s+75 65

Hence,
. B | 5
[Yi{ﬂjl . $+s5+65 §+ s+ 6.5 || Uys)
Y(s) s+ 175 6.5 Uy(s) '

f+5+65 $£+5+65

'Since this system involves two inputs and two ou
deﬂt}ed, f;iependmg on which signals are considered
considering the signal u, as the

tpyts, four transfer functions may be
as mnput and output. Note that, when

input, w i i i
A e e L8 Put, we assume that signal u, is zero, and vice versa. The
o) s-1 Yi(s) % F
Ui(s) £+5+65 Us,(s) =32+3+ﬁ_5 |
Yals) __&#+175 Y,(s) 6.5

Uils) #+s+65" Ts) " PTst6s

The four individual unit-step response curves can be plotted with the command

step(A,B,C,D)

Chapter 3 / Transient-Response Analysis
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MATLAB Program 3-8 produces four such step response curves, shown in Figure 3-8.

MATLAB Program 3-8

>>A=[-1 ~1;65 0
>>B=[1 1;1 0]
>>C=[1 0,0 1],
>>D=1[0 0,0 o}

>> St&p[A, B ,C,D)
Step Response
From: Ul From: U2
0.6 1. : 6 . :

¥ ' ' 04 '- i
£ 0 4 8 12 0 4 8 12
£
E
- 2
15} i
[ |
- vl
e
0.5 bvesrnscdrmrsessenssossssisinn .
i : 0 : '
% 4 8 2 0 4 3 1
Time (sec)
Figure 3-8

Unit-step response curves.

To plot two step response curves for the input &, in one diagram and two step response
curves for the input u; in another diagram, we may use the commands

step(A,B,C,D,1)

and
step(A,B,C,D,2)

Section 3-2 / Step Response : ' 99
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respectively. MATLAB Program 3-9 plots the desired step-response curves. Figure 39
shnlf-\*s the Et;sulﬁng two diagrams, each consisting of two step response curves,

S
MATLAB Program 3-9 )
>> % Step response curves for system defined in state

>> % space —

>>

% ***** In this program, we plot step response curves of a system
:::::: ;: having two irF:Pu%s (u1 and u2) and two outputs (y1 and y2) **«s
:z % ***** First we shall plot step response curves when thl?:' input is
>> % ul. Then we shall plot step response curves when the input is
= D‘,a;) u2 LE 2 22 ]
>> % ***** Enter matrices A, B, C, and D *****
>>
>>A=[-1 -1;6.5 0]
>>B=[1 1,1 0
>>C=[1 00 1];
>>D=[0 0,0 0];
>>
>> % *****To plot step response curves when the input is u1, enter
>> % the command 'step(A,B,C,D, 1) **+*+
>>
>> step(A,B,C,D,1)
>> grid
>> title('Step Response Plots: In
>> text(3.4, —0.05, 'Y1Y)
>>text(3.4, 1.4,'Y2)
>>
>> O, #rkxxk NEX(, we sh
>> % is u2. Enter the ¢

put=u_1 (u_2 = o)y

all plot step résponse curves when the input

" ommand 'step(A,B,C,D,2)" #+*xs
>> step(A,B,C,D,2)

>> grid

>> title('Step Response Plots: | =
>>text(3,0.14,'y11) SIPUt=u_2 (u_1 = gy

>5 text(Z.B,l.l,’Y?_']

100 j
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: Step Response Plots: Input = u; (4, = 0)

Amplitude

Time (sec)
(a)

Step Response Plots: Input = u; (4; =0)
1.6 : — T T ! ’ ’

'.......:'.é’.i/.);-;--\m.....;..\..r-;;g.........g........ ciee i

Amplitude

'3 :I f; 6 7 8 9 10

Mipere 09 (a) uy is the input (uz = 0); (b) u; is the input (u; = 0).

Unit-step response curves.

Section 3-2 / Step Response
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EXAMPLE3-6 Consider the system shown in Figure 3-10.
a unit-step displacemen e
unit-step torque. Assume that when r(t) =

1)

t. Then obtain the output cyt

Obtain the output ¢,(f) when the input () .

) when the disturbance input d( D is u"

(1), d(t) = 0, and vice versa.
d(r)
1 (1)
s(s+2) ——
sysl

Figure 3-10
Control system.

MATLAB Program 3-10 produces the unit-step response ¢,(f) shown in Figure 3-11.

MATLAB Program 3-10

>>t=0:0.01:5;
>>numl = [1]; denl = [1

>> [c_nt] = step(sys,t);
>> plot(t,c_r)
>> grid

>> xlabel('t sec')

>> sys = feedback(10*sys1, [1]);

>> title('Unit-Step Response C_r(s)/R(s)")

>> ylabel('Output to Unit-Step Reference Input')

2 0]; sys1 = tf(num1,den1);

14

Unit-Step Response C.(s)/R(s)

& = =
=) 20 — b
! T y 7

=

Output to Unit-Step Reference Input
=N

Figure 3-11

Unitstep response c,(r)

Ch
b

25
fsec
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To find the response c,(t) when the disturbance input d(f) is a unit-step torque, we
redraw the block diagram as shown in Figure 312,

& __ K 1 ()
s(s+2)

sys 1

10

F

Figure 3-12
Control system when r(t) = 0.

MATLAB Program 3-11 will produce the output c,(t). The output curve is shown in
Figure 3-13.

MATLAB Program 3-11

>>t = 0:0.01:5;

>>numl =[1];denl =[1 2 0]; sysl = tf(num1,den1);
>> sys = feedback(sys1, [10]);

>> [c_d,t] = step(sys,t);

>> plot(t,c_d)

>> grid

>> title('Unit-Step Response C_d(s)/D(s)')

>> xlabel('t sec')

>> ylabel('Output to Unit-Step Disturbance Input’)

Unit-Step Response Cy(s)/D{(s)

=

2

&
3

&
R

5

............

Output to Unit-Step Disturbance Input
&
-+

Figure 3-13 5 : : = i i i : 2
Unit-step response 0551 15 2 25 3 35 4 45 §

cqlt). e
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- e g R e Tt b = s v = Pl o =t = o = e (= e e, S pe = l'—"l'\l} 1

3

sys3 ] 'j

s = A

1) 20 - L o(r) ‘ ;

: o:’ &I‘ (s+ 1)(s+4) 5 g

sysl sys2 : i

0.4490 |~t—d , %

k- |

Figure 3-14 4
Control system.

MATLAB Program 3-12 produces the unit-step response curve c(#), which js shown j
Figure 3-15.

——

MATLAB Program 3-12

>>t=0:0.01:10;

>>numl = [20]; den1 =[1 5 4]; sysT = thinum1,den1)
>>num2 = [1];den2 = [1 Q]; sys2 = tf(numZ,denZ);
>> sys3 = feedback(sysl,0.4490);

>> Sys4 = series(sys3,sys2);

>> sys = feedback(sys4, 1);

>> step(sys, t)

>> grid

>> titIe('UnibStep Response','Fontsize', 20)

>> xlabel('t sec','Fontsize', 20)

| >> ylabel{'Output c(t)','Fontsize', 20)

.
r

e Unit~$tep Response

=
]
i

—y
1

=
oo

Output c(7)

=
=

Figure 3-15

curve c(r),

T8 9 108
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EXAMPLE 3-8 Write a MATLAB program to obtain

in Figure 3-16.

R(s)

Figure 3-16
Control system.

sys6
I A

sysd
y A

0.75 2 2

!

C(s)

5 s+4

sysl sys2 sys3

~
sys5

MATLAB Program 3-13 produces the unit-step response ¢(f) shown in Figure 3-17.

MATLAB Program 3-13

>>t=0:0.02:12;

>>numl = [2]; den1 = [1 0]; sys1 = tf(num1,den1);

>>num2 = [2]; den2 = [1  4]; sys2 = tf(num2,den2);
>>num3 = [1]; den3 = [1  0]; sys3 = tf(num3,den3);
>> sys4 = series(sys1,5ys2);

>> sys5 = feedback(sys4,1);

>> sysb = series(0.75%sys5,sys3);

>> sys = feedback(sys6,1);

>> [c,t] = step(sys,t);

>> plot(t,c)

>> grid

>> title('Unit-Step Response C(s)/R(s)')

>> xlabel('t sec')

>> ylabel('Output c(t)")

Figure 3-17
Unit-step response c(f).

Unit-Step Response C(s)/R(s)

1.4

the unit-step response of the control system shown

Section 3-2 /

Step Response
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titive computations are
ms when P utation,weusey
i f MATLAB progra_ repetitive comp ’ a
Suimghﬁ\iﬂﬂ gfIATLAB progra ln‘{?:::sﬁveﬂ. The MATLAB syntax for 5
involved.

i ents
for loop to execute a Series of statem
is .
= for expression (loop variable)
staternenls
end

alue of the loop variable. Each time the
is incremented by a fixed value specified

ing each pass, using the current

; re executed once during
in expression. The stat?gie: trSI;e keyword end denf:rtes the en:ll c;gthe E‘g.Ell‘.eru:.l]tlns,E
value of t_he loop vanonti;]ues until the loop variable exceeds the ending v ue,
The looping process ¢ listed after end. Note that the loops can

executes any program 1 : :
oot MATL‘:ILB;hc statements can continue across llIlB:.g' Fa SOI;Jlmand e
be HFSE:S v?:l:h its own end statement. If k commands are involved, there must be
termina

k end statements. The following example is illustrative:

- w wgm 3_1 V
Note that expression assigns si]n 111;‘1';1p .
loop variable passes through the ;

>> t = 0:0.01:20;
>>K=[5 10 20]1 o . {
>> forn=1:3; Yo eXpression |
numg = [K(n)]; deng =1 11 10 0]; % statements
sysg = tf(numg,deng); % statements
sys = feedback(sysg, [11); % statements
y(:,n) = step(sys,b); % statements
end % end
>> plot (t, y) % program

In this program, the expression n = 1:3 assigns the initial value 1 to the loop
variable n. As n passes through the loop, it is incremented by 1. The statements
are executed once during each pass. The looping process continues for n = 2 and
n = 3. The looping process ends when n exceeds 3, MATLAB then executes the
;t[e'n;m:;l; p:o;()t,y] following end. The statement plot(t,y) plots the outputs y(:,1)

e w3 v 1 = =
means of tzxt Statzl;f:asn:s.m HepEhE 20 K=10; amn K= 5 ares cntered b’:- :
Note that the executio

. nofaseto ; -
with the use of if, else, Th f commands can be carried out conditionally

€ syntax is
if statement 1

else if statement 2
else statement 3
end

is true, then statement 1 ;
] i nt 1 1S exe
executed if it is true, Otp cuted. If

If statement 1

i statement 1 is not true, then
TWise statement 3 is executed. :l
4
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EXAMPLE 3-9 Consider the control system shown i

K = 5,10, and 20, n Figure 3-18. Draw unit-step response curves for

p— . =

K
55+ s+ 1)

Figure 3-18
Control system.

MATLAB program 3-14 produces unit-step response curves for the three cases
K =5,K = 10, and K = 20. The response curves are shown in Figure 3-19.

MATLAB Program 3-14

>> t = 0:0.01:20;
>>K=[5 10 20];
>>  forn=1:3;
numg = [K(n)]; deng=[1 11 10 0}; sysg = tiinumg,deng);
sys = feedback(sysg, [11);
y(:,n) = step(sys,t);
end
>> plot(t,y)
>> grid
>> title('Unit-Step Response Curves for K =5, 10, 20')
>> xlabel('t sec') :
>> ylabel('Outputs')
>> text(4.6,1.33,'K = 20")
>> text(6.5,1.12,'K = 10")
>> text(4.4,0.72,'K = 5")

>
> 9% Note that if we want to plot individual curves separately, we use

>> % the commands plotit,y(:, 1)), plot{t,y(:,2)), and plot(t,y(:,3)).

>>
>> subplot(2,2,1), plotit,y(;,1)), grid, xlabel('t sec’), ylabel('Output')

>> text(10.5,1.27, 'K=5")
>> subplot(2,2,2), plotit,y(:,2)), grid, xlabel('t sec'), ylabel('Output')

>> text(10.2,1.27, 'K=10")
>> subplot(2,2,3), plot(t,y(:,3)), grid, xlabel('t sec'), ylabel('Output')

s> text(10.1,1.27,'K = 20')

Section 3-2 / Step Response 45 . 107
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Unit

-Step Response Curves for K=5,10,20

SRR sty RO Lt O u S L
...............

0 SO O ST (L (O

Figure 3-19
Unit-step response curves
for K = 5,10, and 20. 1 sec

If we want to plot individual response curves separately,r we use the commands
plott,y(:,1)), plot(t,y(;,2)), and plot(ty(:,3)). (See the last eight lines of MATLAR
Program 3-14.) The three individual response curves are shown in Figure 3-20.

4 : : ; 1.4 , 3
ey """"""" Tl it TN

2 o

Out

=

o
QOutput
o e

15 20
I sec

0 5 y . ==
10 1
e 5B /

Figure 3-20

Unit-step response Curvesfor K = 5 g
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k =01,0.2,03,0.4,and 0.5.

EXBMPLE 3-10 g:;sii; :’lrllzas:fvl::terhfeedback control system shown in Figure 3-21. Obtain the unit-
when the tachometer feedback variable k assumes five values:

R(s)

e

in

=]

Cs)

Y
Ty ==

sysgl

sysg3d

sysg2

Figure 3-21
Tachometer feedback control system.

Figure 3-22.

MATLAB Program 3-15 produces the five unit-step response curves as shown in

MATLAB Program 3-15

—

>> xlabel('t sec’)

>> ylabel(‘Outputs’)

>> text(1.51,1.28, nzeta=0.1")
S>> text(1.51,1.16, "\ zeta = 0.2")
>> text(1.51,0.75, '\zeta = 0.3"
>> text(1.51,0.67, nzeta = 0.4")
>> text(1.01,0.53, "\zeta = 0.5')

>>t=0:0.01:5;
>>k=[01 02 03 04 05];
>>  forn=1:5;
numgl = [12.5]; dengl =[1 1];
sysg2 = [k(n)];
numg3 = [1]; deng3 = [1
sys1 = feedback(sysg] ,5ys82);
sys2 = series(sys1,sysg3);
sys = feedback(sys2,1);
y(;,n) = step(sys,t);
end
>> plotit,y)
>> grid

> fitle('Unit-Step Response Curve

sysgl = ti(numg1,dengl);

0]; sysg3 = tf(numg3,deng3);

s fork =0.1,0.2,0.3, 0.4, and 0.5")

Section 3-2 / Step Response
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Unit-Step Response Curves fork=0.1,0.2,03,04,and 5

1.4

1 :
5 08 Lo
z g=04
06 (=05 | 35
0.4} ' . : :
Figure 3-22 : :
Unit-step response : : 1 ; : : : 5-
curves for k = 0.1, T I S 25 3 35 4 33 B
0.2,0.3,0.4, and 0.5. I'sec
EXAMPLE 3-11 Consider a third-order system defined by
Y(s) 6 -
Rs) $+62+ 11556 (3-11)
Find a second-order system of the form
Y(S‘) m_??
Us) &+ 2w,s + w? 1)
that closely approximates the unit-step response of the third-order system given b
: ys given by
Equation (3-11).
We choose the search region to be
065<¢ < 1.00
0S=w,=4
We also arbitrar ily choose the com utatio
: n st "
tively. Then, for p = 185 & wlz i) €ps for { and w, to be 0,05 and 0.5, respec
{=06+ 0.05p .
and fOl'q = 11213.-..,8,‘”& ha\re
w mn o ﬂ-sq
d -
€ desire the eryor SQuared at any time ¢ Namely,
() = yye)
to |?E smaller thap 0.0, where »(t) is th = ']
defined by Equatjon (3-11) ang yl () is the "IESep response of the third-order system
given by Equatigp, (3-12), % © Unit-step response of the second-order system 1
110

Chapter 3 .T\'analent-Reaponse Analysis
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In MATLAB Program 3-1
g 6,the (¢, @n) pairs that satisfy the condition are shown in the

MATLAB Program 3-16

>>1=0:0.01 :6; —
>> k = 0;
>>forp=1:8;
zeta (p) = 0.6+0.05*p;
forq=1:8;
w(q) = 0.5*q;
numi = [E’]; denl = 1 6 11
sys1 = tf(num1,den1);
num2 = [w(q).A2]; den2 = [1
sys2 = tf(num2,den2)
ly1,1] = step(sys1,1);
[y2,1] = step(sys2,1);

6l;

2*zeta (py*wlg) wi(g).A2];

.
¥

error_square = (y1 — y2).A2;
emax = max(error_squared);
if emax < 0.05;
k = k+1;
solution (k,:) = [k zeta (p) w(q) emax];
end
end
end
>> solution
solution =
1.0000 0.6500 1.0000 0.0204
2.0000 0.7000 1.0000 0.0117
3.0000 0.7500 1.0000 0.0059
4.0000 0.8000 1.0000 0.0024
5.0000 0.8500 1.0000 0.0014
6.0000 0.9000 1.0000 0.0012
7.0000 0.9500 1.0000 0.0015
8.0000 0.9500 1.5000 0.0456
9.0000 1.0000 1.0000 0.0037
10.0000 1.0000 1.5000 0.0384

i bination of ¢ = 0.90 and w, = 1.0 pro-

ble. From this table, we find that the comt d
fjﬂrﬂl C't;‘:; tr?‘;mimum error squared and the combination of { = 085 and w, = 1.0 produces
tl:l:EZmnd minimum error squared. Note that this conclusion is correct only if { and w, are

chosen from
¢ = 0.65,0.70, 0.75, 0.80, 0.85, 0.90, 0.95, 1.0
w, = 0.5,1.0, 1.5,2.0,25,3.0,35,40

111
Section 3-2 / Step Response
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If the ranges of ¢ and w, are different from those just given or the step sizes are differen; the
€ rang n :
best combination of { and w, may also be d1f£:arent. 11) as System 1. We then defi
Let us define the system given by Equation g"or) € the
system having { = 0.90 and @, = 1 to be System £,

1

System 2;: P+ 185+ 1

Also, define the system having { = 0.85 and w, = 1to be R

1

System2z: 31211

TLA it- f System 1 and Syster, 5

B Program 3-17 produces the unit-step responses o . m2, in
I;ﬁdiagram ang:iathc unit-step responses of System 1 and System 2, in another dja ‘
These curves are shown in Figures 3-23 and 3-24. Notice that both System 2; and System 2]

closely approximate the unit-step response of System 1.

MATLAB Program 3-17

>>sysl =tf([6], 1 6 11 6));
>>sys2 1=t{[1], 1 2*0.9 1]);

S 5ys2_2 = tﬁ[”, H 2%0.85 T]).e

>> [y14] = step(sys1,t);

>>[y2_ 1,4 = step(sys2_1,1);

>>[y2_2,1 = step(sys2_2,t);

>>

>> plotit,y1,t,y2_1) % See Figure 3-23.
>> grid

>> title('Unit-Ste
>> xlabel('t sec')
>> ylabel('Outputs y1 and y2_1')
>> text(2.05,0.87, 'sys1')
>>text(3.3,0.72, sys2_1")

>> text(1.45,0.14, sys1) ;
>> text(0.16,0.25, sys2_1") '-
>

>>plot(t,y1,ty2_2) o See Figure 3-24.
>> grid

>> title('Unit-Ste Responses :
e Sml)p p of sys1 and sys2_21
>> ylabel{'Outputs Y1 and y2_2Y

>> text(4.1 /0.85,'sys11)
>> text(3.05,1.1 ,'Sys2_2")
>> text(1 A,O.DB,'sysI "

>> text(0.1,0.28, 'sys2_2')

Chapter 3 / 'l'mnsient-Response Analysjs ' j

P Responses of sys1 and sys2_1")

112
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| Unit-Step Responses of sys! and sys2,

Figure 3-23
Unit-step response curves of System 1 and System 2;.

Unit-Step Responses of sys] and sys2,
LA ! r !_ ; :

= = o

o Bo — (¥
T

1

Outputs y1 and y2,

=
=

0'2 P, ST

Figure 3-24
U;ugiltf:tep response curves of System 1 and System 2;.

Section 3-2 / Step Response 113
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EXAMPLE 3-12 Consider the control system defined by

o) _ o
R(s) = 2 + 2w,S + wy

btain the unit-step response of this Ystem 3
i

Using a for loop, write 3 MATLAB program to o
for the following four cases:
Case 1¢ =03, w, =1
Case2: £=05 ™ 2
Case 3: L =07, w, =4

Case4: (=08,

Define w? = aand 2{w, = b. Thena and b each have four elements as follows;
a=[1 4 16 36]
b=[06 2 5.6 9.6]

Using vectors a and b, MATLAB Program 3-18 will produce the unit-step .
curves as shown in Figure 3-25. .

MATLAB Program 3-18

>>a=[1 4 16 36];
>>b=[06 2 56 9.6];

>>t=0:0.1:8;

>>y = zeros(81,4);

>> fori=1:4;
num = [a(i)];

den=[1 b(i) a(i));

y(;,i) = step(num,den,t);

end
>> plot(t,y(:,1),'0" t,y(;,2),'X" t.v(: 3) 21 5 e 4y 1 '
2 PG T 0.2 X Ay ,3), -y, ), )
>> title('Unit- '
> xlab(ell[‘rt“; ESE?)p Response Curves for Four Cases')
>> ylabel( 'Outputs')
=>> gtext('1")
>> gtext('2')
>> gtext('3")
>> gtext('4')

114
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Unit-Step Response gmés foanurCaiéé"-- e

1.4 :
i L ' ‘ Lo ;
- £ : a 3
1.2 ¥4y ‘.';‘;'_"'on""';"
L i
| S
l’r . 0 Tk
4if3: o : ;
g OB tfotun®in i ;
= 7 : :
Ll stoe 5
S 06 ', s
"o |
i ‘o :
0.4 g
HI: E
. i :
02 [ i
Figure 3-25 AR :
. ﬂ i 1 i i i i ;
Unit-step response 0 1 2 3 4 5 6 -:r 8
curves for four cases, 1 Sec

Obtaining rise time, peak time, maximum overshoot, and settling time
with MATLAB. MATLAB can conveniently be used to obtain the rise time,
peak time, maximum overshoot, and settling time of the unit-step response curve.
Consider the system defined by

C(s) 25

R(s) 5+ 65+ 25

MATLAB Program 3-19 yields the rise time, peak time, maximum overshoot,
and settling time of the unit-step response curve. A unit-step response curve for
the system is given in Figure 3-26 to verify the results obtained with MATLAB
Program 3-19. The program is applied to a higher-order system in the next

example.
Step Response
14 e
I i
Figure 3-26 | O s 1 Us" 2 25 3 35 4 45 5
Time (sec)

Unit-step response curve.

115
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| EXAMPLE 3-13 Consider a higher-order system defined by

- peak time, maxim

MATLAB Program 3-19

>> % This is a MATLAB program t0 _ﬁ"d t?ehrise t_ime,
>> % maximum overshoot, and settling tlmeht? ; € unit-step regnd
>> % curve of the second-order system and higher-order sygtar k.
>> _ :
> % —— In this example, we assume that zeta = 0.6 and wp, k.
>> num = [25]; '

>>den=[1 6 25

>> t = 0:0.005:5; b

>> [y,xt] = step(num,den,t; 3
S>> r=1; while y(r) < 1.0001; r=r+1; end;
>> rise_time = (r — 1)*0.005

rise_time =

0.5550

>> [ymax,tp] = max(y);
>> peak_time = (tp — 1)*0.005
peak_time =

0.7850

>> max_overshoot = ymax — 1
max_overshoot =

0.0948

>>s = 1001; while y(s) > 0.98 & y(s) < 1.02; s = s — 1; end;
>> settling_time = (s — 1)*0.005 :
settling _time =

1.1850

C
ﬁi’l - 630232 + 185 + 12811
(5)  s*+ 65 + 11.32235% + 185 + 12811

P respo

um overshoot, angd sem“se curve of this system and obtain the ] .

ing time,

ChHDthS / Tranetawi .
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1 =z .
imeI-:i;aiﬁggr;ﬁﬂuanzgvgﬁﬁoﬁeal_:ln;t-me? response curve, ag well as give S =T
hown in Figure 3-27. " H0 seltling time. The wnit:step regponss cﬂluff A

is.

MATLAB Program 3-20 S

>> % ‘Th|s program plots the unit-step response curve and find

>> % rise time, peak time, maximum overshoot, and settlin tim|n *the
>> % In this program the rise time is calculated as the time %e uF. d f

>> % response to rise from 10% to 90% of its final value. ~—? S
>>

>>num = [6.3223 18 12.811];
>>den=[1 6 11.3223 18 12.811];
>>t=0:0.02:20;

>> [y,x,t] = step(num,den,t);

>> plot(t,y)

>> grid

>> title('Unit-Step Response')

>> xlabel('t (sec)')

>> ylabel('Output y(t)")

>>r1 = 1; while y(r1) < 0.1, r1 =r1+1; end;
>>r2 = 1; while y(r2) < 0.9, r2 = r2+1; end;
>> rise_time = (r2 —r1)*0.02

rise_time =

0.5800

>> [ymax,tp] = max(y);
>> peak_time = (tp — 1)*0.02
peak_time =

1.6600

>> max_overshoot = ymax — 1
max_overshoot =

0.6182

>> s = 1001; while y(s) > 0.98 & y(s) < 1.02; s =5~ 1; end;
>> settling_time = (s — 1)*0.02
settling_time =

10.0200

3ection 3-2 / Step Response
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Unit-Step Response

Figure 327
Unit-step response curve.

3-3 IMPULSE RESPONSE

The unit-impulse response of a control system may be obtained with one of the;i :
following MATLAB commands: -

impulse(num,den) or impulse(sys)
impulse(A,B,C,D)
impulse(num,den,t) or impulse(sys,t)
y = impulse(num,den) or y =impulse(sys)
[y,t] = impulse(num,den,t) -or [y,t] = iﬂ'IPU|SE(5Y5,U (3-1 3]"'
[y, x,t] = impulse(num,den) Eﬁ-.
[y,x,t] = impulse(num,den, t) (31 4)?_
[yxtl = impulse(A,B,C,D) t3
[yx,t] = impulse(A,B,C,D,iu)
lyxtl = impulse(A,B,C,D, iu,t)
The command impulse(ny - :
The command irﬁpulsfa(A?[;:[éeg)p:,?.Sdthe un1t-1mPulse response on the scrcen,f !
plots, one for each input angd otrltpu i & series of unit-impulse-response

| .

with the time vecto

% T automat; | " _

tions (3-13), (3.1 ically determine . B

: (3-14) and (3 upplii& Itlllmeeq\?;‘ét;g: ihSl:Ch it 0
a

~16), tis a user-g

and state responsesof
© Screen. The matricesy

-
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Area not negligible
T

el T 0
t
At

(b)

e 3-28
Jmpulse inputs. (a)

n the output and state responses of the system evaluated at the time
as as many columns as outputs and one row for each element in t. X
for each elementint.)

umns as state variables and one TowW
utational solutions of problems involving impulse

round material.

and X contai

points t. (yh

has as many col
Before discussing comp
present some necessary backg

inputs, we
The impulse response of a mechanical system can be
to a very large force for a very short

observed when the system 1s subjected
time — for instance, when the mass of a spring—mass—dashpot system is hit by 2
hammer Or & bullet. Mathematically, such an impulse input can be expressed by

an impulse function.

The impulse function is a mathematical
counterpart. However, as shown in Figure 3-28(a), if th
short time (Ars), but litude (h), so that t
plot is not negligible, it ted by an impulse

as shown in Figure

input is usually denoted by a V€
cate that it has a very short duration and a very large height.
ea) of the function is

In handling impulse functions, only the magnitude (or ar
important; its actual shape i immaterial. In other words, an impulse of amplilude
2h and duration Af /2 can be considered the same as an impulse of amplitude
and duration At, as long as At approaches €0 and hAt is finite.

Impulse input.

function without any actual physical
e actual input lasts for a
he area (hAt)ina time
function. The impulse
rtical arrow, 3_28(b), to indi-

MPLE 3-14 Obtain the unit-impulse response of the following syster

Xz
X1
= + [O]u
y [1 ﬂ'][xz_ [0]
The resulting

A possible MATLAB program is shown in MATLAB Progra® 3-21 ]
Figure 3-29. 3 :
illg_ I-tEI
i

response curve is shown in

Section 3-3 / Impulse Response
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MATLAB Program 3-21

>>A=[0 1,-1 -1

>> B =[0;1];

s>C=[1 05

>>D= {U];

>> impulse(A,B,C,D);

>> grid; t
s> title('Unit-Impulse Response’)

s

Unit-Impulse Response

Amplitude

Figure 3-29
Unit-impulse
Tesponse curve. Time (sec)

EXAMPLE 3-15 Obtain the unit-impulse response of the system

C(s) 1
= =G(s) =
R(s) 4025 + 1
MATLAB Program 3-22 will produce Y . .
shown in Figure 3-30, & ¢ unit-impulse response. The resulting plot is
LREE |
MATLAB Program 3-22 s [ |

>>num = [1];
>>den=[1 0.2 1];
>> impulse[num,den);
>> grid

>> title(!Unit-

Impulse Response of Gls) = 1/(s72 + 0,25 + 1Y

120
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Figure 3-30
Unit-impulse response
curve.

35 30 35 ;o
Time (sec) .

_——‘_~__—l~__—'—~—._

ain?ng the impulse résponse. Note that when
unit-impulse response of G(s) is the same a5 the

Alternative approach to obt
the initial conditions are zero the

unit-step response of sG(s).

Consider the unit-impulse res i
. ponse of the system in Examp] i
R(s) = 1for the unit-impulse input, we have S A

o = C(s) = G(s) = ]
= = Gle) =
R(s) £4+025+1
s s 1
s +02s+1s
We can thus convert the unit-impulse response of G(s) to the unit-step response
of sG(s).
If we enter .
num=[0 1 0]
den=[1 02 1]

ven in MATLAB
into MATLAB and use the step-response command as fg1 ;en Tenﬁ: shown
Program 3-23, we obtain a plot of the unit-impulse response 0 é ;ss}ism identical
in Figure 3-31. Notice that the curves shown in Figures 3-30an

MATLAB Program 3-23 i

>>num=[1 0];

>s>den=[1 02 1];

>> step(num,den); m
' = (028 +

zz E;;g(‘Unit-Step Response of sG(s) = s/s"2 +

¥ _-"ﬂ

Section 3-3 / Impulse Response
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Figure 3-31

Unit-impulse response curve o
as the unit-step response of
sG(s) = s/(s* + 025 + 1).

3-4 RAMP RESPONSE

122

btained

Unit-Step Response of

$G(s) = sI(s240.25+1)

G-

v v
S35 20 25 30 35 40 45 5

Time (sec)

There is no ramp command in MATLAB. Therefore, we need to use the step
command or Isim command (presented in Section 3-5) to obtain the ramp
response. Specifically, to obtain the ramp response of the transfer-function
system G(s) with zero initial condition, divide G(s) by s and use the step-response
command. For example, consider the closed-loop system

cts) 1
R(s) s+s5+1

For a unit-ramp input, R(s) = 1/s% Hence,

1 1
Cls= L. 1 1
5) S+s+1g (P+s+1)ss

To obtain the unit-ramp response of thig

and denominator into the M ATLAB pro System, enter the following numerator

gram:

num=[0 o o 1:
den = [1 O

Then use the step res

. : P 1€5ponse commang,
obtained with this Program is shown ip g;sr?ig?]a 4

Response Analysis
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e Progam 324

MAT

>> %

~___ Unit-ramp response ——

t-ramp response is obtained as the unit-step

P & .
«*% Th

>> O;"n ** e uni

sk ok EE

sponse of G(s)/s

>> %o resp
o> % «+++* Enter the nu

-
= num = [1 ];

+ Specify the computing time
then enter step-response com

merator and denominator of G(s)/s *****

points (such as t = 0:0.1:7)
mand: ¢ = step(num,den,t)

=7
*
>> ﬂfo *EF
ok ko

>> % and
>>

>>t= 0:0.1:7;

>> €= step(num,den,t);

>>

>z % *
>> % input to t
> % argument of

the plot comma
dd grid, title, xlabel, and ylabe

++#* |n plotting the ramp-response Curve, add the reference

he plot. The reference input is t. Add to the
the plot command with the following: tt, I.!, Thus,
>> % nd becomes plot(t,c,'o',t,t,'-'} i
> Ofo dEERE A | dook kK E

>>
>> p[ot[t,c,'o',t,t,'-')

>> grid .
>~ title('Unit-Ramp Response Curve for 5

>> xlabel('t Sec')
>> ylabel('Input and Output’)

ystem G(s) = 1/(s"2 + 5+ 1))

Unit-Ramp Response Curve for System G(s) = 1/(s2+s+1)

Input and Output

ﬁg,:re 3-32 0
nit-ramp response Curve.

ﬁ', ction 3-4 / Ramp Response
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1':24

Unit-ramp response of a system defingf.i in state space. Nex We it
treat the unit-ramp response of the system in state-space form, Consige, the
described b :
system descri y s e B
y=0Cx+ Du

where u is the unit-ramp function. We assume the initial i:ondition to be zer,,
what follows, we shall consider a simple example to explain the methoq, Sup

0 1 o 5
A= [_1 -‘1}, B = [I:I, I(D} 0

c=[1 0] D = [0]

When the initial conditions are zeros, the unit-ramp responga is the integra] of the
unit-step response. Hence the unit-ramp response can be given by

= /ﬂ}'df (3__17)

From Equation (3-17), we obtain

2=y=x1

(3-18)
Let us define
= X3
Then Equation (3-18) becomes
X3=x (3-19)
Combining Equation (3-19) with the original state-space equation, we obtain
X 0 1 0x 0
BI=1-1 -1 0|l x|+]|1]s (3-20)
X3 1 0 0 | X3 0
Il_
z=[0 0 1] x, (3-21)
X3 |

where y appearing in Equation (3-20) is the unit-

and (3-21) can be written as step function. Equations (3-20)

X = AAX + BBy
where z=CCx + Dpy

0 1 0 0
AA = =] s 0] = A 0
= 1 00 Clo
- B
BB=|1lx _

Chapter 3 / Tranelant n__. 3 :j
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ird element Of
€ntering M A

MATLAB Program 325

>> % Unit-ramp response A L : "-1
>>

e

b |
S O Kk Thf—' unit-ramp response is obtaineg by adding 4 ne v
>> % state variable x3. The dimension of the state equatitgnn ;
>> % is enlarged by 1 *x#xs

>> % ***** Enter matrices A, B, C, and D of the

>> % equation and Output equation **x#x e
>>

>>A=[0 1,1 —q);

>>B=[0; 17;

>>C=[1 o]

>>D = [0]:

>>

>> Yo ¥¥¥E% Entar Mmatrices AA, BB, CC, and DD of the new,

>> % enlarged state equation and output equation **#xx
>>

>>AA = [A zeros(2,1),C  Q):
>> BB = [B;0];

>>CC=[0 0 1L

>> DD = [0];

>>

>> Y% *¥¥*+x Enter step-response command: [z x,t] = step(AA,BB,CC,DD) *++++
>>

>> [z,x,1] = step(AA,BB,CC,DD);
>>

>> Yo *rExk | plotting x3, add the unit-ramp input t in the plot

>> % by entering the following command: plot(t,x3,'0",t,t, ') *++++
>>

>>x3=10 0 1]*'; plot(t,x3,'0',t,t,-")

>> grid ;

>> title('Unit-Ramp Response')
>> xlabel('t Sec')

>> ylabel('Input and Output")

————

hoan i)
P Sy 7 Fatiads
Section 34 / Ramp Response.. . - ... i
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EXAMPLE 3-16

126

10

Input and Output
= S

(= W B W
T

re 3-33
Eﬂ:-ramp response curve.

When the closed-loop system involves numerator dynamics, the unit-step response curve

may exhibit a large overshoot. Obtain the unit-step response of the following system with
MATLAB:

C(s) 105+ 4

——

R(s) £ +45s+4

Obtain also the unit-ramp response with MATLAB,
MATLAB Program 3-26 prod

response of the system. The upit
together with the unit-ramp input, are shown in'Fi
Notice that the unit-step Iesponse curve exhj
Tamp response curve leads the input curye, The
presence of a large derivative term in the numerator,

-Step response curve and unit-ramp response curve,

gures 3-34(a) and (b), respectively. f
bits over 115% of overshoot. The unit-

""3 / na"'s’ﬂlt-ﬂesnnn.- AL .

s¢ phenomena occurred because of the

+E YT e P,
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38

MATLAB Program 3-26

>>num = [10 4];

s>den=[1 4 4;

>>t = 0:0.02:10;

>> y = step(num,den,t);

>> plot(t,y)

>> grid _

>> title('Unit-Step Response')
>> xlabel('t (sec)')

>> ylabel('Output’)

>>

>>numl = [10  4];
s>denl=[1 4 4 0],

>> y1 = step(num1,den1,t);

>> plot(t,t,'--',t,y1)

ssv=[0 10 0 10]; axis(v);
>> grid

>> title('Unit-Ramp Response')
>> xlabel('t (sec)')

>> ylabel('Unit-Ramp Input and Output')
>> text(6.1,5.0,'Unit-Ramp Input')
>> text(3.5,7.1,'Output’)

Unit-Step Response 10 Unit-Ramp Response
15 ; s ! ' ! ; : : : :
! *,
| g
; i =
2 e B e B e b =2
E” ; g
: : F
é 5 _E
05 - b
gl ?
i i
1 2 3 4 5 6 7 8 9 IO

r(sec)
F (a) I &
0 Un
a) Uni z . : u

Section 3-4 / Ramn Response:
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3-5 RESPONSE TO ARBITRARY INPUT

128

EXAMPLE 3-1 i ' : -
7 Using the Isim command, obtain the unit-ramp response of the following system:

btain the res
Obtaining the response to arbitrary itn]::; chr;?u?and i ma)lfol;l:e
time-invariant system to an arbitrary 10put

Commands such as

ISim(A,B.‘C;DrU.'t)
15!m[num,den,u,t), = |sim(num,den,u,t)
lslm(SYSJUrﬂ; y= lSim{SYS,.U,ﬂ

y= lsim(A,B,C,D,uth
Iytl = Isim(sys,u,t)
ill generate the response to the input time function u if the initial conditions are
wi
zero. If tis given as

t=0: At:T

very At sec, beginning at ¢ = 0 and ending at T,

is computed e .
then the response 15 COMP itiple of Ar. Note that the command with a left-

where T is a positive integer mu
hand argument such as

y = Isim(sys,u,t)

returns the output response y. The columns of the matrix y are outputs and the

number of its rows equals the length of t. No plot is drawn. To plot the response

curve, it is necessary to use the command plot(t,y). '
If the initial conditions are nonzero in a state-space model, the command

Isim(sys, u,t,xg)
where X, is the initial state, produces the response of the system subjected to the

input u and the initial condition x,. (This case will be discussed in Section 3-6.)
Note also that the command

Isim(sys1, sys2,..., u,t)

plots the responses of systems (sysl,sys2,...)ona single diagram

ey
R(‘]H$2+s+1

We may enter MATLAB P

ro . 3
response. The resulting plot js Bram 3-27 into the computer to obtain the wnit-ral

shown in Figure 3-35.

Chapter 3 / Translent-Response. Analysis
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MATLAB Program 3-27

>> %
>>
>>num = [1];

»> 1 =10:0,1:8;
>>r==r

>> grid

Ramp Response !
>>den=[1 1 1];

>> y = Isim(num,den,rt);
>> plot{t,r,'-, t,y,'0")

>> title('Unit-Ramp Response Obtained by Use of Command
>> xlabel('t Sec')

>> ylabel('Unit-Ramp Input and System Output")

>> text(2.1,4.65,'Unit-Ramp Input')

>> text(4.5,2.0,'Output')

"lsim"")

Unit-Ramp Response Obtained by Use of Command “lsim”

Figure 3-35
Unit-ramp response.

EXAMPLE 3-18 Consider the system

Section 3-5 / Response to Arbitrary Input

Unit-Ramp Input and System Output
o
:

X
1ol

e
Il
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Using MATLAB, obtain the response curves y(f) when the input u is given by

1. u = unit-step input

¥

2. u=¢" g
initial state is x(0) = 0. : :
Assﬁo;sh?l;lte.hma mA'l[ElEE]tiapi; gr;m]to produce the responses of this system to the unit. ’

tial input [# = ¢™] is shown in MATLAB Prograp, step

" - 3‘ :
input [u = 1(t)] and the exponen hown in Figures 3-36(a) and (b), respectively, . :

The resulting response curves are s

o

MATLAB Program 3-28 — i
>>t=0:0.1:12; i
s>A=[-1 05-1 0f;

>> B =[0;1];

»»C=[1 0

>> D =[0];

>>

>> % For the unit-step input u = 1(t), use the command "y = StEP':A'BfC'DJ:Ef
>> B
>>y = step(A,B,C,D,1,t);

>> plotit,y)

>> grid

>> title('Unit-Step Response')

>> xlabel('t Sec')

>> ylabel('Output')

>>

>> % For the response to exponential input u = exp(-t), use the command
>> % z = Isim(A,B,C,D,u,t).

>>

>> u = exp(—t);

>> z = Isim(A,B,C,D,u,t);

>> plot(t,u,'-"t,z,'0"

>> grid

>> title('Response to Exponenti = —At!

>> xlabel('t I;Ec‘} P SRR

>> ylabel('Exponential Input and Syst '

>> text(2.3,0,49,'Exp0ner?lial input}',) e
>> text(6.4,0.2 8,'Output')

_ Fhﬂlj"t¢'3 / hnnalent-Renpunse Analvsia
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Output

0 i i :

0 2 4 6 8 li{] 12
! Sec
(a)
i 5 Response to Exponential Input u = ¢~

Eﬂ. 1 . o 3 ::. ¥ E

2 0.8 &

5

5

g AR W B

&l . Exponential Input :

=)

=

=

&

*

54

t Sec
(b)

Figure 3-36 -
(a) Unit-step response; (b) response to input u = €.

Section 3-5 / Response to Arbitrary Input
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EXAMPLE 3-19 Using the |sim comm

T
’

ponse of the closed-loop contro] S

and, obtain the unit-ramp res
whose closed-loop transfer function 18

C(s) s+ 10

Ris) S +6s+95+10

; —
Also, obtain the response of this system when the input is given Dy

0.5t
rn==e

MATLAB Program 3-29 produces the unit-ramp response and the response to the al

ponential input 7, = +~05! The resulting response curves are shown in Figures 3-37(a) apq i

(b), respectively.

MATLAB Program 3-29

>> % Unit-Ramp Response ——
>>

>>num=[1 10];

>>den=[1 6 9 10];
>>t=0:0.1:10;

>>r=t

>>y = Isim(num,den,r,t);

>> plot(t,r,'-' t,y,'0")

>> grid

>> title('Unit-Ramp Response by Use of Command "[sim"")
>> xlabel('t Sec')

>> ylabel('Output')
>>text(3.2,6.5,'Unit-Ramp Input')

>> text(6.0,3.1,'Output")

>>

>> %
>>
>>num=[1 10];
>>den=[1 6 9 10];
>>1=0:0.1:12;
>> 1 = exp(~0.5*); .
>>yl = Isim[num,den,ﬂ t);
>> p!ot(t,rl,'-',t,y1,'o') w
>> grid
>> title('R :
>> xlal:felt?ts pszg'?e il expf\—ﬂon.nsht')
z; ré:ﬁg:lﬂlnput and Output
4,075 !
>> text(ﬁ.z,{}.gi:'gﬂtgl:{"}] i EXPAHAOA.ASMI}

Response to Input r1 = exp(—0.5t), ——

Chapter 3 Trmsient-ﬂespunse Analysis
¥ - Sl 55 uia
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—_—
==

IUmt-Ramp Response by Use of Command “Jsjm

T

...........

~ R N

Output
B W A Lk &y =~ e WD

i L
L o i
- 8 9 10
t Sec
(a)
Response to Input ry = ¢ 0%
1 T T T T
09 Pl | : :
Input ry = &0 : : :

Input and Output

Figure 3-37

(a) Unit-ramp response
curve; (b) response to
exponential input r; = € .

BXAMPLE 3-20 Obtain the response of the closed-loop system defined by
o Cs) 5
. R(s) s +s5+5
when the input r(7) is given by

r{t)=2+t

| ; 2 it- input.)
[The input r(f) is a step input of magnitude 2 plus a unit ramp inp

Section 3-5 / Response to Arbitrary Input
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i rogram i in X ion, is shown in Figure 3.
A possible MATﬂI]ﬁiilzh ag; lot of the input function, is sh gure

response curve, toge
i
[MATLAB Program 330

s> num = [5];

ssden=[1 1 5I;
s> t = 0:0.05:10;
s> r=2+

o> ¢ = Isim(num,den,;t);
>> plot(t,r,'-',t,c,'ﬂ')

>> grid .
>> Etle{ 'Response to Input rt) =2 +t)
> xlabel('t Sec’)

>> ylabel('Output c(t) and Input r(t) = 2 + t')

Response to Input r)=2+t

T2 ) PO SO SO SRR CRRtSLt OSS ETS SRR

=2+1

Output ¢(r) and Input r()

Figure 3-38
Response toinput r(1) = 2 + ¢,

1
‘() =

[The input r(t) is the unit-acceleration input.]

R(s)

s(s + 1)

Figure 3-39
Contro] system,

134
Chapter 3 / Transient-Recnnn-_ -
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’ The closed-loop transfer function is :

) .z
Ris) £1:25

S2+3+2

MATLAB Program 3-31 produces the unit-accerelation ;
together with the unit-acceleration input, is shown in Hg:‘:zpﬂuse. The resulting response, |

MATLAB Program 3-31 =

>> num = [2];

>>den=[1 1 2;
>>t=0:0.2:10;

= P05k

>> y = lsim(num,den,rt);

}} Plot(tpr,l_lpt;y;lnlrt;y;l'l}

>> grid

>> title('Unit-Acceleration Response')
>> xlabel('t Sec")

>> ylabel('Input and Output')

>> text(2.1,27.5,'Unit-Acceleration Input')
>> text(7.2,7.5,'Output’)

Unit-Acceleration Response

50 — T & & & a7 1
e S A . =

30 i

Unit-Acceleration Input

Input and Output

~ Oup

Figure 3-40 : g : ;
Response to unit- 0 e e T e 9 1
acceleration input. 1 Sec

\MPLE 3-22 Piot the response curve y(t) versus / for the equation

o+ 3+ sy =) 1=0

=0 and Ji{ﬂ') = 0.
when the input u(f) is an acceleration input /2. Assume that y0)

Section 3-5 / Response to Arbitrary Input .
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To plot the response curve y(¢) for0 =t = 10 with a time increment of 0.01

MATLAB Program 3-32 into the computer. The resulting response curve is Eh““‘n-i.’l‘;f

Figure 3-41.

MATLAB Program 3-32

>> t=0:0.01:10;
>> u = 0,5*.A2;
>>sys =tf([1], [1 3 51
>> [yt] = Isim(sys,u,t);
>> plot(t,y)
.d - L] w
:; Ei;e('P[ot of Solution Curve for Differential Equation')
s> xlabel('t sec')
>> ylabel('Output y(t)")

Plot of Solution Curve for Differential Equation

9 :

Ln
T

I

Output y(1)

Figure 341

Plot of the solution 09
curve.

3-6 RESPONSE TO ARBITRARY INITIAL CONDITION

136

In what follows, we shall present a few methods for obtaining the response tf»'la:l
arbitrary initial condition. Among the commands we may use are step and initd:
First, we shall present a method for obtaining the response to an initial condition
in a simple case. Then we shall discuss the response to initial condition th{ﬂfPB
system is given in state-space form. Finally, we shall present the command initi
used to obtain the response of a system given in state-space form.

Laplace transform approach. Consider the mechanical system Shﬂ“’“"t
Figure 3-42, where m = 1kg, b = 3 N-sec/m, and k = 2 N/m. Assume that 8
t=0 the mass m is pulled downward such that x(0)=0l1m &

Chapter 3 / Translent-Response Analysis
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Figure 342

Mechanical system.

x(0) = 0.05 m/sec. The displacement x(t) is measured fro ilibri

tion before the mass is pulled down. Obtain the motio i g 5

n of the mass subjected to

the initial condition. (Assume that there is no external forcing function,)

The system equation is
mx + bx + kx =0

with the initial conditions x(0) = 0.1 m and %(0) = 0.05 m/sec. (x is measured
from the equilibrium position.) The Laplace transform of the system equation
gives

m[s*X (s) = sx(0) — &(0)] + B[sX(s) — x(0)] + kX(s) = 0
or
(ms® + bs + k)X (s) = mx(0)s + mx(0) + bx(0)

Solving this last equation for X(s) and substituting the given numerical values, we
obtain
mx(0)s + mx(0) + bx(0)
ms* + bs + k
_ 015 + 035
P +35+2

X(s) =

This equation can be written as

0.1s* + 035s 1
X)="gigs+2s

y be oibtainf:d as the unit-step response of

Hence, the motion of the mass m ma
the following system:

_ U1+ 05 650

137
Bection 3-6 / Response to Arbitrary Initial Condition
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MATLAB Program 3-33 will give a plot of the motion of the mass. The py

shown in Figure 3-43. s
—
MATLAB Program 3-33 9
>> % Response to initial condition
- ial condition is converted to

ok nse to init .
>> % System respo fying the numerator polynomial s+«

>> % a unit-step response by modi ‘
5 R A Entgr the numerator and denominator of the transfer

>> % function G(s) *****

>>

>>num=[0.1 035 05

>>den=[1 3 2J;

AP kkkkk
>> 9% ***+x Enter the following step-response command

>>

>> step(num,den)

>>

>> 9% ***** Enter grid and title of the plot ***** .

>>

>> grid

>> title('Response of Spring-Mass-Damper System to Initial Condition')

Response of Spring-Mass-Damper System to Initial Condition
nl ] 2 L] L) T ¥ T L] L l. L]

0 05 1 15 2 25 - 0B84 <48 S
Time (sec)

Figure 3-43 -
Response of the mechanica] system to the initial condition

13
8 Chapter 3 / Transient-Response Analysis
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Response to initial condition (State-

space d
the system defined by pace approach, case 1). Consider

i = Ax; X(O) = xo (3—22)

L et us obtain t_he response x(1) \{fhen the initial condition x(0) is specified. (There
is no external input function acting on this system.) Assume that x is an n-vector
First, take Laplace transforms of both sides of Equation (3-22): '

sX(s) — x(0) = AX(s)
This equation can be rewritten as '
sX(s) = AX(s) + x(0) (3-23)
Taking the inverse Laplace transform of Equation (3-23), we obtain
x = Ax + x(0)5(¢) (3-24)

(Notice that taking the Laplace transform of a differential equation and then taking
the inverse Laplace transform of the Laplace-transformed equation generates a
differential equation that involves the initial condition.)

Now define

z=x (3-25)
Then Equation (3-24) can be written as
7 = Az + x(0)8(1) (3-26)
Integrating Equation (3-26) with respect to t, we obtain
7 = Az + x(0)1(t) = Az + Bu (3-27)
where
B =x(0), u=1(¢)
From Equation (3-25), the state x(z) is given by z(t). Thus,
x =12 = Az + Bu (3-28)

The solution of Equations (3-27) and (3-28) gives the response to the initial

condition. _
Summarizing, the response of Equatlcfn (3

obtained by solving the state-space equations

—22) to the initial condition x(0) is

7z = Az + Bu
x = Az + Bu

where
B =x(0), u=1)
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| EXAMPLE 3-23
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MATLAB commands for obtaining the response curves in one diagrap ,
Aeo

follows:

[x,z,t] = step(A,B,A,B,1,1);
x1=[1 0 O0...0]*}
xz:[ﬂ 1 0...0]*){';

xn-'-—‘[U 0 Dl
plot(t,x1,4,x2, ...,t,xn)

Response to initial condition (State-space approach, case 2), China
the system defined by ' : "Sidey
x=Ax, x(0)=x G2
iy ' (3-)
(Assume that x is an n-vector and y is an m-vector.)
Similarly to case 1, by defining
zZ=X
we obtain the equation
z = Az + x(0)1(¢t) = Az + Bu (3-3)
where '
B=x(0), u=1(z)
Noting that x = z, we can write Equation (3-30) as
y=0C (33
Substituting Equation (3-31) into Equation (3-32), we obtain |

y = C(Az + Bu) = CAz + CBu (3-33)

'I:he sqlgtfon of Equations (3-31) and (3-33) gives the response of the systemtoa
given initial condition. MATLAB commands to obtain the response curves (out-
put curves y1 versus t, y2 versus t,..., ym versus t) are as follows:

ly,zt] = step(A,B,C*A,C*B,1,1);
yl=[1 0 0...0*!
y2=[0 1 0...0%";

ym=[0 0 0...1]*%"
plot(t,y1,ty2, ..., tym)

Obtain the response of the following system subjectéd to the given initial condition:
ARER AR
X —10 =5 )| x| x00) ] |1

x=Ax, x(0)=x

or
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Obtaining the response of the system to the gioa ;e .+ . . |
the unit-step response of the system Even indial couditim} becomes that of solvin
bt g

2= Az+ By,
X= Az + By
where

B=x(0), 4= 1(z)

A possible MATLAB program for obtaining the res nse i .
gram 3-34.The resulting response curves are plotted if;i gmfﬁwn in MATLAB Pro.

MATLAB Program 3-34

>>t=0:0.01:3;
>>A=[0 1,-10 ~—5];
>>B=[2;1];

>> [x,zt] = step(A,B,A,B,1,t);
>>x1=[1 0]*x; '
>>x2=[0 1]*x; s

>> plot(t,x1,'x",t,x2,'-")
>> grid

>> title('Response to Initial Condition')

>> xlabel('t Sec') 51!

>> ylabel('State Variables x_1 and x_2')
>> gtext('x_1") !

>> gtext('x_2")

Response to Initial Condition

State Variables x; and x;

Figure 3-44

Response of system in
Example 3-23 to initial
condition.

| Condition -

ia L3
nse to Arbitrary Init s
Section 3-6 / Respo e
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Obtaining the response to an initial condition by use of the Comp
initial. If the system is given in state-space form, then the command Ay

initial(A,B,C, D, linitial condition],t)

e initial condition.

i duce the response to th
will produce p by

Suppose that we have the sy

x=Ax +Bu, x(0) =xg
y=Cx+Du

where

Then the command initial can be used as shown in MATLAB Program 3-351
obtain the response to the initial condition. The response curves x;(r) and x(t)
are shown in Figure 3-45 and are the same as those shown in Figure 3-44,

MATLAB Program 3-35

>>t =0:0.05:3;
>>A=[0 1,-10 -5];
>> B = [0;0];

>>C=[0 0]
>>D = [0];

>> [y,x] = initial(A,B,C,D,[2;1],1);
>>x1=[1 0]*x";

>>x2=[0 1]*x";

>> plot(t,x1,'0",t,x1,t x2, % tx2)

>> grid

>> title('Response to Initial Condition')
>> xlabel('t Sec") .

>> ylabel('State Variables x_1 and x_2')
>> gtext('x_1")

>> gtext('x_2")

—

Chapter 3 / Transisnt.-Racramas a__1_ .

Scanned with CamScanner

S SR

% L"l



Response to Initial Condition

State Variables x; and x,

. tSec

Figure 3-45
Response curves to initial condition.

EXAMPLE 3-24 Consider the following system that is subjected to the given initial condition:

Y +8i+17y+ 10y =0
y0) =2, 30)=1, ¥0)=05
Assume that no external forcing function is present, and obtain the response y(t) to the

initial condition.
By defining the state variables as

=Y
X =y
X3 =y

we obtain the following state-space representation of the system:

Xy T W o | x1(0) 2
Lli=| 0 01| %l %0 =] 1
i3 -10 -17 -8]|Lx; x(0)] L05
X1
y=[1 0 0] x2
X3

- A possible MATLAB program to obtain the response y(f) is given 1o N

Program 3-36, The resulting response curve is shown in Figure 3-46.
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Figure 3-46

MATLAB Program 3-36

>> t = 0:0.05:10;

>A=[0 1 00 0 1,710 —17 -8J;
>> B = [0;0;0];

>>C=[1 0 0}

>> D = [0];

>>y = initial(A,B,C,D,[2;1,;0.5],t);

>> plot(t,y)

>> grid

>> title('Response to Initial Condition')
>> xlabel('t (sec)')

>> ylabel('Output y')

Response y(7) to the
given initial condition.

2.3

Output y

Response to Initial Condition

3-7 THREE-DIMENSIONAL PLOTS

Obtaining a three-dimensional plot of unit-step response curves with

MATLAB. MATLAB enables us to plot three-dimensional plots easily. The

command used here to obtain three-dimensional plots is mesh.

EXAMPLE 3-25 Consider the closed-loop system defined by

where { = 0, 0.2, 04, 0.6, 0.8, and 1.0. Write a MATLAB program using a
obtain the two-dimensional and three-dimensional plots of the system output.

C(s) 1

R(s) s +2s+1

the unit-step function.

144 Chapter 3 / Transient-Response Analysis

for loop *©
The input®

Scanned with CamScanner



x-axis and y-axis are interchanged.)
When a MATLAB program involves repe
programs can be written. In this book, m
are presented for illustration purposes.
and try to improve them if possible.

titive Computations, many dj TLAB
: y different MA’
any different MATLAB Programs using for loops

The reader is advised to study all those programs

"mmgram 3-37 —

';;:[;;6.2:12;
- forn=1:6;
num = [1];

den=[1 2*n—-1)*0.2 1];
[y(1:61,n),x,t] = step(num,den,t);
end
>> plot(t,y)
>> grid
>> title{'Unit-Step Response Curves')
>> xlabel('t Sec')
>> ylabel('Outputs’)
>> gtext('\zeta = 0'),
>> gtext('0.2")
>> gtext('0.4")
>> gtext('0.6')
>> gtext('0.8")
>> gtext('1.0')
>>
>> % To draw a three-dimensional plot, enter the following command: mesh(y) or mesh(y').
>> % We shall show two three-dimensional plots, one using "mesh(y)" and the other using
>> % "mesh(y')". These two plots are the same, except that the x-axis and y-axis are
>> % interchanged.
>>
>> mesh(y) : . "
>> t'lﬂElI'Tgilr»s.-e-Dimensir:m:;aul Plot of Unit-Step Response Curves Using Command "mesh(y)")
>>xlabel('n, where n = 1,2,3,4,5,6")
>> ylabel('Computation Time Points')

>> zlabel('Outputs')
>>

>> mesh(y') Using Command '
>> title('Three-Dimensional Plot of Unit-Step Response Curves *meshly transposel")

>> xlabel('Computation Time Points')
>>ylabel('n, where n = 1,2,3,4,5,6") - :
WOUtputs') i

145
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1*4 _- '._.1v ----""'"'“‘:"" TR

12 poreefifs S

Outputs
=
oo

PRI T ERARE LR

08 A1 N e &
0.6 b fosiissn .............. ..........
04 bl ............... .............. ..............

02 b- - ................ ............... ..............

Three-Dimensional Plot of Unit-Step Response Curves Using Command “mesh(y)”  Three-Dimensional Plot of Unit-Step Response Curves Using Command “meshy

Outputs
QOutputs

Computation Time Points nwheren=1,2,3,4,5,6 nwheren=1,2,3,4,5,6

(®) ()
Figure 3-47 ;
(a) Two-dimensional plot of unit-step response curves; (b) three-dimensional plot of unit-sﬁel) fes?‘-ms'e 12
curves using command mesh(y); (c) three-dimensional plot of unit-step response curves _IJSIHE co

mesh(y"). A__d/'_-

' An alternative MATLAB program to plot the two-dimensional Wd;hﬁ.
dimensional diagrams is given in the next example. Either MATLAB P
may be used in practice.
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EXAMPLE 3-26 Consider again the problem presenteg in E
unit-step function. We would like to plot unixt?

MATLAB Program 3-38 ‘iS another possib . \
three-dimensional plots of Unit-step response cyrye . btain tWo-dimensjong and

| MATLAB Program 3-38 T e
>>t=0:0.2:10; \

>>zeta=[0 0.2 04 06 0.8 11
>> for n = 1:6;
num =[1]; den=[1 2*zeta(n) T sweie
y(:,n) = step(sys,t); 7 Y5 = thinum, den);
end

>>
;f: % To plot a two-dimensional diagram, enter the command plott,y).

>> plot(t,y)

>> grid

>> title('Two-Dimensional Plot of Unit-Step Response Curves')

>> xlabel('t sec')

>> ylabel('Outputs')

>> text(4.1,1.86,"\zeta = 0')

>> text(3.5,1.5,'0.2")

>> text(3.5,1.24,'0.4")

>> text(3.5,1.08,'0.6")

>> text(3.5,0.95,'0.8")

>> text(3.5,0.86,'1.0")

>>

>> % To plot a three-dimensional diagram, enter the command mesh(zeta,t,y)
>> % or mesh(t, zeta,y').

>>

>> mesh(zeta,t,y)

>> title('Three-Dimensional Plot of Unit-Step Response Curves')

>> xlabel('\zeta')

>> ylabel('t sec’)

>> zlabel('Outputs')

>>

>> mesh(t,zeta,y') :

>> title('Three-Dimensional Plot of Unit-Step Response Curves')

>> xlabel('t sec')

>> ylabel('\ zeta")

>> zlabel('Outputs') -2

e

; rves for
1 : : : unit-step response Cury
Figure 3-48(a) is the resulting two-dimensional pmt.gli‘r:g]sion al plot obtained with the

six different values of £. Figure 3-48(b) is the three =4
147
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command mesh(zeta,t,y). Figure 3-48(c) is obtained with the .
Oty ¢ Command . i,
(These two three-dimensional plots are basically the same; the only d;:‘_]f?riel(%ﬁ*
m*.

x-axis and y-axis are interchanged.) hce jg o =

Two-Dimensional Plot of Unit-Step Response Curves -

1 — ........... g * ......... ...... ............ T el ........... .......... .......... 1%

Cutputs

08 b S ........ A
|17 — Srya ........... ........... ......... ............ ............ ............
04 bl .......... ............ ............ .. .......... 4

02 b ........... ............ e — ............ .......... 1

Three-Dimensional Plot of Unit-Step Response Curves Three-Dimensional Plot of Unit-Step Response Curves

Outputs

Outputs

()

Figure 3-48 8
(a) Two-dimensional plot of the unit-step response curves; (b) three-dimensional plot obtai? oy
command mesh(zeta,t,y); (c) three-dimensional plot obtained with the command meshit, zetd i

with thé

148 Chapter 3 / Transient-Response Analysis . . - 1t SRENNSD

Scanned with CamScanner



v

P>

7 Consider the normalized second-order system

Output 1
Input 5>+ 2Zs + 1

plot unit-impulse response curves for this system for £ = 0, 0.2,0.4,0.6,0.8, and 1.0. Plntl
o two-dimensional diagram and three-dimensional diagrams. Use the commands

mesh(zeta,t,y) and mesh(t,zeta,y') to draw the latter diagrams.
MATLAB Program 3-39 produces the desired result.

MATLAB Program 3-39

>>t=0:0.1:10;
s> zeta=[0 0.2 04 06 08 1];

=5 for n = 1:6;
num = [1]; den = [1 2*zeta(n)

y(:,n) = impulse(sys,t);

1]; sys = tf(num,den);

end
>> % To plot a two-dimensional diagram, enter the command plot(t,y).

>>
>> plot(t,y)

>> grid

>> title('Two-Dimensional Plot of Unit-Impulse Response Curves')
>> xlabel('t sec’)

>> ylabel('Outputs’)

>> text(3.2,0.9, '\zeta=0")

>> text(3.2,0.71, '0.2")

>> text(3.2,0.53, '0.4")

>> text(5.2,0.48, '0.6")

>> text(5.2,0.32, '0.8')

>> text(5.2,0.16, '1.0')

>>

>> % To plot a three-dimensional diagram, enter the command mesh(zeta,t,y)
>> % or mesh(t,zeta,y').

>>

>> mesh(zeta,t,y)

>> title('Three-Dimensional Plot of Unit-Impulse Response Curves')
>> xlabel('\zeta')

>> ylabel('t sec’)

>> zlabel('Outputs')

>>

>> mesh(t,zeta,y')

>> title('Three-Dimensional Plot of Unit-Impulse Response Curves’)
>> xlabel('t sec’)

>> ylabel('\zeta') r

>> zlabel(Outputs!)

e
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Figure 3-49(a) shows the two-dimensional plot. Figures 3-49(b) and (c) show ¢y, ; :
dimensional plots using the commands mesh(zeta,t,y) and mesh(t, zeta,y"), respectiveyy

Two-Dimensional Plot of Unit-Impluse Response Curves

1

i / i +— =0 /

. /.f'\ \ 0.2 ‘/ \

/

04 s\ 4

TN /’ 08 K

0.2 /7 p1d g
4
; 0 §\\\ﬁﬁ_

0.2

\\\ J//

04 \ / \

06 /

0.8 /

-] oL

o 1 2 3 4 5 6 1 8% 9 10

1sec '
()
Three-Dimensional Plot of Unit-Impluse Response Curves Three-Dimensional Plot of Unit-lflpluse Response Curves
_a-l”-‘_'l“‘“r-,‘ ,-»"",i_.LS‘P 3
- Lo e BT =T e | -
,r’“1 e deﬂ “ﬁnh‘ sy ’_r,a' Lt et Tl [
P il ol N ik N I s,

-
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e R A

Figure 349

(a) Two-dimensional plot of unit-impulse response curves; (b) three-dimensional plot of unit-impuls¢
response curves using the command mesh(zeta,t,y); (c) three-dimensional plot of unit-impulse respons®
curves using the command meshi(t, zeta,y"),
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Root-Locus Analysis

4-1 INTRODUCTION

In this chapter, we present the MATLAB approach to the generation of root-
locus plots and to finding relevant information from such plots.
Consider the system shown in Figure 4-1. The closed-loop transfer function is

Cs)  G(s)
R(s) 1+ G(s)H(s)

The characteristic equation for this closed-loop system is obtained by setting the
denominator of the right-hand side equal to zero. That is,

1+ G(s)H(s) =0 (4-1)
C(s)
R(s) | Ges) LY
Figure 4-1 ’ Hix) [~
Closed-loop system.
151
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In many cases, G(s)H(s) involves a gain parameter K, and the Chara"tefistic 1
equation may be written as
K(s+z))(s +22) (s + 2m) _
A e ) (s o) o

or

Knum _
L+ den

where num is the numerator polynomial and den is the denominator POlynomiy
That is,

num = (s + z;)(s +zz}-“(5+zm)l
=Sm+(zl+zz+...+zm)sm_ +itv+.zrlzzcnizm

den = (s + py)(s + pa) -+ (s + py)
=St (it pptt p)s 4t p\py:-- p,

Note that both vectors num and den must be written in descending powers

of 5,
Equation (4-1) may be written as

G(s)H(s) = —1

(4-3)
Here, we assume that G(s)H(s) is a ratio of polynomials in s,

[Later, in Sec-
tion 4-6, we extend the analysis to the case when G(s)H(s) involves the transport
lag e77%] Since G(s)H(s) is a complex quantity, Equation (4-3) can be split into

two equations by equating the angles and magnitudes of both sides, respectively,
to obtain the followin g

Angle condition:

/G(s)H(s) = +180°(2k + 1) (k=0,1,2,...

(4-4)
Magnitude condition:
IG(S)H(SH =) | (4-5)
The values of g ¢, t fulfi ;
of the ¢ aractS At iy l.mth the angle and magnitude conditions are the roots

, or the closed-loop poles, A locus of the points in

n alone is the root locus. The roots

: ) OP poles) correspo ding to a given
gain ca ponding to a g

For details of applyfilnbetgetermmed fﬂ_:ol:n the angle ang magnitude conditions.

& the angle condition and magnitude condition to obtain
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This command dr'aws the root-locus plot on the screen. The gain vector K is auto-
matically determined. (The vector K contains all the gain values for which th
closed-loop poles are to be computed.) el Rk
For the systems defined in state space, rlocus(A,B,C,D) plots the root locus of
the system, with the gain vector automatically determined
Note that commands '

rlocus(num,den,K) and rlocus(A,B,C,D,K)

use the user-supplied gain vector K.
If invoked with left-hand arguments

[r,K] = rlocus(num,den)
[r,K] = rlocus(num,den,K)
[r,K] = rlocus(A,B,C,D)
[r,K] = rlocus(A,B,C,D,K)
[r,K] = rlocus(sys)

the screen will show the matrix r and gain vector K. [r has length K rows and
Jength n columns (where n is the order of the denominator) containing the loca-
tions of the roots. Each row of the matrix corresponds to a gain from vector K.]

The plot command
plot(r,'-")

plots the root loci.
If it is desired to plot the root loci with marks o or X, 1

following command:

t is necessary to use the

r = rlocus(num,den)
plot(r,'0") or plot(r,'x")

with marks o or X is instructive, since each calculated closed-
hically; in some portion of the root loci, those marks are
densely placed; in another portion, they are sparsely placed. MATLAB supplies
its own set of gain values used to calculate a root-locus plot. It does so by an in-
ternal adaptive step-size routine. Also, MATLAB uses the automatic axis-scaling

Plotting root loci
loop pole is shown grap

feature of the plot command.
Finally, note that, since the gain vector is automatically determined, root-
locus plots of .
K(s +1)
GH() = S5+ 2)(s + 3)
10K (s + 1)
G()H() = 555 2)(s + 3)
200K (s + 1)
G(s)H(s) = S5+ 2)(s + 3)
153
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EXAMPLE 4-1 Consider the system shown in Fig

A

is the same ;
are all the same. The num and den set of the system for a thee,
systems:
num=[0 0 1.1
den=[1 5 6 0Ol

root loci with a square aspect ratjg g, i
2

. Plot
ure 4-2 the root-locus plot to be

Choose the region of

line with slope 1 is a true 45° line.
—f=y= 6

—6=x=6,
d imaginary-axis coordinate, resPeCtiw;;y

where x and y are the real-axis coordinate an

K(s+3)
S5+ 1)(s* + 45+ 16) = =

Figure 4-2
Control system.

To set the given plot region on the screen to be square, enter the command
v=[-6 6 —6 6];axis(v); axis('square’)

With this command, the region of the plot is as specified and a line with slope 1 is at a trye

45°, not skewed by the irregular shape of the screen.
For this problem, the denominator is given as a product of first- and second-order

terms. So we must multiply these terms to get a polynomial in 5. The terms can be multi-
plied easily with the conv (convolution) command, shown next.

Define

a=s(s+1) a=[1 1 0]
b=s?+4s+16: b=[1 4 16]

Then we use the command
c = conv(a, b)

Note that conv(a, b) gives the product . ) .
computer Olltput:’ s product of two polynomials a and b, shown in the following

>>a= [] 'I D];
> b= “ 4 ]6],
>>C = conv (a,b)
C=

The d i
“hominator polynom;a] is thus found to be
den=[1 5 20 16 ()
c-h&ptﬁl“i i Rﬂﬂt-]_nﬁne Ae_w . R
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To find the complex-conjugate open-loop poles (the roots of 5> + 4s + 16 = 0), we
may enter the roots command as follows: ’

>> r = roots(b)

r=
—2.0000 + 3.4641i
~2.0000 — 3.4641i

Thus, the system has the following open-loop zero and open-loop poles:

Open-loop zero: s=—3
Open-loop poles: ~ s=0, s=-1, s=-2£/3.464]
MATLAB Program 4-1 will plot the root-locus diagram for this system. The plot is shown
in Figure 4-3.
MATLAB Program 4-1
" 5> clf % Clear figure
s>num=[1 3;den=[1 5 20 16 O
>> r = rlocus(num,den);
>> plot(r,'-"); v=[-6 6 —6 6]; axis(v); axis('square')
>> grid
>> title('Root-Locus Plot of Gls) = K(s+3)/[s(s+1)(sA2+4s+1 6)]")
>> xlabel('Real Axis"); ylabel('Imag Axis')
>> gtext('0') % Place '0’ mark on the open-loop zero.
>> gtext('x') % Place 'x’ mark on each of 4 open-loop poles.
>> gtext('x’)
>> gtext('x')
>> gtext('x’)
Root-Locus Plot of G(s) = K(s + 3)/[sGs + 1)(s? +4s + 16)]
6 J T T 7 ;
Figure 4-3 T - = 4 6
Root-locus plot.
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Note that in MATLAB Program 4-1, instead of
dene {1 5 2016701

we may enter 1 o1 4 16])

den = conv ([1

The results are the same.

EXAMPLE 4-2 Consider the system whose open-loop transfer function G(s)H(s) is
K

G(s)H(s) = 5(s + 0.5)(s* + 0.6s + 10)
K

=P+ 1158 + 10357 + 55
There are no open-loop zeros. Open-loop poles are located at s = —03 4 33'1430,

= - = 0. :
s = —0.3 — j3.1480, 5 = —0.5, and s : i
Entering MATLAB Program 4-2 into the computer, we obtain the root.|ogy, "

shown in Figure 4-4.

]
MATLAB Program 4-2
>> % Root-locus plot

>>
>>num = [1];
ssden=[1 1.1 103 5 0

>> r = rlocus(num,den);

>> plot(r,'0’)

>>v=[-6 6 —6 6];axis(v)

>> grid

>> title('"Root-Locus Plot of G(s) = K/[s(s + 0.5)(sA2 + 0.6s +10)]"
>> xlabel('Real Axis')

>> ylabel('Imag Axis')

Root-Locus Plot of G(s) = K/[5(s+0.5)(s240.65+10)]

T T T

i 5 : : : -
o o
Y 3 T— T R e Srmsmsest ARSI SR
[«] ; : ‘o 3
[« I ] .
Som 8 09° a
2 b °%°§n¢ﬁ’°
e S cia
k= 5
é°“mm°%mo :
Ly : o
o : o
. o : § : e
FIg“IEH —'6_& 1 1 . H _L_-._-_-ﬁ {
RDOI*[O{:us plot. &t -2 0 2 4 g;
Real Axis =
e |
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Notice that in the regions near x = —03, y = 2.3 and x = —03, y = —2.3, two loci

approach each O'ther..We may wonder whether these two branches should touch or not.
To.xplore (i Aty atol; RO plot the root loci, using smaller increments of K in the

critical region.

By a conveplim:ml triﬁal-and-e;mr approach or using the command rlocfind to be
resented later in this section, we find the particular region of interest to be 20 = K = 30.

By ent
From this plot, it is cle
the lower half plane) do not touch.

ering MATLAB Program 4-3, we obtain the root-locus plot shown in Figure 4-5.
ar that the two branches that approach in the upper half plane (or in

>> K1 = 0:0.2:20;

s> K2 =20:0.1:30;

>> K3 = 30:5:1000;

S>> K=[K1 K2 K3J;
<> r = rlocus(num,den,K);
>> plot(r,'0))
ssv=[-4 4
>> grid

>> title('Root-Locus Plot of G(s)
>> xlabel('Real Axis')

>> ylabel('Imag Axis’)

—4  4]; axis(v)

MATLAB Program 4-3

>> % Root-locus plot

>>

>> num = [1];

s>den=[1 1.1 103 5 0

= K/[s(s + 0.5)(s"\2 + 0.6s + 10)1")

Root-Locus Plot of G(s) = K/

5(5+0.5)(s2+0.65+10)]

Imag Axis

Figure 4-5
Root-locus plot.
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4-6. The system equations are

EXAMPLE 4-3 Consider the system shOWI in Figure
X = AXx + Bu
y = Cx + Du
u=r—>

n the root-locus diagram of the system defineg

we shall obtai ;
the case where matrices A, B, C, and p i in St

In this problem,

space. As an example, let US consider
0 1 0 0
A= 0 0 1|, B= 1
~160 —56 —-14 —-14 {H]
C= [1 0 '0']., D= [0]
The root-locus plot for this system can be obtained with MATLAB by use of the .
command: Ohing

rlocus(A,B,C,D)

root-locus plot that can be obtained with the rlgcy,

This command will produce the same
d den are obtained from

(num,den) command, where num an
[num,den] = ss2tf(A,B,C,D)

as follows:

num=[0 0 1 0]
den=[1 14 56 160]

(The input and output of the transfer function are u and y, respectively.)

D
¥
H*B i J‘ X b
C pr?
L

Figure 4-6
Closed-loop control system,
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MATLAB Program 4-4 will generate the Toot-locus plot shown in Figure 4-7.

MATLAB Program 44

>>A=[0 1 0,0 0 1:~160 —rpr —120

>> B = [0;1;-14]; 0 Tse -y
>>C=[1 0 o

>>D = [0];

>> K = 0:0.1:400;

>> r = rlocus(A,B,C,D,K);

>> plot(r,'-"); v=[-20 20 -20 20]; axis(v)

>> grid

>> title('Root-Locus Plot of System Defined in State Space')
>> xlabel('Real Axis'); ylabel('lmag Axis")

>> gtext('o) % Place 'o' mark on the open-loop zero.
>> gtext('x') % Place 'x' mark on 3 open-loop poles.
>> gtext('x')

>> gtext('x')

Root-Locus Plot of System Defined in State Space

20 — T 1
z
2 0 1
e
_5 o
i i s 10 15 20
k Real Axis
Figure 4-7 as given by
Root-locus plot of system defined in state space, where A, B, C,and D are as gl

Equation (4-6).

C is given b
EXAMPLE 44 Consider the system whose open-loop transfer function G(s)H(s) is given by

K
GOHG) = {5 1) +2)

Using MATLAB, plot the root loci and their asymptotes.

159
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60

We shall plot the root loci and asymptotes on one diagram. Since the Open, a
e T

fer function is given

the equation fo

by
K
G(s)H(s) = 55+ 1)(s + 2)
TEERE. MR,
T P+ 3%+ 2s

r the asymptotes may be obtained as follows: Noting thag

K K

K . 33
s R, ] A
|1m53+352+25 I'l"nf;l"53+352+3-5'+1 ?_g_;_f)_j

§—+00

we may find the equation for the asymptotes from

K
Ga(S)Hﬂ(‘S) = (S + 1)3

Hence, for the given system, we have

num=[0 0 0 1]
den=[1 3 2 0]

and for the asymptotes,

numa=[0 0 0 1]
dena=[1 3 3 1]

In using the root-locus and plot commands

r = rlocus(num,den)
a = rlocus(numa,dena)
plot([r a])

the numbel" of rows of r and of a must be the same. To ensure this, we include the gain
constant K in the commands. For example,

IﬂClUding the gain

K1 = 0:0.1:0.3;

K2 = 0.3:0.005:0.5:
K3 =0.5:0.5:10;

K4 = 10:5:100;

K=[K1 K2 K3 K4]
r = rlocus(num,den, K)

a = rlocus(numa,dena,K)
y=1Ir a] '

plot(y,'-")
' trix
K in the rlocus command ensures that the r matrix and th fﬂﬂl[ﬂw&

have the same nump,
; er of r :
and their asymptotes. (See ;i:us;:n MAT%AB Program 4-5 will generate a plot of

Chapter 4 / Root.
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MATLAB Program 4-5

>> num = [1];

s>den=[1 3 2 0]

>> numa = [1];

s>dena=[1 3 3 1];

>> K1 = 0:0.1:0.3;

>> K2 = 0.3:0.005:0.5;

>> K3 = 0.5:0.5:10;

s> K4 = 10:5:100;

>>K=[Kl K2 K3 K4j;

s> r = rlocus(num,den,K);

>> a = rlocus(numa,dena,K);

>>y=[r al;

>> plot(y,'-)

ssv=[—4 4 —4 A4]; axis(v)

>> grid

>> title('Root-Locus Plot of G(s) = K/[s(s + 1)(s + 2)] and Asymptotes’)
>> xlabel('Real Axis'); ylabel('Imag Axis')

>> gtext('’x') % Place 'x' mark on each of 3 open-loop poles.

>> gtext('x')
>> gtext('x’)

Root-Locus Plot of G(s) = K/[(s(s+1)(s+2)] and Asymptotes

Imag Axis

Real Axis

Figure 4-8
Root-locus plot.

one diagram can also be accomplished with the hold

Drawing two or more plots in . .
- A Program 4-6. The resulting root-locus plot is shown in

command, as is done in MATLAB
Figure 4-9,

Section 4-1 / Introduction 161
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MATLAB Program 4-6
>> % Root-Locus Plots — o e
>>

>> num = [1];
>>den=[1 3 2 0];

>> numa = [1];

>>dena=[1 3 3 1]

>> K1 =0:0.1:0.3;

>> K2 = 0.3:0.005:0.5;

>> K3 =0.5:0.5:10;

>> K4 = 10:5:100;

>>K=[K1 K2 K3 K4];

>> r = rlocus(num,den,K);

>> a = rlocus(numa,dena,K);

>> plot(r,'0’)

>>v=[-4 4 —4 4]; axis(v)
>> hold

>> Current plot held

>> plot(a,'-")

>> grid

>> title('Root-Locus Plot of G(s) = K/[s(s+1)(s+2)] and Asymptotes')
>> xlabel('Real Axis')

>> ylabel('Imag Axis')

Root-Locus Plot of G(s) = K/[s(s+1)(s+2)] and Aysmptotes

Imag Axis

Figure 4-9 L
- Root-locus plot, Real Axis ;
LE4-5 Consider a unity-feedback system with the following feedforward transfer function G()
W= T:)J(r T
Plot the root loci of the System with MATLAR s + 5)

62 AT,
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Figure 4-10.

MATLAB Program 4-7 plots the root loci. The resulting root-locus plot is shown in

Notice that this is a special case where no root locus exists on the real axis. This means
that, for any value of X > 0, the closed-loop poles of the system are two sets of complex-
conjugate poles. (No real closed-loop poles exist.) For example, with K = 25, the charac-

teristic equation for the system becomes

§* + 105 + 5457 + 140s + 200
= (5% + 45 + 10)(s* + 65 + 20)

= (s + 2 + j24495)(s + 2 ~ j24495)(s + 3 + j3.3166)(s + 3 — j3.3166)

[ MATLAB Program 4-7

Root-Locus Plot ——

>> %
>>
S>> num = [1
>>den = [1
>> r = rlocus(num,den);
>> plot(r,'0")
s>sv=[-8 4
>> hold

>> current plot held

>> plot(r,"-'

>> grid

> title('Root-Locus Plot of G(s) =
>> xlabel('Real Axis')

>> ylabel('Imag Axis')

4 4;

10 29 40 100];

—6  6]; axis(v); axis('square’)

(s + 2)72/[(sA2 + 4)(s + 5721

Imag Axis

Root-Locus Plot of G(s) = (s+2)1(s2+4)(s+5)*]

Figure 4-10
Root-locus plot.

Since no closed-loop poles exist in the right-half s p

of K = 0.

Section 4-1 / Introduction

-2
Real Axis
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EXAMPLE 4-6 Consider a unity-feedback control sys

tem with the following feedfﬂrward
function: ‘ ; o

K(s? + 25)s
G(S) = st + 4043‘2+ 1600

Plot root loci for the system with MATLAB. Show that the system is stable fo, all gy,

_ ) of
K >Ml}k Program 4-8 gives a plot of root loci as shown in Figure 4-11

. -Since
loci are entirely in the left-half 5 plane, the system 1S stable for all K > , theroy

MATLAB Program 4-8

ssnum=[1 0 25 O

s>den=[1 0 404 0 1600];

>> K = 0:0.4:1000;

>> r = rlocus (num,den,K);

>> plot (r,'0);

ssv=[-30 20 -25 25]; axis(v); axis('square’)

>> grid

>> title ("Root-Locus Plot of G(s) = K(s"2+25)s/(s"\4+404s/2+1600)")
>> xlabel ('Real Axis'); ylabel ('Imag Axis')

Root-Locus Plot of G(s) = K(s2 + 25)s/(s* + 40452 + 1600)
Tt & & 1t

20 :

[=T
T

Imag Axis

=30 =25 20 -15 10 =5 0 5 10 15 20
Real Axis

Figure 4-11

Root-locus plot.

164
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roOT

I LOCUS PLOTS WITH POLAR GRIDS
42

Figure 4-12

(2) Complex poles; (b) lines of
constant damping ratio £.

Constant £ lpci and constant w, loci. In the complex plane, the damping
ratio £ of a pair .Of fﬂmplex'mnjugate poles can be expressed in terms of
the angle ¢, which is measured from the negative real axis, as shown in

Figure 4-12(a) with
{ =cos¢

In other words, lines of constant damping ratio { are radial lines passing through
the origin as shown in Figure 4-12(b). For example, a damping ratio of 0.5 re-

uires that the complex poles lie on the lines drawn through the origin making
angles of +60° with the negative real axis. (If the real part of a pair of complex

oles is positive, which means that the system is unstable, the corresponding { is
negative.) the damping ratio determines the angular location of the poles, while
the distance of the pole from the origin is determined by the undamped natural

frequency w,. The constant w, loci are circles.
To draw constant ¢ lines and constant w,
with MATLAB, use the command sgrid.

circles on the root-locus diagram

jo A jw]k
A
X T 3
ST o
Wp <0
\ iy g=ﬁ9
@ l L (=1 .
— 0 "'Er o
£=09
0.8 £<0
X

(a)

command

Plotting polar grids in the root-locus diagram. The

sgrid

: i i d cir-
overlays lines of constant damping ratio (¢=0~1 “E:l ];}-113;:“:::5::3 32:1 ‘:;m
cles of constant w, on the root-locus plot. (See MAT. gr
resulting diagram shown in Figure 4-13.)

165
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]

If only particular constant { lines (such as the {'= 0.5 line and¢ < J
and particular constant w, circles (such as the @, = 0.5 circle, W, = | ;'3'0?11,!4E
, = 2 circle) are desired, use the following command: de"'“lc)l

sgrid((0.5, 0.707),10.5, 1, 2])

_—.__-—'_h-"—&-.
_——‘—'—"“‘-—_.,

MATLAB Program 4-9

>> sgrid , -
>>vg= -3 3 -3 3J;axis(v); axis('square')

>> title('Constant \zeta Lines and Constant \omega__n Circleg)
>> xlabel('Real Axiﬁ')
>> ylabel('Imag Axis’)

]
Constant { Lines and Constant , Circles
31064 05 034016 '
. n.ﬁ4‘_l__ 0'5.-., 0.3',_2_ 65
0 A v Y4
2F 3 2
o
=)
E
R X T
3 L064 05 034 0.1¢ : . .
~3 =2 -1 0 1 2 3
Real Axis

Figure 4-13
Constant { lines and constant w,, circles.

If we wish to overlay lines of constant ¢ and circles of constant , 0na root0c®
plot of a system with -

num=[0 0 0 1]
den=[1 4 5 0] :
then we can enter MATLAB Program 4-10 into the computer. The rﬂﬁ

root-locus plot is shown in Figure 4-14. ' :

Chapter 4 / Root-Locus Analysis
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m‘o

AT g Pro
=10
77 ﬂun - ['I 4 D];
B K= 0:0.01 -1000;
>7 ~ r]ﬂcu;_-,.:n.urn,t:len,I<i};
?; piﬂt(f:"')*' v=[-3 1 =2 2];axis(v); axis('square’)
7? sgﬂ'd“‘j- 5,0.7071,[0.5,1 21)
2ol
>» g1 Plot with \zeta = :
tile('Root-LOCUS ot with \zeta = 0.5 and 0.707 Lines and \omega_n = 0. lag!
77 abel (Real AXis’: ylabel('Imag Axis) i
>> gteﬂ('\omega,n o
5 g{ext('\omega_n =1')
o gtext{'\omega,n =0.5"
5 gtext(x) o, Place 'x' mark at each of 3 open-loop poles.
5> gtext('x’l
| e
Root-Locus Plot with § = 0.5 and 0.707 Lines
, and @, = 0.5, 1, and 2 Circles
0.5 o,
< 9
0.5
Figure 4-14 15 b it
Constant { lines and R g R 04
constant w, circles 2 : i R s 0 ; i
4 25 -2 -15 -1 =05 © 0.5 |
Real Axis

superimposed on a
root-locus plot.

If we want to omit either the entire

circles, we may use empty brackets
For example, if we want to overlay only
sponding to { = 0.5 and no constant @, €

Figure 4-15, then we may us

[] in the arguments O

ircles on the root-locus p

or entire constant @y
f the sgrid command.
ng ratio line corre-
Jot as shown in

constant { lines

the constant dampi

e the command

sgrid(0.5,11)

Section 4~2 / Root Locus Plots with Pol
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See MATLAB Program 4-11 which produced Figure 4-15,

MATLAB Program 4-11 T

>>num=[1];den=[1 4 5 0} e T
>> K1 = 0:0.0001:2; K2 = 2:0.01:1000; K = [K1  K2);

>> r = rlocus(num,den,K); : .
>>plot(r,'-);v=[-3 1 —2 2]; axis(v); axis('square')
>> grid

>> sgrid(0.5,[1) '

>> title('Root-Locus Plot and \zeta = 0.5 Lines')

>> xlabel('Real Axis'); ylabel('Imag Axis')

>> gtext('x') % Place 'x' mark on each of 3 open-loop poles,
>> gtext('x")

EXAMPLE 4-7 Consider a unity

>> gtext('x’)
Root-Locus Plot and £ = 0.5 Lines
2 T ! T ' ' :
Ll SRR, (SRR FRSR 1y S ........... \ ..........
E : I
B, | SESTRH PEREAt o e aerr et W - 00 ..........
i bt st b -
b
P05 i NG
-2 I L 1 Sy 1 1 i
-3 =25 2 -15 -1 -05 o0 0.5 1
Real Axis
Figure 4-15
Root-locus plot with ¢ = 0.5 line.
i -feedback control system with the following feedforward transf
function:
2
Gy = LSl vy
() 5+ 95% + 85

Plot a root-locus diagram with MATLA i ! . lines and '
X ; consté® =
6 At oty B. Superimpose constant {

Chapter 4 / Root-Locus Analysis

Scanned with CamScanner



MATLAB Program 4-12 produces the desired plot, as shown in Figure 4-16.

'm Program 4-12

| Ee
S>> num=[1 2L

>>den=[1 9 8 O

>>K= 0:0.02:200;

s>r= rlocus(num,den,K);

5> plot(r,-); v=1=10 2 —6 6l; axis(v);axis('square)

>> sgrid ‘ . '
_> title('Root-Locus Plot with Constant \zeta Lines and Constant \omega_n Circles')

>> xlabel('Real Axis')

>> ylabel('Imag Axis')

>> gtext('o') % Place 'o' mark on the open-loop zero.
>> gtext('x') % Place 'x' mark on 3 open-loop poles.
>> gtext('x')

>> gtext('x')

Root-Locus Plot with Constant { Lines and Constant @, Circles

6 T x L = T 3 LR T
086 076 064 05034 016 :
af i
094
2 Fogss |
.E '
- 6
-
L0985
2 -:ﬂ Y
1 S
g6 076
Figure 4-16 =4 0.86 i
Root-locus plot with constant -10 -8 -6 2

{ lines and constant w, circles.

-‘_--_-__'——

4.
3 l;ginme THE GAIN VALUE K AT AN ARBITRARY
INT ON THE ROOT LOCUS

Orthogonality of root loci and constant-gain loci. Consider the system
whose open-loop transfer function is G(s)H(s). In the G(s)H (s) plane, the loci of
IG(s)H (s)| = constant are circles centered at the origin, and the loci corre-
sponding to /G(s)H(s) = £180°(2k + 1)(k = 0,1,2,...) lie on the negative
real axis of the G(s)H(s) plane, as shown in Figure 4-17. [Note that the complex
plane employed here is not the s plane, but the G(s)H(s) plane.]

Section4-3 / Finding the Gain Value K at an Arbitrary Point on the Root Locus 169
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N
Im | 1

il G(s) H
G(s) H(s) Plane  ~ 5) H(s) Plane
/G(s) H(s)
A\ =+180° (2k+1)
./ " Re
|G(s) H(s)! = constant

Figure 4-17 N
Plgtl:zf constant-gain and constant-phase loci in the G(s)H(s) plane.

The root loci and constant-gain loci in the s plane are conformal mappipgs of
the loci of /G(s)H(s) = +180°(2k + 1) and of |G(s)H(s)| = constant in the

G(s)H(s) plane. T
Since the constant-phase and constant-gain loci in the G(s)H(s) plane are

orthogonal, the root loci and constant-gain loci in thc: s plane are c:nrthogcnal.
Figure 4-18(a) shows the root loci and constant-gain loci for the following system:
K(s +2)
P42+ 3
Notice that, since the pole-zero configuration is symmetrical about the real axis,
the constant-gain loci are also symmetrical about the real axis.
Figure 4-18(b) shows the root loci and constant-gain loci for the system
K
G(s) =
(s) sts+ 15 +2)

G(s) H(s) =1

H(s)=1.

Notice that, since the configuration of the poles in the s plane is symmetrical
about the real axis and the line parallel to the imaginary axis passing through the
point (o = —1,@ = 0), the constant-gain loci are symmetrical about the w = 0
line (real axis) and the line o = —1.
; Notice also, from Figures 4-18(a) and (b), that every point in the s plane
Mai 'IIPE corre_spm}dmg K value. If we use a command rlocfind (presented next),
AB will give the K value of the specified point, as well as the nearest
closed-loop poles corresponding to that K value.,

MA?E?G:EQ allih;; gain value K at an arbitrary point on the root loci. In the
oo o Z 3{)313 of clos.ed-loop systems, it is frequently desired to find the gain

- Thitrary point on the root locus. This can be accomplished by using
either of the following rlocfind commands: P

[K,r1 = rlocfind(num, den) or [K, rl= rlocfind(A,B,C,D)

Chapter 4 / Root-Locus Analysis
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jo |
’’’’’ ':“ = jmak
J T K=6
\\'\‘/ — J'a
*\
_14 \\\ ,
\\ e TR "-\-,_- _.FZ
..---"‘\ Y . zx
M 'Ill Py s
\ B J? \ {,’ \\ K=10
N e | [ k=03 K=03 N
L | | ! { K=03
H + :-— L2 /’- Y !‘ 1
% [] II 2 4 :ﬁ fea |‘_3 =gt . ‘! - | E |+
3 i H l\‘ - -1 0 I;t 3
f I
/ —/—jﬂ M x\ g !J.-
N / R 7 S
-I'r \\\ ‘_,.a’
i4 /! s
- .._J' 7 S g ta]
=2
e \
W o | 5
- (b)

Figure 4-18
Plots of root loci and constant-gain loci. (a) System with G(s) = K(s + 2)/(s* + 25 + 3), H(s) = 1;
(b} system with G(s) = K/[s(s + 1)(s + 2)], H(s) = 1.

Here, r gives the closed-loop poles. The rlocfind command, which must follow an
rlocus command, overlays movable x-y coordinates on the screen. Using the
mouse, we position the origin of the x-y coordinates over the desired point on the
root locus and press the mouse button. Then MATLAB displays the coordinates
of that point, the gain value at that point, and the closed-loop poles correspond-
ing to the aforesaid gain value.

If the selected point is not on the root locus, the rlocfind command gives the
coordinates of that selected point, the gain value of the point, and the locations of
the closed-loop poles corresponding to that K value. [Note that every point on
the s plane has a gain value; see, for example, Figures 4-18(a) and (b).]

AMPLE 4.8 Consider the unity-feedback control system with the following feedforward transfer
function;

Gls) = (@ + s +5)

Plot the root loci with MATLAB. Determine the closed-loop poles that have the damping
ratio 0.5. Find the gain value K at that point.

Section 4-3 / Finding the Gain Value K at an Arbitrary Point on the Root Locus 171
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_ «n in Figure 4-19. Then we enter the rlocfing

-locus dlagr;tm pfsgs:ac:“ 4-13. Next, we position the origin of -

MaTIE of the upper root-locus branchand the { = 05 j,,,
rsection en shows the coordinates of that point, ¢,

The scre i
1:)551 4-10op poles corresponding to the aforesaid ga;,

First we plot a oot
command as shown 11 ¥
x-y coordinates over the inte
Then we press the button of the mo
gain value at the point, and the cl
= lot indicates _loop poles by 2 plus sign (+). The three cl .

The plot 1ndr osed
poles obtained are

the closed

27610, 5= —06195 + j1.0934, = —0.6195 — [1.0934
s =2 i

nd to be 4.3602. Note that the three closed-loop poles are
he analytic method. The reason is that we cap.
exactly at the intersection of the

The gain K at this point is found t e
lichtly off the exact locations obtained by :
:1:1% po);itian the origin of the movable x-y coordinates

upper root-locus branch and the { = 0.5 line.

MATLAB Program 4-13

>>num = [1];

>>den=[1 4 5 O]

>> r = rlocus(num,den);

>>plot(r,'-"); v=[-3 1 =2 2]; axis(v); axis('square’)
>> grid

>> sgrid(0.5,[])

>> [K,r] = rlocfind(num,den)

Select a point in the graphics window

selected_point =
—0.6199 + 1.0936i

K=
4.3602

| =

—=2.7610
—0.6195 + 1,0934j
—0.6195 - 1.0934;

>> xlabel('Real Axis')
>> ylabel('lmag Axis')

b Chapte, 4 / Root-Locus Analyais
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Imag Axis
=

~0.5
]
|
-1 -'
=15 : : -
Figure 4-19 gle—d 4 G W IN] 3
Root-locus plot -3 25 -2 -15 -1 -05 0 05 1
with £ = 0.5 lines. Real Axis :
e h
44 ROOT-LOCUS PLOTS OF NON-MINIMUM-PHASE SYSTEMS
Non-minimum-phase systems, Ifall the poles and zeros of a system lie in -
the left-half s plane, then the system is called minimum phase. If a system has at

least one pole or zero in the right-half s plane, then the system is called
non-minimum phase. The term non-minimum phase comes from the phase-shift
characteristics of such a system when subjected to sinusoidal inputs.

Consider the system shown in Figure 4-20(a), for which

o) = KA1 0 Sy H(s) =1
= , g =

() =T + 1) £ !
?:
R) K(1 - T,5) ) |
| S(Ts+ 1) == s
& ®) ,L
Figure 4-20 i
(2) Non-minimum-phase system; (b) root-locus plot. il
| i
L Section 44 / Root-Locus Plots of Non-Minimum-Phase Systems 173 t E
o |
|
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K(Ts —1)
@(ﬂ=/m

M + 180°
T/ Ts(Ts + 1)

= +180°(2k + 1) (k=0,1,2,., .)

or

K(T,s — 1) _ 0° “
s(Ts + 1)

. : ; 7). Figure 4-20(b) shows a root-
Th be obtained from Equation (4 : |
locisr g?;tl?cf: ﬁ:; system. From the diagram, we see that the System is stable if the
gain K is less than 1 IT.

To obtain a root-locus plot with MATLARB, enter the numerator and deno;.

nator as usual. For example, if T = 1 sec and T, = 0.5 sec, enter the following
num and den in the program:

hum=1[0 -0.5 1]
den:['l 1 0]

MATLAB Program 4-14 gives the plot of the root loci shown in Figure 4-21.

mATI.AB Program 4-14

>>num = [—0.5 1];
>>den=[1 1 0l;
>>K1 = (}:0.01:30;

>>K2 = 30:1:100;

>>K3 = 1{}0:5:5{}0;
>>K=[K1 k2 K3];
>5>r= rlucus[num,den,l(};
>> plot(r); v = 2 & g 41; axis(v); axis('square')
>> grid

>3 title( 'Root-Locys Plot of G(s) =
>> xlabel('Reg| Axis'); ylabel(:

K(1-0.55)/[s(s+1 )N
Imag Axis')

174
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Root-
4 I'L‘:ncus;. Plot ?f Gis) = K(1 — 0.55)/[s(s + 1)]

Imag Axis
=]

Figure 4-21
K(1-0J5
Root-locus plot of G(s) = _.EETI)i]

system and non-minimum-phase system shown in

EXAMPLE 4-9 Consider the minimum-phase
-step responses of both systems.

Figures 4-22(a) and (b), respectively. Obtain the unit

§+2 - —5+2 >
s(s+4) i s(s+4)

Figure 4-22

(2) Minimum-phase system; (b) non—minimum-phase system.

onse curves shown in Figure 4-23.
faulty behavior at the start of the

MATLAB Program 4-15 produces the step resp
direction for a short time and

Notice that the non-minimum-phase system exhibits_
response, (The response begins to move in the negative
then moves on to the positive direction.)

stems 175
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4-15
MATLAB Program S T

s>t = 0:0.1:10;

ssnum=[1 2};den=[1 4 0; .

5> numn = -1 2]; denn =11 4 0I;

>> 5ys = tf(num,den);

>> sysn = tfinumn,denn);

>> sys1 = feedback(sys, [1]);

>> sys2 = feedback(sysn, [11);

>> [y1,4] = step(sys1,t)

>> [y2,1] = step(sys2,t);

>> plot(t,y1,ty2,'o’)

>> grid .
>> title('Step Responses of Minimum- and Non-minimum-Phase Systems')
>> xlabel('t sec')

>> ylabel('Responses y_1 and y_2')

>> text(5.0,0.84, 'Minimum-Phase System')

>> text(2.3,0.3, '"Non-minimum-phase System')

—

Step Responses of Minimum- and Non-minimum-Phase Systems

I | I 1 ! ! ! ==
oy o 1 bbb
: : 1 I | i 1 1 i
3 S SN (WOR. SRURR U SN TR SRR R SO
B 4
| I 3
| i al
0.8 ~———pbm gl Tl TITIIITPNACC Syslym
.’."_': 1 . <0 AR L S T
T b |
] e S G (A, :
= ( S B T e
i ]
g .' |
g 04 e e
| | ]
g g Noniminimjm-phdse system |
|
02Hf-~- —--—:----—r---_i.h-__i._"hL-___L
ssa T e T
Step responses of ﬂn-—:::--_._"’ ~---: | ] ' | : |
minimum-phase syst, N B s e s |
and rom-phase system R T N T R
On-minimum- 02 ! : i : ' i 1 i I
4 5 6 7 8 9 10
i 5ec

am for the systen, The plot i SELAB Program 4-16 will plot th®

.© Seen from th Own i

P . € root.| n1n Figure 4-25,

yior limited rangeg o the ‘v.=.tluzccln.1fS Kplotﬁ?f Figure 425 t%lat this system is stable
—that j

50 < K < 12and73 < K < 1%

&l I-E.:_IE._: -' '. chﬂl‘.ll:er
B oy,
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R(s)
K(s? + 25 + 4) g(;)h

S(s+4) (s +6) (s + Lds + 1) -

Figure 4-24
Control system.

MATLAB Program 4-16

ss>num=[1 2 4];
>> den = conv(conv([1 4 0,1 61,01 1.4 1];
>> r = rlocus(num,den);
>>plotn); v=I[-7 3 -5 >5];axis(v)axis('square’)
>> grid
5> title('Root-Locus Plot of G(s) = K(s/2+2s+4)/[s(s+4)(s+6)(s"2+1.45+1)]')
s> xlabel('Real Axis'); ylabel('Imag Axis')
>> text(1.0,0.5,'K = 12)
>> text(1.0,3.0,'K = 73)
>> text(1.0,4.15,'K = 154')
>> gtext('0") % Place o' mark on each of 2 open-loop zeros.
>> gtext('o’)
>> gtext('x') %
>> gtext('x')
>> gtext('x’)
>> gtext('x’)
>> gtext('x’)

Place 'x' mark on each of 5 open-loop poles.

Root-Locus Plot of G(s) = K(s%+ 25 + 4)/[s(s + 4)(s + 6)(s* + 1ds+ 1]
§—r———T 1 T 1 =
? l - .._I_ ai k= 12
_-.2 f= .-._é-.._..:{....|,-.é,.-...

e A : —.5 —4 -3 w0 aaf 4 2 3

- -7 -6
Rﬂnt. !‘cu.:us plot of Real Axis
conditionally stable system.
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< 73 and 154 < K. (If K assume, z
unstable for the system may break down or ma

tion’ 3
to unstable operatioss ==, t.
aturation nonlinearity that may exist.) Such a SYstem

< K
The system becomes 12
value corresponding
become nonlinear due to a s
is called conditionally stable.  areiotdesirable, ot e

. o ble syste : : :
In practice, oolnslt;;r];ailtl)é iﬂs Om{: in certain systems—1in p‘artncular, a system
ty is dangerous, a tl Uf edforward path. Such a plafh may occur if t'he System hag ,
that has an unstable fe ble to avoid such conditional stability, since, if the gain
minor loop. It is advisa the system becomes unstable. Noye

iti ue for any reasof., St
drops beyond the critical val ¢ compensating network will eliminate conditiopg)

that't_hﬂ additic:;dcitfignpzi;P: sero will cause the root loci to _bend to the lefy.
;tabﬂsf;’;ﬁ(:ﬁ_n Hence, conditional stability may be eliminated by adding
ee : ’

proper compensation.

EXAMPLE 4-10 A simplified form of the open-loop transfer function of an airplane with an autopilot jn
the longitudinal mode is

K(s + a)
G(S)H(S) = 5(5 = b)(sz + 2{(0_;,5‘ + &J%), g = ﬂ’ b>0

Such a system involving an open-loop pole in the right-half s plane may be conditionally
stable. Sketch the root loci when a = b = 1,{ = 0.5, and w, = 4. Find the range of the

gain K required for stability.
The ppen-loop transfer function for the system is

K(s + 1)
s(s — 1)(s* + 45 + 16)

G(s)H(s) =

To oI{tam the root loci, we may enter MATLAB Program 4-17 into the computer. The
;esul::ig rfoot-lqcus plot shown in Figure 4-26 indicates that the root loci cross the imagi-
c:;ybe ds;e tcrur times. The exact values of K where the root loci cross the imaginary axis

ermined from the Routh stability criterion as follows: Since the characteristic

equation is
s4+3s3+12s2+(1<— 16)s + K =0
the Routh array becomes
o 1
A . 12 K
=1
.‘5'2 52 =0 K 6 0
3 K 0
s =K+ 50k _ g3,
—___-_-___-_'_'———-________
S2-K 2
50
K
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m Program 4-17

Spum=(1 1 den=conv((l —1 001 4 16]);

>>r= rlocus(num,den); . .
>> plot(r,'-'); v=[—4 4 —4 4]; axis(v); axis('square') |

|d | .
::: E;; e('Root-Locus Plot of G(s)H(s) = K(s+1)/[s(s—1)(sA2+45+16)]") |
>> xlabel('Real Axis'); ylabel('lmag Axis');
>> text(2,2.6,'K = 35-7:) |
>> text(2,1.6,'K = 2|3-3 )
> text(2,0.7,'K = 0) . |
= text{_3-5.'3*4rll< =‘D ] |
>> text(—2,0.5,'K = \infty')
>> glext('0') % Place 'o' mark on the open-loop zero. !_
>> gtext('x') % Place 'x' mark on each of 4 open-loop poles. _

>> gtext('x’)
>> gtexl('x')
>> gtext('x’)
Root-Locus Plot of G(s)H(s) = K(s + 1/[s(s — (s + 45 + 16)] 'l
4 I-
K=0 |
; L |
K=357 |
? ( K=233
: K=0
é K=o
o 0
E
-1
4 (
oy \
2 - 1 2 3 4
Figure 4-26 4 3 =2 -1 40

Real Axis
Root-locus plot.

i ' 1 :ow and the first column
The values of K that make the term at the interaction of the s' ro

equal to — 357 and K = 23.3. . -
The ﬁ:&gs?;; };oims on the imaginary axis can be found by sol::tli ::rézri?ml y
equation obtained from the s* row—that is, by solving the following €q

r——~52;Ks2+K=t}

179
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The results are
s = +j256, forK =357

s = *j1.56, for K = 233
The crossing points on the imaginary axis_a_lre _thus 5§ = %j256and 5 = 156,
The range of the gain K required for stability is
233 < K < 357

e

4-6 ROOT LOCI FOR SYSTEMS WITH TRANSPORT LAG

Figure 4-27 shows a thermal system in which hot air is circulfcltcd to keep the ¢ -
perature of a chamber constant. In this system, the measuring element i pla
downstream a distance L ft from the furnace, the air velocity is p f Isec, ang
T = L/vsec would elapse before any change in the temperature of the
sensed by the thermometer. Such a delay in measuring, in controller a¢
actuator operation, and the like, is called transport lag or dead time, Do
present in most process control systems.

The input x(r) and the output (1) of a transport-lag or dead-time elemen; are
related by

furnace is
t].".:)l'l1 or il.'l

() =x(t - T)

where T is the dead time. Th

. € transfer function of transport lag or dead time is
given by

Transfer function of transport lag or dead time = Ef[x(t — )i - T)]

Llx()1(1)]
_ X(s)e™ s
X €
D
i"‘“‘“-—Lft——____,__:l
Ir — i Thermometer
i ﬁi\‘ /
Fue]

Figure 4-27

ermal system,
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Scanned with CamScanner



R(s) P ) .
. s !

Figure 4-28
Block diagram of the system
shown in Figure 4-27.

Suppose that the feedforward transfer function of this th

i rmal
approximated by ermal system can be
Ke—Ts

s+1

as shown‘m‘ Figure‘4—28. Let us construct a root-locus plot for the system. The
characteristic equation for this closed-loop system is

G(s) =

K-Ts
s (4-8) I

wob 1

For systcms_v_fith transport lag, the rules of construction presented earlier
need to be modified. For example, the number of root-locus branches is infinite,
since the characteristic equation has an infinite number of roots. Similarly, the
number of asymptotes is infinite. They are all parallel to the real axis of the
s plane, as will be seen later.

From Equation (4-8), we obtain

KE—TS
s+1

= -1

Thus, the angle condition becomes

~Ts
Re = jeTs— fs+1=2180°(2k + 1) (k=0,1,2,...) (4-9)

s+1

To find the angle of ¢7*, substitute s = o + jw. Then we obtain

erTs = e—-Ta'—- JaT'

Since €77 is a real quantity, the angle of 17 is zero. Hence,

feTt = /eoT = Jcos T — jsin T
= —@T  (radians)

= —57.3°wT (degrees) |
|

Since T is a given constant, the angle of o7 is a function of w only. The angle

condition, Equation (4-9), then becomes

_57.300T — /s + 1= £180°(2k +1)

contribution due to €%, as given by Equa-

We next determine the angle :
dition may be written

tion (4-9). For k = 0, the angle con
/s + 1= 4+180° — 57.3°T

181
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Since the angle contribution of e™" is zero for @ = 0, the real axis frqoy, _
—co forms a part of the root loci. Now assume a value‘ w1 for w ang m[ to
57.3°w,T. At point —1 on the negative real axis, draw a line that makeg ,, ,°\te
of 180° — 57.3°%w,T with the real axis. Find the intersection of this lipe anzllgle
horizontal line @ = w;. This intersection, point P in Figure 4-29(a), js 5 poi the
isfying Equation (4-10) and hence is on a root locus. Continuing them sat.
process, we obtain the root-locus plot shown in Figure 4-29(b). Same

Note that as s approaches minus infinity, the open-loop transfer functigy

KE‘TS
s+1

also approaches minus infinity, since

d o Ty
 keTs g Ke)
lim =
oo s £

d

—(s +

ds (s +:1) §=—00
= = KT s
= —00

Therefore, s = —oco is a pole of the open-loop transfer function. Thus, roo
loci start from s = —1 or s = —o0 and terminate at s = 00, as K increases from
zero to infinity. Since the right-hand side of the angle condition given by Equa.
tion (4-9) has an infinite number of values, there are an infinite number of root

Jja
0=~—FK |
0 = -
g
K "
[
(a)
Figure 4-29 -
(a) Construction of the root locus; (b) root-locus plot
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loci as the value of k(k = 0,1,2

k = 1, the angle condition become; ) goes from 2610 to infinity. For €xample, if

AS_-F__ = :|:540° —_ 5‘?.30("?-.

The construction of the root loci for f =
root loci for k£ = 0,1, and 2 when T =

(degrees)

( radians)

lis the same as that

fork =0.A plot of

# S’e i :
The magnitude condition states i C 18 shown in Figure 4-30,

Ke—]"‘s
sF+1

=]

Since the magnitude of ™ is equal to that of e or

|leT$| = |e7Te]. le/oT| = gTo

the magnitude condition becomes

Is + 1| = ke To

The root loci shown in Figure 4-30 are graduated

in terms of K when T = 1 sec.

-'i':"'h
K=0.028 _
= 5 K=55x10°
K'ﬁfxm_ | K=14 K = 8000 1
\ 4
l } N 2 - (k=2)
N
! (- i
- jhm
K=5x 103 K-tllﬂlg K=8 K=f5(]{] K=4‘5¢x1(}5
i { \\ j3m __..,__ —i—— k=1)
s
i —
2 K=39x10°
K=4000 K=3.
K=226
ST 1 L (k=0)
K=4.1x10"° K=00I1 /.f-f
N N\ i | | | | | _
A7 3¢ 2w -7 1o = 27 37 4w Sw a
: — (k=0)
—Im \\ ; * 2
K=226 4000 k=39 x 10°
—j2m
= v
| i . .3 3 —— (k=1)
=JaT < T
| i
k=8 %10 K—(|1019 K= k=5500 g_45x 108
=715t —j4m
* _: k=2)
! Sa > 14 ., ?_ |
K= "
K=6X 1073 K—(llms K=8000 . _sqy 10b
Figure 4-30

Root-locus plot for the system shown in

k=

ﬂ Section 46 / Root Loci for Systems with Trans

port Lag

Figure 4-28 (T =1 sec).
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it ber of root-locus branches, the
h there are an infinite n}lm : ! it
brailhﬁloh:tg]ies between —jar and j 18 the most important. From Figure 43

critical value of K at the primary branch is equal to 2.26, while the criticg valy

oher (8, 14,. .. ). Therefore, the critic

of K at zcéthir :J]:‘eal;;lil: ai; et.l::::::l l;;gmgst( sigpificant from the viewpoin :lﬁ¥a:;e

hKﬂiaz'ihe{;ransient response of the :system 1 de;elrmmedtzy the roots el

close:al to the jw-axis and lie on the primary br:sin::h : nbsum,h e root-locys bt

corresponding to k = 0 is the dominant one; other branches, correspon i
t so important and may be neglected.

= !3,_.,,arEI10 . . igu
k T; szexample illustrates the fact that dead time can cause instability evep, j, .

i enter the right-half s plane for I3
= system, because the root loct en : IEE val.
iztuc;r?z[[geﬁfﬂre, although the gain K of a first-order system can be set a1 ,
high value in the absence of dead time, it cannot be set too high if dead time is

present. (For the system considered here, the value of the gain K must be congjg.
erably less than 2 for satisfactory operation.)

Approximation of transport lag or dead time. If the dead time T'is very
small, then ™™ is frequently approximated by

eTs=1-Ts

or
~Ts ; I
Ts +1
Such approximations are good if the dead time is very small and, in addition, the
input time function f(f) to the dead-time element is smooth and continuous. [This
means that the second- and higher-order derivatives of f(¢) are small.]
A more elaborate expression to approximate ¢ ' * is

e

Ts (Ts)? (Ts)?
- -

f
e.—Ts o 2 8 48
Ts (Ts)* (Ts)
14+ —+
277 Tt

If only the first two terms in the numerator and denominator are taken, then

1-Is
E-T‘fi 2=2'—T5'
1+%S_ 2+ Ts

This approximation is also used frequently.

MATLAB a
MATLARB uses
Henri Eugéne

?Em;imation of dead time. To handle the dead time ﬂfﬂ*
Pail S agé approximation, named after the French mathematicia®
€. ror example, if T = 0.1 sec, then, using the thi:d-ordﬂf

Chapter 4 / Root-Locus Analysis
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EXAMPLE 4-11

transfer function as an approximation to ¢~7* i
program into the computer: » We enter the following MATLAB

[num,den] = pade(0.1, 3);
printsys(num, den, 's')

num/den =

—1sA3 + 12052 — 6000s + 120000
sA3 + 120872 + 6000s + 120000

Similarly, the program for the fourth-order transfer function approximation with
T = 0.1 secis

[num,den] = pade(0.1, 4);
printsys(num, den, 's')

num/den =

sA4 — 20053 + 18000sA2 — 840000s + 16800000
sA4 + 200sA3 + 18000s72 + 840000s + 16800000

Notice that the Padé approximation depends on the dead time T and the order
desired for the approximating transfer function.

Consider the system shown in Figure 4-31,in which the dead time T = 1 sec. Suppose that
we approximate the dead time by the second-order Padé approximation. The expression
for this approximation can be obtained with MATLAB as follows:

>> [num,den] = pade(1, 2);
>> printsys(num, den, 's')
num/den =

A2 — 6s + 12

sA2 + 6s + 12

Hence,
2
I 6s + 12 _ (4-11)

€ T Ftes+12
mine the critical value of K (where K > 0) for stability.

Using this approximation, deter .
tion for the system 1s

Since the characteristic equa
s+1+Ke*=0

R(s) KeT* Cls)

5+l

Figure 4-31
A control system with dead time.

Section 4-6 / Root Loci for Systems with Transport Lag 185
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uation (4-11) into this characteristic equation, we obtain

by substituting Eq
s2— 65 +12 _ 0
s+1+Kg 6 v 12
OT —
94 (7 4+ K)s? + (18 — 6K)s 121 + K) =0

Applying the Routh stability criterion, we get the following Routh table:

33 1 18 — 6K
K| 7+ K 12(1 + K)
—6K2 — 36K + 114 0

s 7+K
50 12(1 + K)

Hence, for stability, we require that
—6K* — 36K + 114 >0

which can be written as

(K + 82915)(K — 2.2915) < 0

or
K < 22915

Since K must be positive, the range of K required for stability is
0< K <22915

Notice that, according to the present analysis, the upper limit of K required for stability
is 2.2915. This value is greater than the exact upper limit of K. (Earlier, we obtained the
exact upper limit of X to be 2, as shown in Figure 4-30.) This is because we approximated e™
by the second-order Padé approximation. A higher-order Padé approximation will improve
the accuracy of the analysis. However, the computations involved increase considerably.

4-7 ROOT-LOCUS APPROACH TO CONTROL SYSTEMS COMPENSATION

186

Basic design aspects of control systems are carried out mostly by analytical
n;leans, and only small parts may be carried out with MATLAB, However, 0n¢é
;Esfﬁe? 1s designed, the response performance of the mathematical mode!
DESign Z(:c; . thfr olighly. MATLAB plays an important role in this regard.

A etl'}er tc?m;anc? verification must work as a unit, and the latter cai
i cctively with MATLAB. In this section, we present series ¢O™”
hag Cﬂmpensatiuguisn gsing the root-locus approach (such as lead compensatioh
technique using th . compensation) and the parallel compensatio”

g the root-locus approach. Sample problems illustrate each ‘0

these cases, ' :
of the desisgnzzs;i:e?;: 5‘:: ;d o ?iﬂalytically, and the response characteristics
amined with MATLAB,

Chapter 4 Root-Locus Analysis

Scanned with CamScanner



Lead compensation techniques based on the root-Locus approach.
_ locus appl‘_oaﬁh to d?SISH Is very powerful when the specifications are
given 1;11 tﬂ:'mslfg tlrne-domfajz q‘;lﬂ-l}lltles, such as the damping ratio and un-
gamped natural equency of the desired dominant closed-loop pol i
overshoot, rise time, and settling time. PSR
Consider a design problem in which the original system either is unstable for
4]l values of the gain Or 15 Stablt?, but has undesirable transient-response charac-
teristics. In such a case, IelShapmg of the root locus is necessary in the broad
neighbnrhﬂﬂd of the jew-axis and the origin in order that the dominant closed-
Joop poles be at desired locations in the complex plane. This problem may be

solved by inserting an appropriate lead compensator

The root-

1
5 ¥
(0<a<l)

G.(s) = K.

s+ —
al

ith the feedforward transfer function. The pole-zero configuration of

the lead compensator is shown in Figure 4-32.
The procedures for designing a lead compensator for the
Figure 4-33 by the root-locus method may be stated as follows:

1. From the performance specifications, determine the desired locations of

the dominant closed-loop poles.
2. By drawing the root-locus plot of the uncompensat

system), ascertain whether the gain adjustment alon
closed-loop poles. If not, calculate the angle deficiency ¢. This angle must

be contributed by the lead compensator if the new root locus is to pass
through the desired locations of the dominant closed-loop poles.

in cascade W
system shown in

ed system (the original

3. Assume that the lead compensator G(s) i given by
F
Gc(s)'_'Kca;';_E_ll_:Kf 1;, (0{{1‘{1}
s+ -EI—I:
Jor &

g~
=

Figure 4-32
Pole-zero configuration
of lead network.

Section4-7 / Root-Locus Approach to Control Systems Compensation 187
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EXAMPLE 4-12

£ G(s) === G(s) ——,—-o.

where a and T are determined from the angle deficiency, x
mined from the requirement of the (l:pen-IOOp gﬂlin. |

4. If no static error constants are specified, determine the locatigp Of the
pole and zero of the lead compensator so that the !ead Compensatqy .
contribute the necessary angle ¢. If no other requnements' are i"‘lpnsed
on the system, try to make the value of « as large as p?SSlbI!E. A large,
value of a generally results in a larger value of K, which is desirable, It
particular static error constant is specified, it is generally simpley o uge
the frequency-response approach.)

3. Determine the open-loop gain of the compensated system from the mag.
nitude condition.

Figure 4-33
Control system.

c is deter‘

Once a compensator has been designed, check to see whether aj| perfor.
mance specifications have been met. If the compensated system does not meet
the performance specifications, then repeat the design procedure by adjusting the
compensator pole and zero until all such specifications are met. If a large static
€ITor constant is required, cascade a lag network or change the lead compensator
to a lag-lead compensator.

Note that if the selected dominant closed-loop poles are not really dominant,
it will be necessary to modify the locations of the pairs of such selected dominant
closed-loop poles. (Closed-loop poles other than the dominant ones modify the
response obtained from the dominant closed-loop poles alone. The amount of
modification depends on the locations of these remaining closed-loop poles)
Also, closed-loop zeros affect the response if they are located near the origin,

Consider the system shown in Figure 4-34(a). The feedforward transfer function is
4
G =
(5) s(s + 2)

The root-locus plot for this s stem is sh, 2 -
function becomes ysiem is shown in Figure 4-34(b), The closed-loop

FlOY . 2
Ris) 2125424
= 4
P o W
(3+1+J'V§)(s+1—j\/§) _
Chapter4 / Root-Locys Analysis i
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Jow

Clﬁsed- rmp pUIES

s{s+2)

R(s) 4 C(s) — —jl
— #

(a) ()

Figure 4-34
(a) Control system; (b) root-locus plot.

The closed-loop poles are located at
s=-1+\3

The damping ratio of the closed-loop poles is 0.5. The undamped natural frequency of the
closed-loop poles is 2 rad/sec. The static velocity error constant X, is 2 sec™.

It is desired to modify the closed-loop poles so that an undamped natural frequency
w, = 4 rad/sec is obtained, without changing the value of the damping ratio, Z = 0.5.

The damping ratio of 0.5 requires that the complex-conjugate poles lie on the lines
drawn through the origin making angles of £60° with the negative real axis.

Since the damping ratio determines the angular location of the complex-conjugate
closed-loop poles, while the distance of the pole from the origin is determined by the un-
damped natural frequency w,, the desired locations of the closed-loop poles of this sample

problem are
s=-2+2V3

In some cases, after the root loci of the original system have been obtained, the dominant

closed-loop poles may be moved to the desired location by simple gain adjustment. This is,

however, not the case for the present system. Therefore, we shall insert a lead compensator

in the feedforward path.

A general procedure for determining the lead compensator is as follows: First, find the
sum of the angles at the desired location of one of the dominant closed-loop poles with the
open-loop poles and zeros of the original system, and determine the necessary angle ¢ to
be added so that the total sum of the angles is equal to £180°(2k + 1). The lead compen-
Sator must contribute this angle ¢. (If the angle ¢ is quite large, then two or more lead net-

Works may be needed rather than a single one.) )
If the original system has the open-loop transfer function G(s), then the compensated

System will have the open-loop transfer function

1
s+ =

G(s)

G,:(S]G{I) =| K,
s+ E

Section 47 / Root-Locus Approach to Control Systems Compensation 189
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where G,(s) is a lead compensator with the following form:
1
5+ 'IT
s . < gl ]
Gz.‘(s} = Kfara}"‘s + 1 A _l. ( )
5+
aTl

Notice that there are many possible valuef for T and « that will yield the neceg
ibuti desired closed-loop poles.
mnt{;;u’l];;l;asglﬁs to determine the Iocatiun?. of the zero antfl pole of the leag Compey,
sator. There are many possibilities for the choice of s.uch locations. (See the Commepys o
the end of this problem.) In what follows, we shall 1ntroducf: a procedure tg obtaip the
largest possible value for a. (Note that a larger value of a will produce a larger valye
K. In most cases, the larger K, is, the better is the system performance.) Firs:., draw a g,
izontal line passing through point P, the desired location for one qf the dunuqant closeq.
loop poles. This is shown as line PA in Figure f1—35- Also, draw a line connecting pojy; p
and the origin. Bisect the angle between the lines PA and PO, as shown in Figure 4-35
Draw two lines PC and PD that make angles £¢/2 with the bisector PB.The inte.rsecﬁoﬂs'
of PC and PD with the negative real axis give the necessary locations of the pole ang 210
of the lead network. The compensator thus designed will make point P a point on the Toot
locus of the compensated system. The open-loop gain is determined from the magnitude
condition.
In the present system, the angle of G(s) at the desired closed-loop pole is

4
s(s + 2)

Thus, if we need to force the root locus to go through the desired closed-loop pole, the lead
compensator must contribute ¢ = 30° at this point. By following the foregoing design pro-
cedure, we determine the zero and pole of the lead compensator, as shown in Figure 4-35,
to be

ary ang),

= —210°
s==2+ ;'2\/6

Zeroats = —29, Poleats = —54

or
1 1
55 345.  ar 54 0.185
jo |
: r
¢
2 ¢
ok o
Ty oF =
Figure 4-35 7 / T & ;’
Determination of the % 2 =
pole and zero of a Jeag
network.
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Figure 4-36 |
Root-locus plot of the compensateq system. |

Thus,a = 0.537. The open-loop transfer function of the compensated system then becomes

G(s)G(s) = k120 4 Kl +29)
s+54s(s+2) ss+2)(s + 54) ?

where K = 4K . The root-locus plot of the compensated system is shown in Figure 4-36.
The gain K is evaluated from the magnitude condition as

K(s +29) o3 l“
s(s + 2)(5 * 54) |sm200v3 l
or
K =187
It follows that
18.7(s + 2.9) |

G(s)G(5) = 573 2)(s + 54)

The constant K, of the lead compensator is

Kﬁ:-l—s—'?‘:'d'.ﬁg

the transfer function |
Hence, K ,a = 2.51. The lead compensator, therefore, has the .

I 0.3455 + 1 — 463
Ge(s) = 25137855 + 1

s+ 29
s+ 54

191
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D

The static velocity error constant K, is obtained from the expression
K, = sﬁ_rgg'sﬁ.g(s)G{S)
_ s18.7(s + 2.9)
= lim 5+ 2)(s + 54)
= 5.02 sec”!

Note that the third closed-loop pole of the designed system is found by dgjy; din.
characteristic equation by the known factors as follows: 2 the

S(s +2)(s +54) +187(s +29) = (s + 2+ 2V3)(s + 2 - 2V3)(s 4 2

The foregoing compensation method enables us to place the dominant closeq.
poles at the desired points in the complex plane. The third pole, ats = —3.4, is cloge ¢, i
added zero at s = —2.9. Therefore, the effect of this pole on the transient responge ot ]
e no restriction has been imposed on the nondominant pole and pg, S;?e::

tively small. Sinc : !
e of the static velocity error coefficiens
Y WE

ification has been given concerning the valu
conclude that the present design is satisfactory.

Comments. We may place the zero of the compensator at § = —2 and the pole at
s = —4d, so that the angle contribution of the lead compensator is 30° (In this case, the
zero of the lead compensator will cancel a pole of the plant, resulting in a second-order
system, rather than the third-order system we designed.) It can be seen that K, in this cage
is 4 sec” !, Other combinations can be selected that will yield a 30° phase lead. (For differ.
ent combinations of a zero and pole of the compensator that contribute 30°, the value of o
will be different and the value of K, will also be different.) Although a certain change in
the value of K, can be made by altering the pole-zero location of the lead compensator, if
a large increase in the value of K, is desired, then we must alter the lead compensator to

a lag-lead compensator.
Comparison of step responses of the compensated and uncompensated systems. In what
follows, we shall examine the unit-step responses of the compensated and uncompensated

systems with MATLAB.
The closed-loop transfer function of the compensated system is

C(s) 18.7(s + 2.9)
R(s) (s + 2)(s + 54) + 187(s + 2.9)
18.7s + 54.23

= P+ 745° + 29.55 + 5423

Hence,
numc=[0 0 18.7 54.23]

denc=[1 7.4 29.5 54.23]
For the uncompensated system, the closed-loop transfer function is

C(s) 4
R(s) s +25+4

Thus,
num=[0 0 4]
den=[1 2 4]

Chapter 4 / Root-Locus Analysis
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MATLAB Program 4-18 produces the unit-step response curves for the two systems, The
resulting plot is shown in Figure 4-37. Notice that the compensated system exhibits slightly
arger maximum overshoot. The settling time of the compensated system is one-half that of

the original system, as expected.

TN
MATLAB Program 4-18

[
>> % —— Unit-step response ——

>>

> % ***** Unit-step responses of compensated and uncompensated

>> % systems *****

>

>> numc = [18.7 54.23];

>>denc=[1 7.4 29.5 54.23];

>> num = [4];

s>den=[1 2 4];

s>t = 0:0.05:5;

>> [c1,x1,1] = step(numc,denc,t);

s> [c2,x2,t] = step(num,den,t);

>> plot[t,cl,!,cl,'o',t,cz,t,cz,'x')

>> grid

>> title('Unit-Step Responses of Compensated and Uncompensated Systems')

>> xlabel('t Sec')

>> ylabel('Outputs c_1 and c_2")

>> text(0.6, 1.32, 'Compensated system')

>> text(1.3,0.68,'Uncompensated system')

S i e

Unit-Step Responses

of Compensated and Uncompensated Systems

1.4 T T ! T
: Compensated system

T T

D M

- ——

T

- ————

1 = E .;.. .--.".-_:__“:____-_"-'-: -. TTTEE _. ....._'.;:_.l.'.‘z_:r;;ii...
§ A
2 E B8 o 4 &
g : Uncompensated system
0.4 STty R ......... ..........
Figure 4-37
Unitstep responses ' I Sl A S S e S
of compensated and 0 05 1 15 2 25 -31.33 4 45 5
\mompensated systems. t Sec
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Lag compensation techniques. Consider the problem of finding , i
able compensation network for the case wl?ere the system exhibits satisfacy, i
transient-response characteristics but unsatllsfacto'ry steafiy-state characteﬁsﬁ
Compensation in this case essentially cpnsmts of increasing th? ?Pen-logp :
without appreciably changing the transient-response characteristics, Thjg Mean
that the root locus in the neighborhood of the don:unant closed.-loop poles sh oulg
not be changed appreciably, but the open-loop gain should l?e mqeased as mygy
as is needed. This can be accomplished if a lag compensator is put in cascade with
the given feedforward transfer function. : _

To avoid an appreciable change in the root loci, the angle co:utnbution of the
lag network should be limited to a small amount, say, betwee{I 0° and -5° T, as-
sure this, we place the pole and zero of the lag network relatively close together
and near the origin of the s plane. Then the clos§d-lo?1:3 poles of Fhe Compensateg
system will be shifted only slightly from their ungma!l locations. Hence, tp,
transient-response characteristics will be changed only slightly.

Consider a lag compensator G,(s), where

1
5+ =
A~ Ts+1 - T
. = >1
Ge(s) = K, BTs + 1 K. 4 (B>1) (4-12)
5 _ﬁT

The pole—zero configuration of the lag network is shown in Figure 4-38,
If we place the zero and pole of the lag compensator very close to each other,
then,at s = sy, where s, is one of the dominant closed-loop poles, the magnitudes

s; + (1/T) and 5; + [1/(BT)] are almost equal, or

s+ !
L=
- T e
|Gc(51)| = |K, 1 = K,
§i v
1 ,BT
Jo i
PR o Sm— =
1 ) 0 o
Figure 4-38 o
Pole-zero configuration
of lag network.
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To make the angle contribution of the lag compensator small, we require that

This implies that if the gain K of the lag compensator is set equal to unity, then
the transient-response characteristics will not be altered. (This means thz;t the
overall gain of the open-loop transfer function can be increased by a factor
> 1.) If the pole and zero are placed very close to the origin, then the value of
can be made large. (A large value of B may be used, provided that the lag
compensator can be physically realized.) Note that the value of T must be large,
but its exact value is not critical. However, it should not be too large, in
order to avoid difficulties in realizing the phase lag compensator by physical
components.
An increase in the gain means an increase in the static error constants. If the
open-loop transfer function of the uncompensated system is G(s), then the static
velocity error constant K, of the uncompensated system is

K, = limsG(s)
=0

If the compensator is chosen as given by Equation (4-12),then, for the compensated
system with the open-loop transfer function G.(s)G(s), the static velocity error

constant K, becomes

K, = Iif%ch{s)G(s)
5—*
= lim G.(s5)K,
s—0

& l%rﬁKv

Thus, if the compensator is given by Equation (4-12), then the static velocity error
constant is increased by the factor K B8, where K, is approximately unity.

The main negative effect of lag compensation is that the compensator Zero
that will be generated near the origin creates a closed-loop pole near the origin.
This closed-loop pole and the compensator zero will generate a long tail of small

amplitude in the step response, thus increasing the settling time.

Design procedures for lag compensation by the root-locus method.
The procedure using the root-locus method to design lag compensators for
the system shown in Figure 4-39 will be illustrated in Examples 4-13 and 4-14.
(We assume that the uncompensated system meets the transient-response

L Section 4-7 / Root-Locus Approach to Control Systems Compensation 195
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specifications by simple gain adjustment; if this is not the case, refer to lag"lead

compensation):

G.;-(S) i — G(S) —

Figure 4-39
Control system.

o ANPLE 413, Cuniider s sysieit tiown i Figure 4-40{s). The feedforward tfanster function &

1.06
Gl) =S5+ (s + 2)

The root-locus plot of the system is shown in Figure 4-40(b). The closed-loop transfe;

function becomes

C(s) _ 1.06
R(s) s(s+1)(s+2)+ 106

1.06
= (s + 03307 — j0.5864)(s + 0.3307 + j0.5864)(s + 2.3386)

Jjw
J2
Closed-loop poles
— 1
e i -
=3 -2 -1 \ 0 I o
1.06
s(s+ 1) (s + 2) BT
L —jl
L —)Q
(a) ' ,
Figure 4-40 b (b)

(a) Control system; (b) root-locus plot
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The dominant closed-loop poles are

5= 03307 + jo 56
The damping ratio of the dominant
closed-1gq :
frequency of the dominant closed-Io P polesis { = 0.491, The ung
i D 6 gpot Op poles is 0.673 rad/sec, The static velo?:ﬁifrgif:gsl

To meet this specification, let us
i i i : 1Sert a lag compensator as gi :
in cascadet wlt!; the given feedforward transfer function Toai‘: E‘rVen b}"thllat.lon {4—{2}
elhm;; ;0;5 n::;;n Sya ta facior of about 10, let us choose B=10 and pl:jes‘:h:a :e:::ancdvck;c‘ty

e orats = —0.05and s = - : and pole of
the lag compensator becomes 005, respectively. The transfer function of

G.As =f{ 5+ 0.05
{s) “s + 0.005

The angle (fontnbution D.f thifs Ia.g network near a dominant closed-loop pole is about 4°.
Because this anglt? contribution is not very small, there is a small change in the new root
locus near the desired dominant closed-loop poles.

The open-loop transfer function of the compensated system then becomes

- 5+ 005 1.06
G.(s)G(s) =
e($)G(s) = Ko — s s(s + 1)(s + 2)

K(s + 0.05)
s(s + 0.005)(s + 1)(s + 2)

where

K = 1.06K,

m is shown in Figure 4-41. The root-locus

The block diagram of the compensated syste . _
dominant closed-loop poles is shown in

lot of the compensated system near the :
Eﬁgure 4-42(a), tl;gether with the original root-locus plot. Figure 4-42(b) shows the

root-locus plot of the compensated system near the origin. The MATLAB pﬁﬁg
generate the root-locus plots shown in Figures 4-42(a) and (b) is given in

Program 4-19.
A 5+0.05 106 e
Ke 0005 sis+1)(s+2)
R, =0.9656
Figure 4-41
Compensated system.
ms Cumpensatl'ﬂn ‘19?
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Root-Locus Plots of Compensated and Uncompensaeg Sysien,

@ 2 : = g ew closed.

g 1oop po1¢ * 1q0p pole
ost ongmal e

cgmpcnsaied system

w 0
5 d e S &
05 :. :

—l _”.____,i....--.,.;.....-....:.u.-....\'-------- ri:v

2555 2 15 -1 05 0 05 |
Real Axis
(a)
Root-Locus Plot of Compensated System near the Origin

0.5
0.4
0.3 ; ; :
1% O CETTITRNA, NCIURPIRIRE RSPOTY PPRMRS: SRR RO

0
-0.1 : ; i :

Figmed—:lz D3 L ............. .ﬁ-
(a) Root-locus plots of the L EE L GRS, B '
compensated system and 05
uncompensated system; : : i i
(b) root-locus plot of 06 -04 02 0 02 04 06
compensated system near Real Axis

the origin. ()

Imag Axis

If the damping ratio of the new dominant closed-loop poles is kept the same, then the
poles are obtained from the new root-locus plot as follows:

=031+ j055, s, =-031 - j0.55

The open-loop gain K is

s(s + 0.005)(s + 1)(s + 2)
s + 0.05

K =

s=—0.31+40.55
= 1.0235 '

198
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MATLAB ProgramN
>> numc = [1 D,M
>>num = [1.06]; den = [1 3 “2 3005 2015 000

] :

>> r1I =(r|ocus (numc,denc); 03; 0);
>>plot(rl); v = [- o

>> g"id e 2L axis (v); axis ('square'

>> hold e’)

Current plot held
>> 12 =rlocus (num,den);
>> plot (r2);
>> title('Root-Locus Plot of Co
m
>> xlabel('Real Axis'); ylabel {'lnﬁ:g;a;?gﬁl)
>> text(—2.8,0.2,'Compensated System')
>> text(—2.8,1.2, 'Uncompensated System’)
>> text(—2.8,0.58, 'Original closed-loop pole)
>> text(—0.1,0.85,'New closed-) pe
>> text(—0.1,0.62,'loop pole')
>> hold
Current plot released
>> % Plot 'root loci of the compensated system near the origin.
>> Pl?t(” hv=1[1-0.6 0.6 —0.6 0.6);axis(v); axis('square')
>> grid
>> title('Root-Locus Plot of the Compensated System near the Origin')
>> xlabel('Real Axis'); ylabel ('Imag Axis")
>>
>> % Manually enter 'o' and 'x' marks on open-loop zero and open-loop
>> % poles, respectively.

and Uncompensated Systems')

Then the lag compensator gain K. is determined as

A

K 1
_ K _1035 065
Ke=106~ 106

Thus, the transfer function of the lag compensator designed is

s+ 005 _ 20s + 1 (4-13)
G.(s) = [},96563 20005 9,&56—-—-—_2003 T 1

en-loop transfer function:

Then the compensated system has the following op

1.0235(s + 0.05)
Gy(s) = S(s + 0.005)(s + 1)(s + 2)
512(20s + 1)
= S0s + D + DS+ 1)
199
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The static velocity error constant K, 18
-1
K, = limsGi(s) = 5.12 sec
s—=0

error constant has increased to 5,17

In the compensated system, 5 : 12 sep
or: 5 12/!];3) = 9.66 ti{nes the original value. ‘("I'he steady St;trﬁ Eﬂ‘ﬁl‘ with Tamp iy !
has accreased to about 10% of that of the original S:YStem-). e have essentially a¢,, 1
plished the design objective of increasing the static velocity error constant tq aboyy

5sec”.
le and zero of the lag compensator are placed close togethe,

Note that, since the po ' e
and are located very near the origin, their effect on the shape of the .m.-]gmal root log i

all. Except for the presence of @ small closed root lmgus_ near the origin, the root |og; -
small. P systems are similar to each other. However the

d
the compensated and the uncompensate . !
value ofiihe static velocity error constant of the compensated system is 9.66 times greate;

than that of the uncompensated systen.
The two other closed-loop poles of t

the static velocity

he compensated system are as follows:

53 = —2.326, sq = —0.0549

r increases the order of the system from 3 to 4, addin
another closed-loop pole close to the zero of the lag compensator. (The_ac_lded closed-loop
pole at s = —0.0549 is close to the zeroat 5 = —0.05.) '5“'31‘ a pair consisting of a zero ang
a pole creates a long tail of small amplitude in the transient response, as we will see laterin
the unit-step response. Since the pole at s = —2.326 is very far from the jw-axis compared
with the dominant closed-loop poles, the effect of this pole on the transient response is
small. Therefore, we may consider the closed-loop poles at s = —0.31 £ j0.55 to be the
dominant closed-loop poles.

The undamped natural frequency of the dominant closed-loop poles of the compen-
sated system is 0.631 rad/sec, about 6% less than the original value, 0.673 rad/sec. This im-
plies that the transient response of the compensated system is slower than that of the
original system. The response will take a longer time to settle down. The maximum over-
shoot in the step response will increase in the compensated system. If such adverse effects
can be tolerated, the lag compensation as discussed here presents a satisfactory solution to
the given design problem.

Next, we shall compare the unit-ramp responses of the compensated system against
the uncompensated system and verify that the steady-state performance is much better in
the compensated system than the uncompensated system.

To obtain the unit-ramp response with MATLAB, we use the step command for the
system C(s)/[sR(s)]. Since, for the compensated system,

The addition of the lag compensato

C(s) _ 1.0235(s + 0.05)
SR(s)  s[s(s + 0.005)(s + 1)(s + 2) + 1.0235(s + 0.05)]

_ 1.0235s + 0.0512
s + 3.0055* + 2.0155° + 1.033552 + 0.0512s

we have
ncliJmc::[D 0 0 0 1.0235 0.0512]
enc=[1 3.005 2.015 1.0335 00512 O]
Chapter 4 '/ Root-Locus Analysis J
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Also, for the uncompensated system,

Cls) _ 1.06
SR(s)  s[s(s + 1)(s + 2) + 1.06]
1.06

“54+333+252+1.063

Hence,

num=[0 0 0 0 1.06]
den=[1 3 2 1.06 0]

MATLAB Program 4-20 produces the plot of the unit-ramp response curves. Figure 4-43
hows the result. Clearly, the compensated system shows much smaller steady-state error

s o 5
(une—tenth of the original steady-state error) in following the unit-ramp input.

MATLAB Program 4-20

5> % —— Unit-ramp response ——

>>
5> % ***** Unit-ramp response will be obtained as the unit-step

>> % response of C(s)/[sR(s)] *****

5> % ***+* Enter the numerators and denominators of C1(s)/[sR(s)]
> % and C2(s)/[sR(s)], where C1(s) and C2(s) are Laplace

> % transforms of the outputs of the compensated and un-

>> % compensated systems, respectively. *****

>>

s> numc = [1.0235 0.0512];
ssdenc=[1 3.005 2.015 1.0335 0.0512 O0];

>> num = [1.06];

ssden=[1 3 2 1.06 0]

>>

>> 9% ***** Specify the time range (such as t= 0:0.1:50) and enter
>> % step command and plot command. *****
>>

>>t=0:0.1:50;

>> [cl1,x1,t] = step(numc,denc,t};

>> [c2,x2,1] = step(num,den,t);

>> plot(t,c1,'-',t,c2,".' tt,'--)

>> grid

>> text(2.2,27,'Compensated system');

>> text(26,21.3,'Uncompensated system’); .
>> title{'Unit»R;mp RespI:)I'ISES of Compensated and Uncompensated Systems )

>> xlabel('t Sec');

>> ylabel('Outputs ¢_1 and c_2)

Section 4-7 / Root-Locus Approach to Control Systems Compensation 201
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Unit-Ramp Responscs of Compensated and Uncompensateg 5, 1

45 - llll
40 __ ; n Fresit,,, |
5r :
S Compensated system i 277 i
s P17 A7 Uncompensued sysem
ol e S R
S |
15 L. ,_.
Figure 4-43 1) R
Unit-ramp 1esponses 5
of compensated and § Forp : : . : . : _ : :
uncom ensated systems. : : ; i i i i i :
[The cé)mpensator is given 0g 5 100 15 20 tzssw 30 35 40 45 3
by Equation (4-13).]

MATLAB Program 4-21 gives the unit-step response Curves of the c,:ompensated and
uncompensated systems. These curves are shown in Figure 4-44. Notice that the lag.
compensated system exhibits a larger maximum overshoot and slower response than the

MATLAB Program 4-21

>> %
>>

Unit-step response ——

>> % compensated and uncompensated system
>>
>>numc = [1.0235 0.0512];

>>denc=[1 3.005 2.015
>> num = [1.06];

>>den=[1 3 2 1.06];
>>

>> % step command and plot command, *****
>>

>>t=0:0.1:40;

>> [c1,x1 4] = step(numc,denc,t);

>> [c2,x2 4] = step(num,den,t);

>> plot(t,c1,'-'t,c2,'.)

>> grid

>> text(12.8,1.12,'Compensated system')

>> tex1(13.6,0.88,' Uncompensated system’')

>> title('Unit-Step Responses of Com
>> xlabel('t Sec')

>> ylabel('Outputs ¢_1 and G2

>> 9 **=** Enter the numerators and denominators of the

1.0335 0.0512];

>> % ***** Specify the time range (such as t = 0:0.1:40) and enter

pensated and Uncompensated Systems)

5 * ok kkok
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Unit-Step Re
i Il=P: SPDD:*ES of C‘lumpensated and Uncompensated Systems
1'2 .--....r.-.i..... .----i.::----.ur.-.-_;....,,.._“,il“__lu * E 5:
: i EEL CLRL AL R o Lifie .
Compensated system
b i :
o : : : : :
S Uncompensated system ;
- S
2 : i |
o6l :
g ': e :
3 | | i
0.4 ;
02t ;
0 : : i 5

0 5 10 15 20 25 30 35 40
t Sec

Figure 4-44

Unit-step responses of compensated and uncompensated systems. [The compensator is
given by Equation (4-13).]

original uncompensated system. Notice also that a pair consisting of the pole at s = —0.0549
and the zero at s = —0.05 generates a long tail of small amplitude in the transient re-
sponse. If we do not desire a larger maximum overshoot and a slower response, we need to
use a lag-lead compensator.

Comments. Under certain circumstances, both a lead compensator and a
lag compensator may satisfy the given specifications (transient-response specifi-
cations and steady-state specifications). Then either type of compensation may
be used.

Lag-lead compensation techniques based on the root-locus approqqh.
Lead compensation basically speeds up the response and increases the stability
of the system. Lag compensation improves the steady-state accuracy of the sys-
tem, but reduces the speed of the response.

If improvements in both transient response and steady-state response are
desired, then both a lead compensator and a lag compe nsator may be used simulta-
neously. Rather than introducing a lead compensator and a lag compensator as
Separate elements, however, it is economical to use a single lag-lead compensator.

Lag-lead compensation combines the advantages of lag and lead compensa-
tions. Since the lag-lead compensator possesses two poles and two Zeros, :511611 a
compensation increases the order of the system by 2, unless cancellation of
pole(s) and zero(s) occurs in the compensated system.

Section 47 / Root-Locus Approach to Control Systems Compensation 203
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G(5) i G(s5)

4-45 1
Control system-

Consider the system shown in Figure 4-45. Assume that we g the |

By

wmpensatﬂr
= 1
s + e R
g (T + )T+ 1) _ K, 3 — 1
G(s) = Ke 7 T 1] &
4 (%,s' + I){,Bﬁs ¥4 T, o BT, )

where g > 1and y > 1. (Assume that K. belongs to the lead Portion ot

lag-lead cornpensator.) _
In designing lag-lead compensators, we consider two cases: y # Bandy < g
Casel:y # B. Inthis case, the design process is a combination of the .. |
of the lead compensator and that of the lag compensator. The design proced
for the lag-lead compensator is as follows:

1. From the given performance specifications, determine the desireg locz.
tions of the dominant closed-loop poles.

2. Using the uncompensated open-loop transfer function G(s), determi
the_angle deficiency ¢ if the dominant closed-loop poles are to be atth
desired locations. The phase-lead portion of the lag-lead compensato
must contribute this angle ¢,

3. Assuming that we later choose T, sufficiently large so that the magnitud

of the lag portion
.5'] + —1—-
2
51 + —
: 2
IS approximately yn; |
poles, ch y unity, where s = 51 is one of the dominant closed-

00se the
Values of T, and y from the requirement that

204
ChaPter 4
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g‘ The choice of Ty and vy .is not unique, ([nfinitel}r many sets of 7', and
5 possible.) Then determine the value of K. from the magnitudelcondij;i;?

1
5+ —

K. ,},1 G(s)| =1
S-_| 4+ —
T,

4, If the st?tic velocity error constant K., is specified, determine the value of
B to satisfy the requirement for K. The static velocity error constant K
]

is given by
K, = li_r_réch{s)G(s)
5+ ?1— s + —1_
= lim sK, . 13 G(s)
s—0 Y il
Ui e (206 D
T, BT,
= lim SKCE'G(S)
s—0 Y

where K, and y have been determined in step 3. Hence, given the value of
K, the value of B can be determined from this last equation. Then, using
the value of 8 thus determined, choose the value of T, such that

—5° <

- (The preceding design procedure is illustrated in Example 4-14.)

Case2.y = B. Ify = B is required in Equation (4-14), then the precef%diﬂg
design procedure for the lag-lead compensator may be modified as follows:

Py . 3 i oca-
L From the given performance specifications, determine the desired |

tions of the dominant closed-loop poles. - ified to
2. The lag-lead compensator given by Equation (4-14) is modifie

: )( " F}_)_
st \S 7T,
(Tys + 1)(Tps +1) ( T (4-15)
G = Ly C
e ¥ i .-—‘B 5 +—"'1 )
(“Bls + 1)(ﬁT2.S‘ = 1) s+ Ty BT

trol Systems Compensation
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2 transfer functiop
> 1. The open-loop ‘ of
;'lsfer; f: G.(5)G(s). If the static VEIOcity error conggyp, &,

- Ryig g g
determine the value of the constant K from the followlng ei';l:lsa?eciﬁ:
K, = ii_J_ré 5G.(5)G(s) On;

= li_% sK . G(s)

3. To have the dominant closed-loop poles at the desire
the angle contribution ¢ needed from the phase
lag-lead compensator.

4. For the lag-lead compensator, we later choose T, Suffici
that

d l{}cati 0
D,
th

ently lal'ge !

1
.5'1""_—'

BT,

is approximately unity, where s = s, is one of the dom:

: omj
poles. Determine the values of 7; and 8 from the ma nant clogeq
conditions: gnitude an gy,

€ valye of
lnﬂ't be to 25 2, the
ag-leaq e t

—lead compensalon sho
= Bis piyen . A example of the design ©
S Blven m Example E,__l 5.)
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-
e

14 CO]]Sldﬂr the con ¥s own in Flgure 4-46, Th f t
ard lal'leEI luncti .
on 18

Qg
W ) B O, S
s(s + 0.5)

This system has closed-loop poles at

s = —0.2500 + j1.9843

i tio is 0.125, the undamped
The damping ra RN ped natural f .
velocity error constant is 8 sec™. requency is 2 radisec, and the static
It is desired to make the damping ratio of the dominant
. closed-1

and to increase the- 11.111{:]&11.11:1.\::(1 natural frequency to 5 rad/sec and th‘:-‘rg :;?les f;.qu_al to 0.5
constant 1O 80 sec . Design an appropriate compensator to meet all thiv:e?fmty error

ormance

specifications.
Let us assume that we use a lag-lead compensator having the transfer function

s T, T
G.(s) = K. 12 (y>1,8>1)
T3 el 5+ —
Tl ﬁTz

where y # B- Then the compensated system will have the open-loop transfer function

1

5t 'T_ 5+ T_
G()G(s) = K| — 2 16(s)
st+— g\ 8+ o
Ty BT,

From the performance specifications, the dominant closed-loop poles must be at

s = —2.50 £ j433

.. .
s(s + 0.5)
r must contribute 55" s0

lag-lead compensato
d location of the dominant closed-100p poles.

Since

= —235°
§=—2.50+j4.33

that the root

the phase lead portion of the
locus passes through the desire

_____4-———" i
s(s +0.3) |
[
L 1
I
ﬁgure 4—46 1
Contro] system. g
’ 207 i
on ;
S stems Compens? E
k ection 4-7 / Root-Locus Approach to Control Sy i
B—
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—" £
- mpensator, we first dﬂemmle &

the €
din P ¢ lead port 05‘;"2 ontribution. There sirlf many pogg, e‘h; M’%
To desighn t1° * hat will g1V€ 2~ 5 50 that this zero will cance] the ok at%‘\

of the zero a0 the zero at s ole can be located such that the gpy 0 S
hoos© hosﬁﬂ*thep alysis, the \“5
e shalll _Once the 2670 ls? tjon or £r3 hical a‘; 3"; Sé Pole myg; - %
of the plan o By s,mple c l‘f'll”‘l rtion of the lag-lead c mPEIISatnrbem ﬁta
u{]n is the p ea
-~5.021. Thus,
. 1
s+ Tf; s+ 05
K— = Kes 502
st }-’1'
Thus,
5.021 _ 10.04

Ty=2 77705

from the magnitude condition:

Next, we determine the value of K¢

s+ 05 4 "

K.

<5+ 5.021 s(s + 0.5) |s=-2.5+433

Hence,
s+ 5.021)s
& Ly = 626

4 s=—2.5+j4.33

The phase lag portion of the compensator can be designed as follows: First the value of
is determined to satisfy the requirement on the static velocity error constant:

K, = lin}]sGC(s)G(s) = lim sKCEG(s)
= 5—0 Y

4
1[}04 s(s + 0.5)

= 11m 3(6 26) = 49888 = 80

Hence,

B = 16.04

Finally, we choose the value of T,

large enough so that

s+

Sy _
Kl 1 =1
Ll &

16
208 T |5 i

ChﬂPterq / |
* /" Root. 5, =
| L U Analysis . H
e S ie RRE e o e N R
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: = 5 (or any number greater than § :
gince T2 = ) satisfies these two requ:
choose equiirements, we may

T2=5

Now, the transfer function of the designed lag-lead Compensator is given by

s+ "2— 5§+ =
Gls) = (626) —=
+ — + 1
2 1604 X 5

s+ 05 s+ 02
= 6.26
(s + 5.02)(3 + 0.01247)
10(2s + 1)(55s + 1)
(0.1992s + 1)(80.19s + 1)

The compensated system will have the open-loop transfer function

25.04(s + 0.2)
s(s + 5.02)(s + 0.01247)

Ge(s)G(s) =

Because of the cancellation of the (s + 0.5) terms, the compensated system is a third-order
system. (Mathematically, this cancellation is exact, but practically, such cancellation will not
be exact because some approximations are usually involved in deriving the mathematical !
mode] of the system and, as a result, the time constants are not precise.) The root-locus plot
of the compensated system is shown in Figure 4-47(a). An enlarged view of the root-locus
Plot near the origin is shown in Figure 447(b). Because the angle contribution of the phase
lag.p““iﬂﬂ of the lag-lead compensator is quite small, there is only a small change in the lo-
cation of the dominant closed-loop poles from the desired location, s = —2.5 £ j4.33. In
fac:[' the new closed-loop poles are located at s = —2.4123 + j4.2756. (The new damping
fliois £ = 0.491.) Therefore, the compensated system meets all the required performance
*Pecifications. The third closed-loop pole of the compensated system is located at
: = =0.2078. Since this closed-loop pole is very close to the zero at s = —0:2, the effect of |

he pole on the response is small, (Note that, in general, if a pole and a zero lie close to each |
Other on the negative real axis near the origin, then such a pole-zero combination will yield

2long tail of smaly amplitude in the transient response.)

209
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Root-Locus plot of Compensated System
10— | : N

==

L= ]

Imag Axis

e
=
L

Real Axis
(a)

Root-Locus Plot of Compensated System near the Origin

T T

0.25 .l__ ...... ....................... A

ﬂ i H T
005 Fooeeie : S ............ ...........
T VU, AN O !

Imag Axis

0.5 04 03 02 -01 0 0.1
Real Axis

(b)
Figure 4-47
(a) Root-locus plot of the compensated system; (b) root-locus plot near the origin.

The unit-ste
; P response cury : d after
pensation are shown ip B es and unit-ramp response curves before an

210 Choptend ./ Root-Locyg Analysis
s

Scanned with CamScanner



Figure 4-48

Transient response curves for the compensated system and uncompensated system.

Outputs

1.6

b= sasssannnimiaglo o

;."---‘{,:Dompettf.satcd---

| Dnconmpensag ™

Unit-Step Response
b P! po .- s of Compensated and Uncompensated Systems

{ system :
0.2 A
.D ¥ L i i § H j
8
t Sec
(a)
iEnit—Ram]_:r Responses of Compensated and Uncompensated Systems
gl Steady-state error of compensated system = (0.0125
8 | Steady-state error of uncompensated
system = 0.125
TF pi
ﬁ L E
5 -
4t J
3| Compensated Uncompensated system 1
system .
2 L
] b
U e . N N L 1 1 i i
g t 2 3 4 5 & 9 & 9 40
t Sec
(b)

(a) Unit-step response curves; (b) unit-ramp response curves.

Section 4.7 / Root-Locus Approach to Control Systems Compensation
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EXAMPLE 4-15 Consider th

212

14. Suppose that we y E:
of Example 4- seay
B g0, s:1’5mlémﬂuat:in::an (4-15), o1 $leag T

Py,
)
(S+T1 TZ

Ll
G =K7—5\v 1) F>0
(s + _‘f‘;) s+ BT,

ecifications are the same as those given in Examp]e_ 4y
v

sator of the form given by

Assuming that the sp
compensator G(5). '
The desired locations

Csi
for the dominant closed-loop poles are at 8y
5= —250 + j433

The open-loop transfer function of the compensated system is

o) (o 2
s+ T s+ | .
B 1 S(.‘:‘+U§T
(S +§,—l)(.‘:‘ i ET:;)

Since the requirement on the static velocity error constant K., is 80 sec™, we haye

G(s)G(s) = Ke

: . 4
K, = P_T]ch(S}G(S] = E%Kc.{ﬁ = 8K, = 80
Thus,
K.=10

The time constant T, and the value of 8 are determined from

St s + 3
sl BB
s+ s=—2.5+74.33 gl _B_ 477
T,
= 55°
£==25+433

(The angle defic
£n o .
we can easily | Gﬁat;}' of 55° was obtained

& 1 % . :H'EL
POINIs A and B sych th n Example 4-14.) Referring to Figure

at

{APB = 55° ==
(Use a Eraphicg I | t1s
1 appro r : ch.) The r

x 40=23%, B0 -3
Basd. o
238 = 0420, B = 8.34T, = 3.503
= o ant-lpcus Anﬂ]'l.m:l- . ﬂ
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Ja

55° —J3

| I}‘l | T T T ' g T

eniile e B T G Tt N 1 2

r.:-_i'

pigure 449 | -3
Determination of the
desired pole-zero

Jocation.

The phase lead portion of the lag-lead network thus becomes
10 s+ 2.38
s + 834
For the phase lag portion, we may choose
T, =10

Then
1

BT, 3503 x 10

= 0.0285

Thus, the lag-lead compensator becomes

N s + 238 s+ 01
Gels) = (m)(s T 3.34)(s 3 0.0235)

The compensated system will have the open-loop transfer function

40(s + 2.38)(s + 0.1)
(s + 8.34)(s + 0.0285)s(s + 0.5)

G(5)G(s) =

No cancellation occurs in this case, and the compensated system is of fourth order.
Because.the angle contribution of the phase lag portion of the lag-lead network is small,
the t_fommant closed-loop poles are located very near the desired location. In fact, the
Iiﬂmmam closed-loop poles are located at s = —2.4539 + j4.3099. The other two closed-
0P poles are located at

s = —01003; 5= -3.8604

5:111% the closed-loop pole at s = —0.1003 is very close to a zero at s = —0.1, they almost
cel each other. Thus, the effect of this closed-loop pole is very small. The remaining

2952-100p pole (5 ~ —38604) does not quite cancel the zero at s = ~2.38. The effect of

28108 to cause a larger overshoot in the step response than is present a similar system

8
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rves of the com - %
ithout such a zero. The unit-step response cu ; Pensateq ang
wi

o -
systoms are shown in Figure 4-50(a)- The e both ty
. +od in Figure 4-50(b)- Yste
depﬁhmednfam overshoot in the step TESPGI:ISE: of the Compensateg — Mg g
tely 38%. (This is much larger tha:n the maximuin oversho?t of 219, h t;]m is -~
:;E in Example 4-14.) Itis pOSSIblE- to decrease the maximum € e PTOK;

: . X Ove = h

2{}% if Y= B ].,S 'I'E-qmrEd, as i thiS examrslilﬁnt b}r ﬂmﬂ

have an additional parameter to play wi“?' Note lhaTabi
ang th

g

amount from 38%, but not to
not requiring that v = B, we
reduce the maximum overshoot.

Unit-Step Responses of Compensated and
I.S T I ¥ T T Unmmpensated !f

system IR :

.......

(a)

Unit-
4m Ramp Responses of Compen

sated and Uncompensated Systems
38 Boermibissinasing I | 7
3L
25
= k
B 2 |
15 L.
Figure
(a) Unit-g &
tep re
Curves for th, L
Compensateg 08k,
ey, -
Nit-ramy { .
; 25 3 33

Scanned with CamScanner



inor loop, the design may seem to be mor, ; ;
m;ﬂsation case. It 1s, however, not compﬁcife{?:ln.liglﬁzt:;lwﬂ:ﬁ tt];the e o
equation to be of the same form as the characteristic equation fo f;hchargctenstic

ensated system. IIll what foﬂc:}vs, We present a simple design PrLblz series com-
parallel compensation. From Flgu_re 4-51(a), the closed-loop transfer ;nu Involving
the system with series compensation is nction for

C__ GG

R 1+GGH
The characteristic equation is

1+ G.GH =0

Given G and H, the design problem becomes that of determining the compen-
sator G, that satisfies the given specification.

The closed-loop transfer function for the system with parallel compensation
[Figure 4-51(b)] is
c GG,

R 1+ GG. +GGH

The characteristic equation is
1 + GleH + GZGC = ()

& B
Gc(s) rr— e G‘:S} -
His) |-
(a)
C
R Gy(s) Gals) &
Fi G(s) [—rt
Igure 4-51
(a) Series
“Ompensation, 1l
) parallel or feedback
Compensation. =
Section 4.7 / Root-Locus Approach to Control Systems Compensation 215
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. py the sum of the terms that qq )
teristic equation by B b
e o] ;
G.G2 -0
1’ . G WE obt e — GIGZH (‘Llﬁ}
: ’ o S
If we defin Bt G
| l i comes x
| then Equation (4-16) be g e :
. +he design of G, becomes the ¢
: r function, t ( - -
since Gy is 2 ﬂxeg; ;::tsif:n. Hence, the same design approach applies ¢, G p;‘
¢ of series com -
:ﬁil compensated systemm. | '
A velocity-feedback system (tagp,

stems.

Velucity-feedlfsﬂ‘;l:l e:gmplﬁ of parallel compensated systems. The ooy,

feedback syslemg lm such a system is a gain element. The gain of the feed
(or compensator loop must be determined properly 50 _that the entire

4 fications. The characteristic of such a vejog,

element in a miﬂﬂfd S s
o i esign
satisfies the given 5 ble parameter does not appear as a multiply;

em is that the varia _ } 4Pk
chdbaFkt?:tgpen-!OOP transfer function, so direct application of the root-joy
i by rewriting the characteristic equat,

. n technique is not possible. However, 1g th
sdtfs}llgltlhat theqvarjable parameter appears as a multiplying factor, the root-logy

approach to the design is possible. _ '
An example of control system design using a parallel compensation technig
is presented in Example 4-16.

EXAMPLE 4-16 Consider the system shown in Figure 4-52. Draw a root-locus diagram. Then determire
the value of k such that the damping ratio of the dominant closed-loop poles is 0.4.

Here, the system involves velocity feedback. The open-loop transfer function is

Open-loop transfer function = 20
s(s + 1)(s + 4) + 20ks

Notice th_at. the adiustab[e variable k does not appear as a multiplicative factor. T
characteristic equation for the system is

S+ 55 + 45 + 20ks + 20 = 0 (H)

We define
20k = K
R(s) 0w)

0‘ N 20 1

S Sag i e o I
Figure 4.5,
Contro] System, k|t

216 —
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yation (4-17) becomes

Then E4
$+ 55+ 45+ Ks +20=0 (4-18)
pividing poth sides of Equation (4-18) by the sum of the terms that do not contain K
t
we 8¢ 2 Ks
53+552+4$+20—0

or o Ks ;

. G+ -2Ns+5) (4-19)
Equation (4-19) is of the form of Equation (4-2).

Wwe shall now sketch the root loci of the system given by Equation (4-19). Notice that
the open-100P poles are located at s = j2,5 = — j2,and s = —5, and the open-loop zero is
Jocated at § = 0. The root locus exists on the real axis between 0 and —5. Since

lim 2 ~ lims
ML + 2)(s — j2)(s +3) s-200 5%
we have
+180°(2k + 1)
Angles of asymptote = = = +90°
The intersection of the asymptotes with the real axis can be found from
L K gt lim ———
s + 550+ 4s + 20 B A . 2.5)2
as
§.==—25
The angle of departure (angle #) from the pole at s = j2 is obtained as follows:
g = 180° — 90° — 21.8° + 90° = 158.2°
Thus, the angle of departure from the pole s = j2is 158.2°. Figure 4-53 shows a root-locus
hat two branches of the root locus originate from the poles at
anch originates from the

plot of the system. Notice t
The remaining br

s = +j2 and terminate on the zeros at infinity.

e

pole at s = —5 and terminates on the zero at s = 0.

Note that the closed-loop poles with & = 0.4 must lie on straight lines passing through
the origin and making the angles 166.42° with the negative real axis. In the present casc,
*hf-'r:a are two intersections of the root-locus branch in the upper-half s plane and the
zlu”fﬂght line of angle 66.42°. Thus, tWo values of K will give the damping ratio ¢ of the

osed-loop poles equal to 0.4. At point P, the value of K is
s+ 2)(s—2)(s+35
_ ¢ j2)(s — i2)( ) _ 89801
8 s=—1,0490+/2.4065
Hence, s
k=£=04490 at point P
3 g
Secti
on4-7 / Root-Locus Approach to Control Systems Compensation 217 :

Scanned with CamScanner



Jw

5 =-2.9021

SR

|
T T

Root-locus plot for the
system shown in
Figure 4-52.

At point O, the value of K is

(s + j2)(s — j2)(s + 5)
= b

= 28.260
s=—2.1589+ 49652

Consequently,

K
k=—= ; i
0 1.4130 at point Q

Thus, we have two solutions for this problem. For k = 0.4490, the three closed-loop PO¥*
are located at

$ = 10490 + 24065, 5 = —1.0490 — j2.4065, 5= ~290%!

For k = 1.4130, the three closed-loop poles are located at

e -_‘2’1589 + j496521 § = _'21589 = j4r9652!' 8= .-[}6823

218 Chapter 4° / Root.
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ant to point out that the zero at the origin is the open-loop zero, not the
This is evident because the original system shown in Figure 4-52 does

It is import

closed-100P Zero. .
not have a closed-loop zero, since

G0 _ 20
R(s) s(s +1)(s +4) +20(1 + ks)

— 0 was introduced in the process of modifying the characteristic

The DPQ]‘}-IOOP zeroat s ;
equation such that the adjustable variable K = 20k was to appear as a multiplicative

factor. ) _
btained two different value

We have ©
ratio of the dominant closed-loop poles be equal to

= 0.4490 is given by

s of k to satisfy the requirement that the
0.4. The closed-loop transfer

damping r2
function with &

C(s) _ 20
R(s) & +55°+1298s +20

20
= (s + 1.0490 + j24065)(s + 1.0490 — j2.4065)(s + 2.9021)

The closed-loop transfer function with k = 1.4130 is given by

C(s) _ 20
R(s) & + 55 + 32265 +20

20
= (s + 2.1589 + j4.9652)(s + 2.1589 — j4.9652)(s + 0.6823)

Notice that the system with k = 0.4490 has a pair of dominant complex-conjugate closed-
— 1.4130, the real closed-loop pole at 5 = -0.6823

loop poles, while in the system with k =
is dominant and the complex-conjugate closed-loop poles are not dominant. In this case,
the response characteristic is determined primarily by the real closed-loop pole.

Let us compare the unit-step responses of both systems. MATLAB Program 4-22

plots the unit-step response curves in one diagram. The resulting curves [¢;(f) for
k = 0.4490 and c,(t) for k = 1.4130] are shown in Figure 4-54.

From Figure 4-54, we notice that the response of the system with k = 0.4490 is oscil-
latory, (The effect of the closed-loop pole at s = —2.9021 on the unit-step response is
small.) For the system with k = 1.4130, the oscillations due to the closed-loop poles at
s = —2.1589 + j4.9652 damp out much faster than the purely exponential response due to
the closed-loop pole at s = —0.6823.
nversmhe system with k = 0.4490 (which exhibits a
(whi hﬂot}_hf‘s a much better response characteris
i exhibits a slow, overdamped response). Therefore,
or the current system,

faster response with relatively small
tic than the system with k = 1.4130
we should choose k = 0.4490

Se
Ction 47 / Root-Locus Approach to Control Systems Compensation
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MATLAB Program 4-22 ?
S5 Hg—" Unit-step responsé —

>>
s U FEEHH Enter nume

o 9% k = 0.4490 and k

-ators and denominators of system

_ 1.4130, respectively, ***x With

=

> num1 = [20];
>> dent =1 0]5

m2 = [20;

: ?12112 =[1 5 32.26 20];
s> t=0:0.1:10;
>> [c1,x1,t] = step
s> [c2,x2,t] = step(

L plot{t,d,t,-:EJ

S>> text(2.5,1.12,'k = 0.4490')
> text(3.7,0.85, 'k = 1.41 30"
>> grid
5> title('Unit-step Responses of Two Systems')

>> xlabel('t Sec')
>> ylabel(*Outputs ¢_1 and c_2')

12.98 20];

(numT ,denT,t);
num2,den2,t);

Unit-Step Responses of Two Systems

12 —1—— ; e
k=04490
ik : P
k= 14130
£ : N
Fig!n'e 4-54 & 06 k-
Unit-step response g
curves for the system & S
shown in Figure 4-52 © 04} <
when the damping ratio ¢
of the dominant closed-
loop poles is set equal to . :
ﬂ;"‘;{ﬁ_‘”ﬂ possible values
o . give the damping 0 i : ] : : :
ratio { = 04,) R S I I ?_TTH]”
t Sec
b e e
220
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Frequency-Response
Analysis

5-1 PLOTTING BODE DIAGRAMS WITH MATLAB

The command bode computes magnitudes and phase angles of the frequency
response of continuous-time, linear, time-invariant systems.

When the command bode (without left-hand arguments) is entered into the
computer, MATLAB produces a Bode plot on the screen, where the magnitude
is given in decibels. The most commonly used bode commands are

bode(num,den)

bode(num,den,w)

bode(A,B,C,D)

bode{A,B,C,D,w)

bode(A,B,C,D,iu,w)

bode(sys)

When invoked with left-hand arguments, such as
[mag,phase,w] = bode(num,den,w)

bode returns the frequency response of the system in matrices mag, phase, an:nd w.
No plot is drawn on the screen. The matrices mag and phase contain, respectively,
magnitudes and phase angles of the frequency response of the system, evaluated

at user-specified frequency points. The phase angle is returned in degrees. The
magnitude can be converted to decibels with the statement -

magdB = 20*log10(mag)
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with Jeft-hand arguments are }

e commands

Commonly used bod - phESEFWI _ pode(num,den)
[ 3§:phaserwl _ bode(num,den,w)
[m ﬂgrph ase,W] = bOdE{::, g:gf g}
g e w] = bodsABC D
[mag,PhaSefW] — bode(A,B,C,D,1u,w)
( mag,phESErW] = bode(sys)

. nge, usé the command |Og5pace{d1 s
To specify the f{jﬂ‘éﬁ;};ﬁrgtes 2 vector of 50 points equally S(Eiéz::; ]lugspatﬁ

(d1,d2,n).logspace 10°! and 1092 (The 50 points include both Ofaiy,

e€nd

ically between decades _ .
El:re 3:11'6 48 points between the fmu:lpmntfl.{):l To generate 50 pojpg bepfm'*‘i
0.1 rad/sec and 100 rad/sec, enter the comma "y

w = logspace(=1,2)

ates n points equally spaced logarithmical]
Iogspace[dI,dZ,n} gener e g ei bem%

2 oints incl
decades 10°1 and 10%. (The 71 P ample
generate 100 points between 1 rad/sec and 1000 rad/sec, enter the commgpg o

w = logspace(0,3,1 00)

er-specified frequency points when plotting Boge g,
d must include the frequency vector w as in the gy
d [mag,phase,w] = bode(A,B,C,D,w).

To incorporate the us
grams, the bode comman
mands bode(num,den,w) an

EXAMPLE 5-1 Consider the following transfer function:
25

G(s) = 71 a5 + 25

Plot a Bode diagram of this transfer function.
When the system is defined in the form

B num(s)
~ den(s)

G(s)

use the command bode(num,den) to draw the Bode diagram. [When the numerd!
and denominator contain the polynomial coefficients in descending POWeT
bode(num,den) draws the Bode diagram.] MATLAB Program 5-1 shows progre™
plot the Bode diagram for this system. The resulting diagram is shown in Figure X

———1

MATLAB Program 5-1

>>num = [25];

>>den=[1 4 25];

>> bode(num,den)

>> grid

>> title('Bode Diagram of G(s) = 25/(s"2 + 45 + 25))
__'___._——F"

e

222 Cha
pter5 / Frequency-ﬂesponse Analysis
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b vt gt E- -

Magnitude (dB)

i [ e o o e

i
1
1

Phase (deg)
1
3

-135 i

g T B

=180

107!

Figure 5-1

Bode diagram of G(s) = )

10°

10!
102
Frequency (rad/sec)

5*+ 4s + 25

EXAMPLE 5-2 Consider the system shown in Figure 5-2. The open-loop transfer function is

G(s)

Plot a bode diagram.

Figure 5-2
Control system.

9(s? + 025 + 1)
5(s? + 125 + 9)

9(s2+ 0.25 + 1)
s(2+125+9) -

MATLAB Program 5-2 plots a Bode diagram of this system. The resulting plot is
shown in Figure 5-3. The frequency range in this case is automatically determined to be

from 0.1 to 100 rad/sec.

MATLAB Program 5-2

>num=[9 1.8 9];
>>den=[1 1.2 9 0],
>> bode{num,den)

>> grid

>> title('Bode Diagram of G(s) =

9(s"2 + 0.2s + 1)/[s(s"2 + 1.25 + 9)1")

Section 5-1 / Plotting Bode Diagrams with MATLAB
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Bode Diagram of G(s) = 9(s* + 0.25 + 1)/[s(s* + 1.2s +9)]

P 8 ]
/N
5 > M ‘/ >

Magnitude (dB)
I
=
7
P
/!
]

Phase (deg)
=
/
I
7
1
1

-45 / 1‘\

/ N

10! 100 10! 10?
Frequency (rad/sec)

Figure 5-3

9(s> + 025 + 1)
Bode diagram of G(s) =

s(s* + 125 + 9)°

If it is desired to plot the

Bode diagram from 0.01 to 1000 rad/sec, enter the following
command:

w = logspace(-2,3,100)

This command generates 100 points equally spaced logarithmically between 0.01 and

100 rad/sec. (Note that such a vector w specifies the frequencies in radians per second at
which the frequency response will be calculated.)
If we use the command

bode{num,den,w}
then the frequency range is as the user specified, but the magnitude range and phase-angle
range will be automatically determined. (See MATLAB Program 5-3 and the resulting
plot in Figure 5-4.)

MATLAB Program 5-3

>>num=[9 18 g

>>den=[1 12 9 g
2> W = logspace(-2,3,100);
>> bude[num,den,wp

>> grid

>> title('Bode Diagram of G(s) =

952 +0.25 + 1)/[s(s72 + 1.25 + )

i

Chapter 5 / Fl‘l:qll'!n!:y-Rgsponaa Analvet..

5 R |
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Figore - f
Bode diagram O

40 Bode D"‘El'ﬂm of G{s} =
30 L 1T

2
9s* +0.25 + 1)/[5(s2 4 125 +.9))
20 . -.-....‘ B e v ot 11 2 e s W R ; __'"'|-|-|-|...I.I.,

10 """I-w; I 413 s

=20 T L B i
-30 e 1 IT S0 o e T v oot Ty Sy (LLTERS |
T LHISE T

TF
.
-

Magnitude (dB)
i
o0

I
i
f
i
P
_‘U
e
—
1
; |
rl
7:’
/
!
14
i
f
i 4
]
' |
T
+.
T H

% [ SRS e I Ny 3

90

45 LG

oy S

Phase (deg)
=
=T
i
i
I
I
e e

re 54

—45 I \
\

-1"} \‘1 |
24025 + 1 L —————=C0 1 ] in Ll =H=L
9(5 ] 10—2 10—-] ]n{} lﬁl 1{}2 103

= —-—'_'_____'F
G(s) s(s* + 125 + 9) Frequency (rad/sec)

To specify the magnitude range and phase-angle range, use the following command:
[mag,phase,w] = bode(num,den,w)

The matrices mag and phase contain the magnitudes and phase angles, respectively, of the
t‘requenc;_r response, evaluated at the user-specified frequency points. The phase angle is
returned in degrees. The magnitude can be converted to decibels with the statement

magdb = 20*log10(mag)

If we wish to specify the magnitude range to be, for example, between —5ﬁ dB and
+50 dB, then we enter lines at —50dB and +50dB in the plot by specifying dBmax
(maximum magnitude) and dBmin (minimum magnitude) as follows:

dBmax = 50*ones(1,100);
dBmin = —50*ones(1,100);

Then we enter the following semilog plot command:
semilogx(w,magdB,'o',w,magdB,'-',w,dBmax,'--',w,dBmin,":)

(Note that the number of dBmax points and the number of dBmin points must be equal
to the number of frequency points in w. In this example, all numbers are 100.) Then the
screen will show the magnitude curve magdB with ‘o’ marks.

The range for the magnitude is normally a multiple of 5, 10, 20, or 50 dB. (There are
exceptions.) For the present case, the range for the magnitude will be from —50 dB to +50 dB.

For the phase angle, if we wish to specify the range to be, for example, between —-150°
and +150°, we enter lines at —150° and +150° in the program with the commands pmax
(maximum phase angle) and pmin (minimum phase angle) as follows:

pmax = 150*ones(1,100);
pmin = —150%ones(1,100);

Section 5-1 / Plotting Bode Diagrams with MATLAB
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Then we enter the semilog plot command:
. ] ] "
semilogx(w,phase,'o',w,phase,'-',W,PmaX, -, w,pmin,':")

(The number of pmax points and the number of pmin points must be equal to the Mlitnbe;
of frequency points in w.) The screen will show the phE}sT curvse; -

The range for the phase angle is normally a multiple of 5% 10°, 50' , or 1002, (There
are exceptions.) For the present case, the range for the phase angle will be from ope;
to +150°. .

MATLAB Program 5-4 produces the Bode diagram for the. system such thg; the
frequency range is from 0.01 to 1000 rad/sec, the magnitude range is tmn} =50 to +5p 2
(the magnitude range is a multiple of 50 dB), and the Phase-angle range is from —15¢0 o
+150° (the phase-angle range is a multiple of 50°). Figure 5-5 shows the Bode diagran
obtained with MATLAB Program 5-4.

Bode Diagram of G(s) = 9(s% + 0.25 +1)/[s(s2+ 1.25 +9)]

———

Gain dB

10"2 107! 100 lﬂl 102 10!
Frequency (rad/sec)
150
100

Figure 5-5
Bode diagram of

9s*+0 |
Sy (sz ks 102 107! 0 2 10’

S(s° + 125 + ) ing 10! 10

uency (rad/sec)
Chapter 5 ! Fl'e I“:
quency-Re =
C¥-Response Analysis 2
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MATLAB Program 5-4
Bode diagram ——

>> %
>>
>> % ***** Enter the numerator and den
>> % function *****

>>

S>> num = [9 1.8 9];

s>den=[1 1.2 9 0}

>>

>> % ***** Specify the frequency range and enter the command
>> % [mag,phase,w] = bode(num,den,w) ****x

>> |

>> w = logspace(—2,3,100);

>> [mag,phase,w] = bode(num,den,w);

ominator of the transfer

>>

>> % Convert mag to decibels *****
>>

>> magdB = 20*log10(mag);

>>

>> % ***** Specify the range for the magnitude. For the system
>> % considered, the magnitude range should include —50 dB
>> % and +50 dB. Enter dBmax and dBmin into the program and
>> % draw dBmax line and dBmin line. To plot the magdB curve
>> % enter the following dBmax, dBmin, and semilogx commands: *****
>>
>> dBmax = 50*ones(1,100);
>> dBmin = —50*%ones(1,100);
>> semilogx(w,magdB,'o',w,magdB,'-',w,dBmax,'-',w,dBmin,'-')
>>
>> % ***** Enter grid, title, xlabel, and ylabel *****
>>
>> grid
>> title('Bode Diagram of G(s) = 9(sA2+0.25+1)/[s(sA2+1.25+9)]")
>> xlabel('Frequency (rad/sec)")
>> ylabel('Gain dB')
>>
>> % ***** Next, we shall plot the phase-angle curve *****
>> % ***=* Specify the range for the phase angle. For the system
>> % considered, the phase-angle range should include —150 degrees
>> % and +150 degrees. Enter pmax and pmin into the program and
>> % draw pmax line and pmin line. To plot the phase curve, enter
>> % the following pmax, pmin, and semilog commands: *****
>>
=> pmax = 150*ones(1,100);
>> pmin = =150*%ones(1,100);
>> semilogx(w,phase,'o',w,phase, -, w,pmax,'-',w,pmin,'-')
-
:ﬁ' %o ***** Enter grid, xlabel, and ylabel *****
>
>> grid |
>> xlabel('Frequency (rad/sec)")

\ >> ylabel('Phase deg")
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systems defined in state Space ‘

%

Obtaining Bode diagrams of

the system defined DY % = Ax + Bu
Jr = CX + Du

where x = state vector (n-vector)
y = output vector (m-vector)
u = control vector (r—vector} |
A = state matrix (1 X 7 matrlx?
B = control matrix (7 X 7 matrix)

C = output matrix (m X 1 matrix) |
D = direct transmission matrix (m X r matrix)

A Bode diagram for this system may be obtained by entering the Commapg
bode(A,B,C,D)

or others listed at the beginning of this section. '
The command bode(A,B,C,D) produces a series of Bode plots, one for ¢,

input of the system, with the frequency range automatically determineg (M
points are used when the response is changing rapidly.) Tl
The command bode(A,B,C,D,iu), where iu is the ith input of the system
duces the Bode diagrams from the input iu to all the outputs (¥1, ¥, ,];m-
Phe systtem, with a frequency range automatically determined. (The scalar’iin': 4
mde:_: into the inputs of the system and specifies which input is to be useés fan
plotting Bode diagrams). If the control vector u has three inputs such that g

i
n= U5
Uz
therllfl uhmust be set to either 1,2, or 3
the system has on] " ) ; l
may be used: Y one input u, then either of the following commands

bode(A,B,C,D)

or

bOdE‘fA, B ,CrD! 1)

EXAMPLE 5-3 (e |
LE5-3 Consider the following System:

- iy bode(,8,¢

n
z
2
w
S
7
s
=
<
=
]
&
=]
=
&
>
=
|
=
-2
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gnd GRS
chown in Figure 5-6.

tering MATLAB Program 5-5 into the computer, we obtain the Bode diagram m
J

MATLAB Program 5-5 E-if
>>A=[0 1,-25 —4]; i
>> B = [0;25]; ;
>>C=[1 0]; i
>> D = [0]; t!
=> bode(A,B,C,D) :
>> grid .
>> title('Bode Diagram') |
If we replace the command bode(A, B,C,D) in MATLAB Program 5-5 with ‘
bode(A,B,C,D,1) ?
then MATLAB will produce the Bode diagram identical to that shown in Figure 5-6.
Bode Diagram
20 |
10 =0 |
0 L
;% -10 \
8 20 b
: iy
g -30 N |
ﬁ —40 “"-\_\‘
0 — ' .
-—-\\ : |
45 [ ] h¢
T
ﬁ _m ey
§ \\ -
f -135 ‘L""h.
i i bl
180 10° 10! 102
Frequency (rad/sec)
Figure 5-6 _
Bode diagram of the system considered in Example 5-3.
WPLES-4 Consider the system defined by
(s _[ o 1=, |1 1]|:u1:|
X _—25 -4 | X2 0 1]||uw
[ 31 _ 1 0= ]
_y;_ _ﬂ 1 Ig_
Section 5-1 / Plotting Bode Diagrams with MATLAB - 229
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. sfer functions Y1(j@)/U1Uj@) Yao(j@)/Uy(jy) y,
O driving Y(jo)/Us ) and Y20 Us o), s i) i
(jw) and Y,(jo)/ U:'_(JNL assume that Uy 0
for the system defined by

Obtain the sinus ns
and Yy(jo)/Us(jo). Tn derving Y,
Similarly, in obtaining Y (jw)/Uz

i jo) &
The transfer matrix expression

y=0Cx+ Du
is given by
Y(s) = G(s)U(s)
where

G(s) = C(s1 ~ A)"B + D

is the transfer matrix, For the system considered here, the transfer matrix become,

L 1 0ff s 1M1 1
CI-AyB+D=|, 11l25 s5+4| |0 1
. 1 s+4 1141 1

P 4+4s+25 25 s|lo 1

s+ 4 s+ 5
445+ 25 §*+ 45 + 25
=25 8—=28
S +45+25 445 + 25

Hence,
s+ 4 s+ 5

‘:Yl(.f)] | Pras+25 2445+ 25 [Ul(s)]

Yy(s) -25 §=25 Us(s)
S +454+25 2+ 45 + 25

Assuming that Us(jw) = 0, we find Yi(jo)/U,(jw) and Y,(jw)/U,(jw) as follows:

Yi(jw) jw + 4
Uiljw)  (jw)® + 4jw + 25
Y;(jo) -25

Ui(jo)  (jo) + 4jo + 25

Similarly, assuming that U,(ju)

follows: =0, we find ¥y(jw)/Uy(jw) and Yojw)/Ualie) *
Y1 (jo) jo 45
oy e e
Uajo) ~ (jo)? ¥ 4je + 25
Ys(j ;
E}?_('iﬂ e Jw — 25
2(0)  (jw) + djo + 25

Nﬁtil:e tha! YE[}WLPUE[

/@) is a non-min:
Minimum-phase transfer function.

Cha
pter5 Frequency-Rusponse Analysis
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5-5 Referring to Example 5-4, plot Bode gj
W_MPLE MATLAB Program 5-6 produces B

S}rslem using MATLAB,

or the system. Th
of diagrams: two for input 1 and two for input ¥s ere are four setg
Figure 5-7. puc 2. Al of the diagrams are showp i
MATLAB Program 5-¢
>>A=[0 1;-25 ~4];
>>B=01 1,0 1],
>C=[1 0,0 1,
>D=[0 0,0 0]
>> bode(A,B,C,D)
>> grid
Bode Diagrams
From In(1) From In(2)
O T !
=y \h‘?“"‘h._ .‘l“‘-‘h""'-‘
S -50 : B iy P i
g : :
_100 ii i i i
9‘] 1] 1
Z 0 ~
% 6 .\\\ \'\‘-1
§.e%
5 __]EU i ;li 1 ; 1
? 100 BLLL T T T T TTT
) i i
§ 5 %
é l?:5 ; “"‘""--...., -H"‘“"----..
B 50 T —
L] ]
-100 | '
- [ TN \\
%’ i \'\,‘ \n
0 i | LEL; e 3
g ol
=180
i 10° 10! 102 10° 10°! 10° 10! 107 10°
ﬂme Frequency (rad/sec)
BOGed]amm&
Section 5-1 / Plotting Bode Diagrams with MATLAB 231
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s for the closed-loop system shoy, in 4

jagram f ; s .
EXAMPLE 5-6 Using MATLAD:P ?t;? O ot threc magnitude curves in one diagrapy "3y
— = " a
. K=1K=10,800 " ©  diagram. g &
% C
()

phase—angle curve

R s(s+1)(s+5)

Figure 5-8 s
Closed-loop system. -
The closed-loop transfer function of the system is given by
e clo =
C(s) _ __-___,E__—
R(s) T os(s + 1)(s + 5)+ K
K

A . SEEeeeTh
TP+ T K

Hence, the numerator and denominator of C(s)/R(s) are
num = [K]
den=[1 6 5 K]

ossible MATLAB program is shown in MATLAB Program 5

~7. The reau][ing Bt

A
dia[;rams are shown in Figures 5-9(a) and (b).
o o T
MATLAB Program 5-7
— ]
S>W= logspace(—1,2,200);
>>
>>fori=1:3;
if i = 1; K = 1;[mag,phase,w] = bode([K],[T 6 5 K],w);

mag1dB = 20*log10(mag); phasel = phase; end;
if i = 2; K = 10;[mag,phase,w] = bode([K],[T 6 5 K],w);
mag2dB = 20*log10(mag); phase2 = phase; end;
if i = 3; K = 20;[mag,phase,w] = bode([K],[1 6 5 K],w);
mag3dB = 20*log10(mag); phase3 = phase; end;
end
>> semilogx(w,mag1dB, -, w,mag2dB,'-',w,mag3dB,'-")
>> grid
>> title('Bode Diagrams of G(s) = K/[s(s + 1)(s + 5)I, where K = 1, K = 10, and K =201
>> xlabel('Frequency (rad/sec)') ' r
>> ylabel('Gain (dB)")
>>text(1.2,-31,'K=1")
>> text(1.1,-8,'K = 10)
>>text(11,-31,'K = 20")
>> semj i
“ gridslch(w,phasel, -'/w,phase2,"-'w,phase3 )
>> xlabel('Frequency ( |
= Y’abﬁrflpha{ie {d(;)é}(l)adfsﬂcj :l
>> text((}.Z,—Q{},'K =1
>> text(0.2,-20,'K = 10
>> text(1.6,-20,'K = 20

232 Cha |
pter5 F'mquen<-'J,r-ltoz:=;|:.,:,nse Analysis a

Scanned with CamScanner




i =Ks(s+ 1
20 rr—-__r__)E,f_S}]- where K = 1, K = 10, and K < 29
e
0 =L
T RN | T T | T
20 H\“\\: \::\
A G B B e e
K = l \'\_\'\
—4ﬂ \\1:-\ \\\{_20
3 NN i
E 60 b 4,
-80 \ \:‘;\
N TN
N NN
—100 B b
'\\\
—120 3
i
~140
1071 10° 10' 10?
Frequency (rad/sec)
(a)
o = 2| I
k=10 H“--..,_\_'\T K=20
N\
-50 \\ \l
i
i
K= I\\ \ :
—100 ‘\
= N
\g : \“\ \
g -150 |- ] =
o H
£ \\\
N
-200 “'@3%
I\""-.
\"‘x
-250 i
|
1
Frequency (rad/sec)

(b)
Figure 5-9
Bode diagrams: (a) Magnitude-versus-frequency curves,
(b) Phase-angle-versus-frequency curves.

\

Section5-1 / Pplotting Bode Diagrams with MATLAB
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5-2 PLOTTING NYQUIST DIA

B 5
RAMS WITH MATLA

ly useq ;

jagrams, aré common I the

like Botiflelidr::fr time-invariant fe&dback' cong, {:i"e‘lue,,w
tation O uist diagrams, are polar plots, wh;. Bode d??sle%‘
lled N};gt or the other may be more copy, \ lagta%

.+ 'elieng g
e rectangular plots. One ion can always be carried oy
ar

t in e' apal.t.

. at ; : g uh i

ular operation, but a given gopeidral transfer function G(jw) s 5 plog uf&r Ploy,
u

The polar plot 1?: rhzh;haw angle of G(j) on polar Coordingge, , - € gy,
ers

4

]

. ts, just
Nyquist plo
response represen
Nyquist plots, also ca

- is the locus of vectors |, @iy,
de of G(jw) ver: lar plot is the ()] Vg
;:om zero to infinity. Thus, the po Note that in polar plots g P"sﬂi\'e(n&)i“l

" E * : : |

axis.

= is. Nyquist stability criterion: In the g

~ Nyquist s(t]al_:?l:;:]_v’; a::;l-’: _51::0111 trigsfer function G(s)H(s) has k}:":i:;ﬁiz%
in Figure 5—} 1; then, for stability, the G(s)H(s) I?cus,l as a Tepresentyg,, l
right-half s ﬁea;(;di fied Nyquist path in the clock\f.rlse direction, myg; en cim]“ﬂt
5 tlfafsfoon(t}int k times in the counterclockwise clhrectlon. [The Nyquist Pathj
;iosedfml:]mm that consists of tpe gntire jczf-axls from T =00ty 'hen .
semicircular path of infinite radius in the r1ght:half_ § plane. Thyg the You
path encloses the entire right-half s plane. The dlrectlt_m of the path js clocky;

The modified Nyquist path is a Nyquist path that avoids any pole(s) ang zergg

that lie on the jw-axis by going around using a semicircular path of infinitegip,
radius at each such pole or zero.]

Remarks on the nyquist stability criterion
L. The Nyquist stability criterion can be expressed as
Z=N+p
where Z = number of Zerosof 1 + G(s)H (s) in the right-half s plane
N = number of clockwise encirclements of the —1 + jO point
P = number of poles of G(s)H(s) in the right-half s plane

If Pis not Z€ro, then, for 4 stable co

= =P, which Means that we
ments of the —p 4 JO point, "

If G(s)H(s) does not h i

- ave any poles i ight-hlf s plare
Z=N. Thus, for Stability, it s i p

ntrol system, we must have Z =00
ust have P counterclockwise encirde

there myg¢ be no encirclement of the -1+
- . C(s)
G(s) -
ggltre 519
08ed-logp Syste
m
H(s) |t
Chapte, 5 /! Frea:.
requ =
4 *_%?%Ponse Analys;
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Imj
GH Plane

Figure 511
Region enclosed by a

Nyquist plot.

point by the G(jw)H (jw) locus. In this case, it is not necessary to consider
the locus for the entire jw-axis—only for the positive-frequency portion
The stability of such a system can be determined by seeing if the —1 + j{i
point is enclosed by the Nyquist plot of G(jw)H (jw). The region en-
closed by the Nyquist plot is shown in Figure 5-11. For stability, the
—1 + jO point must lie outside the shaded region.

2. We must be careful when testing the stability of multiple-loop systems,
since they may include poles in the right-half s plane. (Note that although
an inner loop may be unstable, the entire closed-loop system can be made
stable by proper design.) Simple inspection of encirclements of the
—1 + jO point by the G(jw)H (jw) locus is not sufficient to detect insta-
bility in multiple-loop systems. In such cases, however, whether any pole
of 1 + G(s)H(s) is in the right-half s plane can be determined easily by
applying the Routh stability criterion to the denominator of G(s)H(s).

If transcendental functions, such as transport lag e ™%, are included in
G(s)H(s), they must be approximated by a series expansion before the
Routh stability criterion can be applied. A few forms of series expansion
of e 7* were presented in Section 4-6.

3. If the locus of G(jw)H (jw) passes through the —1 + j0 point, then zeros
of the characteristic equation, or closed-loop poles, are located on the
jw-axis. This is not desirable for practical control systems. For a well-
designed closed-loop system, none of the roots of the characteristic equa-

tion should lie on the jw-axis.

In what follows, we shall present several examples illus-

Stability analysis. . I
by means of the Nyquist stability

trating the stability analysis of control systems

Criterion. d P poles of
If the Nyquist path in the s plane encircles Z zeros an

L+ Gs)H (3}‘131“1 dl:)es not pass thrgugh any poles or zerosof 1 + G(s)H(s) as

A Iepresentative point s moves in the clockwise direction along the path, 'then t'he

Cotresponding contour in the G(s)H(s) plane encircles the —1 + jO point
= Z ~ P times in the clockwise direction. (Negative values of N imply coun-

terclockwise encirclements.)

Section 5.2 / Plotting Nyquist Diagrams with MATLAB 235 1
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: trol systems with the yge 3

- lmear COﬂ el : Gf th

In examining the sta:llllg&iree possibﬂltles can occur; e Ny%&l

i i Sc -y - & £

" —1 + jO point. This impljeg

. . Jement of the ~ UES that ¢
e lst:l:l: l:;l flfeie are no poles of G(s)H(s) in the Tight-hyj¢ ghe%
tem 18 § ;

. Plag,
: is unstable. . ;
otherwise, th;esi:t::;re counterclockwise encirclements of
s Iar‘:h?s case, the system is stable if ﬂ;e Il;lmb?r of Cﬂuﬂtercluc;,.‘ﬂ
point. 1 1 he same as the number 01 POIES OL G(s)H(s) iy p "Wy
encirclements 1; wise, the system is unstable. € Tigh,
: otherwise, .

. 2-?1“ sep;::z!n‘; or more clockwise encirclements of the

er :
this case, the system 15 unstable.

The MATLAB command nyquist computes the' ffequancy S
continious-time linear, time-invariant systems. When invoked withq

i : 5 Lt le t. Or
arguments, nyquist produces Nyquist plot or a Nyquist diagram on Sc:h:;d
The command ;

the -

~1 + JjO PDim. b

nyquist(num,den)
draws the Nyquist plot of the transfer function

1 num(s)
"~ den(s)

G(s)

where num and den contain the polynomial coefficients in descending POWer
of 5. Other commonly used nyquist commands are

nyquist(num,den,w)
nyquist(A,B,C,D)
nyquist(A,B,C,D,w)
nyquist(A,B,C,D,iu,w)
nyquist(sys)
The command involving the user-specified frequency vector w, such as
nyquist(num,den,w)
calcul
mciigfirséfeetgiﬁﬁ?éf Sfo nse at the specified frequency points in radians pet
of the grid command ngll nt(,te commands listed above is used, the subsequent us¢
lines). If x~y prid lines are diﬁfj&lce X~y grid lines (horizontal and vertical grd
e below, together with 5 grag L 1 commands with el

»9-6 and 5-1() grid command. See, for instance, Exam
en invoked wit among others,

hleft-hang arguments such as

E::::,:} = nyquist[num,den}
ire,irn,w] . nyquist[num,den,wi
lre,im,w] ~ NYquist(A,B,C, D)
Ire,imrw] ~ NYquist(A,B,C, D,w)
Ire,imrw] . nyquist[A,B,C,D iu,w)
" = Nyquist(sys) e

Chapter 5 _
; * f Fuq“mcj'-ﬂn - =
e T POnse Analygls 3
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e ‘re(ii'ums the frequency responge of the system i ;

w.No plu't 1s drawn on the screen, The matrices re and i in the mMatrices re
real and Imaginary parts of the ffeqllency l'ﬁspon: IT contain,
the frequency points specified in the vec ¢ of the syst

) im} and
TeSpectively, the

ems EVﬂll.lated
torw. N : at
columns as outputs and one row for each eiemezﬁ;l:zt {‘E and im have a5 many
use a plot command. +10 draw a Nyquist plof,
LE 5-T Consider the following open-loop transfer functiop:
Gls) =sp—t
5+ 085 + 1
Draw a Nyquist plot of this transfer function with MATLAB,
Since the system is given in the form of the transfer function, the command

nyquist(num,den)

may be used to draw a Nyquist plot. MATLAB Pro
shown in Figure 5-12. In this plot, the ranges for the
matically determined.

gram 5-8 produces the Nyquist plot
real axis and imaginary axis are auto-

MATLAB Program 5-8

>>num = [1];

>>den=[1 0.8 1];

>> nyquist(num,den)

>> title('Nyquist Plot of G(s) = 1/(sA2 + 0.85 + 1))

Nyquist Plot of G(s5) = 1/(s* + 0.8s + 1) |
1.5 r T

Imaginary Axis

Real Axis
Figure 5-12

A 1 ,
Nyquist plot of G(s) = m

Section 5-2 / Plotting Nyquist Diagrams with MATLAB
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- lly determined
.« olot with manuaiy ¢en Tangeg Y
. w the Nyquist P % "5 on the imaginary axis_ o §
1f we ish {0 SIF o and from ~2 0 MU the
from —2 102 m:he computer: “"'iqg

command int0 _— 9 =2 2];

axis(v);

g tWO Jines into one:

pine the precedin
Or you may com is(F2 2 -2 2]);

_g and the resulting Nyquist plot shown i Figure s 1)

e

—_—

(See MATLAB Program 5

MATLAB Program 5-9

s> num = [11; )
>> den = [1 D.f‘j T}L
uist(num,aen
::::- :}:l 2 2 -2 2]; axis(v)
>> title('Nyquist Plot of G(s) = 1/(s"2 + 0.8s + 1))

—]

Nyquist Plot of G(s) = 1/(s* + 0.85 + 1)

|
|
15 F E

Imaginary Axis

1
|
I
1 i 1 i
2 -15 -1 _gs 0 0.5 1 15 2
Real Axis
Figure 5-13
Nyquist plot of G(s)= —1___1_____
Sz+l}.83+1'

s L A i

Caution In A

WP * d :

l"ld& b}i’ ZEI'G,__" tﬁ:f:;ﬁli NqullSt ljlot_l where a MATLAB Operaﬁuu iﬂ\fl:'l'llﬂs

40 further anajygig For ex;:n Nyquist plot may be erroneous or undesira?® e
mple, if the trangfer function G(s) is given bY

238 s(s +
Gmpterfi / Fl'pqu ( 1) 7
o FM‘RERnnn- i i
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Nyquist Diagram

L)

10 H
-15 |
Figure 5-14 =20 II L L 1 i L 1 k A \
Erroneous -1 -09 08 —07 -06 -05 -04 -03 —02 01 0
Nyquist plot. Real Axis
then the MATLAB command
num = [1];
den=[1 1 0]

nyquist(num,den)

produces an undesirable Nyquist plot. An example of an undesirable Nyquist
plot is shown in Figure 5-14. If such a plot appears on the computer, then it can
be corrected if we specify axis(v). For example, if we enter the axis command

vi=[=2 2 =5 S5]axisiv)
in the program, then a correct Nyquist plot can be obtained. (See Example 5-8.)

EXANPLE 5-8 Draw a Nyquist plot for the transfer function

1
s(s +1)

G(s) =

MATLAB Program 5-10 will produce a correct Nyquist plot on the computer, even
though a warning message “Divide by zero” may appear on the screen. The resulting

Nyquist plot is shown in Figure 5-15.

MATLAB Program 5-10

>>num = [1];

>>den=[1 1 O]

>> nyquist(num,den)

>>v=[-2 2 -5 5];axis(v)

>> title('Nyquist Plot of G(s) = 1/[s(s + 1)1")

Section 5.2 , Plotting Nyquist Diagrams with MATLAB 239
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 plotof G(s) = Vs + D]

e o
-

o e
e

-
.....

Imaginary Axis
L s

0.5 1 1.5 2

-0.5

O e —————

in, S1g :
2 ! Real Axis

Figure 5-15 1
Nyquist plot of G(s5) = Wt1)

Notice that the Nyquist plot shown in Figure 5_—1_5 includes the loc_:i for both @ > 0 ang
o < 0. If we wish to draw the plot for only the positive frequency region (w > 0), thepy,
need to use the command

[re,im,wl=nyquist(num,den,w)

A MATLARB program using this nyquist command is shown in MATLAB Program 5-11,
The resulting Nyquist plot is presented in Figure 5-16.

MATLAB Program 5-11

>>num = [1];

>>den=[1 1 0];
>>w=0.,1:0.1:1 00;

>> [re,im,w] = nyquist(num,den,w);

>> plot(re,im)
>>v= [-—2 2

>> grid
>>title('Nyqu;

>> “'abelirge;w;;’.t}“f Gls) = 1/[s(s + 1)]")
>>-ylabe|['|mag Axis')

=5 5]; axis(v)

i

Chapters !/ F 28
T€quency.Reg nse c
5 Analysis
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Nyquist Plot of G(s) = Ws(s+1y)

Imag Axis
=]

2 =15 =1 05 U 08 1T 5
Real Axis

Figure 5-16 1
Nyquist plot of G(s) = T+ D) for w > 0.

Drawing Nyquist plots of a system defined in state space. Consider the
system defined by
X = Ax + Bu
y =Cx + Du

where x = state vector (n-vector)
y = output vector (m-vector)
u = control vector (r-vector)
A = state matrix (n X n matrix)
B = control matrix (n X r matrix)
C = output matrix (1 X n matrix)
D = direct transmission matrix (m X r matrix)

Nyquist plots for this system may be obtained by the use of the command

nyquist(A,B,C,D)
plots, one for each input—output

This command produces a series of Nyquist _
s automatically determined.

combination of the system. The frequency range i
The command
nyquist{A,B,C,D,iu}
iu to all the outputs of the systlem,
tically. The scalar iu is an index into
input to use for the frequency

PI.OdllDeS Nyquist plots from the single input
with the frequency range determined automa
the inputs of the system and specifies which
Tesponse,

Section 5-2 / Plotting Nyquist Diagrams with MATLAB 241
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iu,w
The command nyquistA B,C,D/iuY ) ”
vector Ws which specifies the fr*‘-qu

ed ﬂ.equenC}’ Lency response should be caley) ate

Ches 3
hich the fred "

ilizes the user—suppli N

u cond at W

radians per s€

. deﬁl'lﬂd by
EXAMPLE 5-9 Consider the SYS(e™ . o 1 xl} + [ : }u
[f‘] =35 —4)lm] L2

i
y=11 ﬂ][z] + [0]u

f this system- - tput y. A Nyquist p]
ingle input % and a single output y yquist plot may p, “btaimd

Draw a Nyquist plot ©
The system hasas

ing the command
by entering the nyquist( A,B,C,D}

" nyquist(A,B,C,D,1)

ill provide the Nyquist plot, shown in Figure 517, (o,

12w
MATLAB Program 5- either of these two commands.)

we obtain the identical result by using

MATLAB Program 5-12
>>A=[0 T;-'25 "4];

>> B = [0;25];
s5C=[1 0§
>> D =[0];

>> nyquist(A,B,C,D)
>>v=[-0.6 1.2 -1.5 1.5]; axis(v)

Nyquist Diagram

1.5 T r

=
n

el U S—

e -
e o e e e e T R e i e
e

Imaginary Axis
=
I

-

]
]
-5 | |
|
]
Figure 5-17 “tr |
N - [
: }'lt:{ulst plot of :
System considereq e |
In Example 5_g *ﬂm — . —‘-“"'rf ¥
- 0 02 04 06 08
242 Chapter 5 , Real Axis
F
requency.nespnn“ :
”"“ﬂ?s -1
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Eﬂ"PLE 5-10

Consider the system defined by

Ji?1_ |71 =1 &
sz: [6.5 n][x:] * [; é][z]
l:yl 1) [l 0| x, 0 0

+ Uy

Y2 | 0 1] x 0 ﬁ:ll:uz]
This system involves two inputs and two outputs. There i
relationships: ¥1(jo)/Us(jw), ¥(jw) /Uy (jo), ¥ ( ;mwj{}f,,f"';;g‘f;:‘}‘}fﬂ output-input

' 2

Nyquist plots for the system. (When considering in ut ]‘f Us(jw). Draw
and vice versa.) B INPUL Uy, we assume that inpu Uy is zero,

The four individual Nyquist plots can be obtained by the use of the command
nyquist(A,B,C,D)
MATLAB Program 5-13 produces the four Nyquist plots, shown in Figure 5-18

I

MATLAB Program 5-13

>>A=[-1 -1;6.5 0]
>>B=[1 1;1 0]
>>C=[1 0,0 1];
>>D=[0 0,0 0]
>> nyquist(A,B,C,D)

Nyquist Diagram

From: In(1) From: In(2)

<
in

o p———

______

To: Qut (1)
=

=05

Imaginary Axis

e e e e e ot

To: Out (2)

3 -2
Real Axis

Figure 5-18
Nyquist plot of system considered in Example 5-10.

TLAB 243
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L 1 N
3 th ¢ following Open-loop transfe, fune;
K system with Cliop,
feedback §YS 20(s + 8 +05)
b P it
G(s) = y(s + (s + 10)

ction with MATLAB, and examjp, e, g
ahie

EXAMPLE 5-11 Consider 8 unity”

of this transfer fun

5 s the Nyquist dilagram shnw]? in Figy,
MATLAB Program Nyquist plot does not encircle the -—} + j0 point

the figure, we S€€ that the NYd! n. Since 10 open-loop poles lie in the rig

in the Nyquist stability cﬁ:_el;l 0. The closed-loop system is stable.

p = 0. Therefore, Z = N

Draw a Nyquist plot by

the closed-100P systerm. _14 produce €59
Hengy

ht"half [

A

P

S
. MATLAB Program 5-14
>> num = [20 20 01 0][;]]_
>> den = [1 ”d 1] /
>> nyquistinum,denj.
ssy=[-2 3 -3 3]; axis(v)
Nyquist Diagram
3 T T T ' ; T
i
2t 5
|
« TF |
n.;e J|
< |
g Op----=-- R e a—
g :
E !
~1F !
I
|
1
Ak i
Figure 5-19 :
Nyquist plot of i
2 — 1 § i : i 1 i I
G(s) = il ﬂ'ﬁ). Y2 C15 1 05 0 05 1 15 2 M
s+ Do+ 10) Real Axis
EXAMPLE 5-12 Consider the system discussed in E : nly the pos
tive frequency region. In Example 5-11. Draw the Nyquist plot for only
Drawing a Nyqui . g
of the fullmfriig ggl?l;:aﬁ?t for only the positive f.requency region can be done by the
[re,im,w] = nvaui
The freque : (W1 = nyquist(num, den,w) e
ments, Ic‘for :gl:l;gllemtlh?ag be divided into several subregions by the use of djfferﬂ:::“.ﬂf
as follows; » = lrequency region of interest may be divided into thre® 5
w1 =0.1:0.1:10;
W2 =10:2:100;
W3 = 100:10:500;
W=lwl w2 w3]
244 Chapter: =
e v . | j
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' iﬁ*‘«!‘ﬂ“ﬂ 5-2 / Plotting Nyquist Diagrams with MATLAB o

MATL:';BS—EII?gmm e e frequency region and progq 1
in Figu uces the N}'qﬂist Plot showp ;

MATLAB Program 5-15 \ F
>>num=[20 20 10]; \ i

>>den=[1 11 10 0 ‘
>> w1l =0.1:0.1:10; w2
>s>w=[wl w2 w3
>> [re,im,w] = nyquist(num,den,w);
>> plot(re,im)

>>v=[3 3 =5 1]; axis(v)

>> grid

>> title("Nyquist Plot of G(s)
>> xlabel('Real Axis")

>> ylabel('Imaginary Axis')

=10:2:100; w3 = 100:1 0:500;

ot

= 20(sA2 + 5 + 0.5)/[s(s + 1)(s + 1001

Nyquist Plot of G(s5) = 20(s2+m+{],5}f[s(s+1}[s+l{]}]

Imaginary Axis
ro

Figure 5-20

Nyquist plot for the : :
positive frequency -3 -2 -1
region.

T —
e T e e

Referring to Example 5-12, draw a Nyquist plot of

T = e

20(s* + 5 + 0.5)
s(s + 1)(s + 10)

G(s) =

On the plot, locate frequency points where w = 0.2,0.3,0.5,1,2,6, 10, and 20 rad/sec. Also,
find the magnitudes and phase angles of G(jw) at the specified frequency points.

In MATLAB Program 5-15, we used the frequency vector w, which consists of three
frequency subvectors: w1, w2, and w3. Instead of such a w, we may simply use the fre-
Juency vector ww = logspace(d;,d,,n). MATLAB Program 5-16 uses the following two
Irequency vectors:

S

- —
e T S

T

ww = logspace(-1,2,100)
w=[02 03 05 1 2 6 10 20]
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=l 1ce{l? 2,1160; |
::Z ;::i;,lowfvs?i nyqu’ist inum,deﬂfww},
4 pl?t[r—l?’im; —5 0J; axis(V)

> grid

>> title('Nyquist D.ialgram )
>> xlabel('Real Axis)
>> ylabel('lmaginary Axis')
>> hold

rrent plot held -
:E:wz E).Z 03 05 1 2 b | 10 20];
>> [re,im,w] = nyquist(num,den,w},

>> plot(re,im,'0’)

>> text(1.1,-4.8,'w = 0.2")

>> text(1.1,-3.1,'0.3")

>> text{1.25,~1.7,'0.5")

>> text(1.37,-0.4,'1")

>> text(1.8,-0.3,'2")

>> text(1.4,-1.1,'6")

>> text(0.77,-0.8,'10")

>> text(0.037,-0.8,'20")

>>

>> % ——To get the values of magnitude and phase (in degrees) of G(jw)

>> % at the specified w values, enter the command [ma
>> % = bode(num,den,w) nagpaE
>>

z:- [mag,phase,w] = bode(num,den, w)
=

.
v

the specified frequency values w and
s ng values of magnitude and phage (incgegreﬁ]:d
>>w mag phage]

dns =

0.2000 49
03000 3.21‘_?2’2 ~78.9571

7
0.5000 :.99:'5 _55;3333
2.0000 1?33 Siass

Teard ~14.4g0g

10.0009 ~31.094¢,
20.00[][] 0'40?2

~45.02 85
8933 ~63.4355
——-"—.—-

Chapte, 5
/ Freqy
S 'Rﬁsponae Analver..
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’ . -5 i i - A : :
Polar plot of G(jw) given -2 -15 -1 05 0 05 1 15 2 25 3

Nyquist Diagram

&
th @

L
| H |
(] Lt =
=T T

Imaginary Axis
o
L]

I
L 44
T

5

5-21

in Example 5-13. Real Axis

Consider a unity-feedback, positive-feedback system with the following open-loop trans-
fer function:

s+ 45 + 6
s+ 55+4
Draw a Nyquist plot of this transfer function.

G(s) =

Solution. The Nyquist plot of the positive-feedback system can be obtained by defining
num and den as

num=[-1 -4 -—6]

den=1[1 5 4]

and using the command nyquist(num,den). MATLAB Program 5-17 produces the

Nyquist plot, as shown in Figure 5-22.
This system is unstable, because the —1 + jO point is encircled once clockwise. Note

that this is a special case where the Nyquist plot passes through the —1 + jO point and also
encircles that point once clockwise. This means that the closed-loop system is degenerate:
The system behaves as if it is an unstable first-order system. Following is the closed-loop

transfer function of the positive-feedback system:
C(s) g s +4ds + 6
R(s) s*+55+4— (5% +4s+6)

s>+ 4s + 6
s =2

—

MATLAB Program 5-17

>>num = [-1 -4 —6];

>>den=[1 5 4]

>> nyquist(num,den);

>> grid

>> title('Nyquist Plot of Gs) = —(s/2 + 45 + 6)/(s"2 + 55 + 4))

Section 5.2 Plotting Nyquist Diagrams with MATLAB 247
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2
Nyquist Plot of G =~

+ 45+ 6)/(s* + 55 + 4) ,

L -

S e =

—D.4_L5 14 -13 -12 -Ll
Real A

Figure 5-22
Nyquist plot for positive-feedback system.

Note that the Nyquist plot for the positive-fee

imaginary axis of the Nyquist plot for the negative-feedback case. This may be seeq

Figure 5-23, which was obtained with the use of

positive-feedback case is unstable, but the negative-feedback case is stable.)

———

-1 09 08 o5
xis

dback case is a mirror image about g,

MATLAB Program 5-18. (Note that

MATLAB Program 5-18

>>numl =[1 4 ¢];
>>denl =[1 5 41;

>>den2=[1 5 4];

>> hold on

>> axis(v);
>> title('N
>>text(1.0,0.5 'G(s)")

[

>> text(0.65,—0 5
>>text(0.62 0 os

>>text(0.65,—q

'601_-0.5
>> text(—1 62,—0 62
2> texti~1,60.—g,

Tequency,.
ey R“POnse Anabo.:_

A,y

>>num2 = [-1 -4 —g);
>> Nyquistinum1,den1);

>> Nyquist(num2,den2).
2EVs[-2 2 1l

Yquist Plots of G(s) and —G(s)")

,'Use this Nyquist')
-65,'plot for negative—')
.f?,'feedback system')
= _'G(S)'}

,:Use this Nyquist')
Plot for positive—')

29077, feedback system')
Chapter 5 /F q
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1 , Nyquist Plogs of G(s) an ~G(s)
L] _—-"""——-—..r.__ .
08} ! |
]
06} E i
~G(s) ‘ ]
o4y i Gls)
- I ]
% o2f j
[ J
L et S
& Pl R i
£-02¢ |
! i
04} !
Use this Nyquist | i i -
L I Use th
6 plot for positive— i pI:t fort i:lgﬂl::?-
08k feedback system : feedback system
I
|
‘_] y § 1 1 1 1

-2 -1.5 -1 0.5 0 0.5 1 1.5 2
Real Axis

Figure 5-23
Nyquist plots for positive-feedback system and negative-feedback system.

EXAMPLE 5-15 Consider the control system shown in Figure 5-24. The open-loop transfer function G(s) is

& - 10K
s(s + 5)(0.15 + 1)

G(s)

Plot Nyquist diagrams of G(s) for K = 1, 7.5, and 20.

A possible MATLAB program is shown in MATLAB Program 5-19. The resulting
Nyquist diagrams are shown in Figure 5-25. From the diagrams, we see that the system is
stable when K = 1. It is critically stable when K = 7.5. The system is unstable when

K = 20.
10K >
ss+5001s+ 1)
Figure 524
Control system,

Section5-2 / Plotting Nyquist Diagrams with MATLAB o
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MATLAB Program 5-19

>s den = [0.1 15 5 O

s> fori=1:3;
ifi=1LK _
ifi=2; K= T [rezflm
ifi=3;K=20; [re3,im3]

= 1: [rel,im1] = nyqui
2] =nyq

=

st([10*K],den); end;

uist((10*K],den); end;
nyquist([w*l(],den}; end;

| 3221 im1,-' re2,im2 o' re2,im2,-',re3,im3,'x’,re3,im3, ')
0 ' Ry, ' '
Z E =5 1 -5 15 axis(v)
>> grid : — 10K/[s(s + 5)(0.1s + 1)] for K = 1
itle(" ist Diagrams of G(s) 75,
>> titlef N?rquns _ 4g o :
>> xlabel('Real Axis') |
>> ylabel('Imaginary A}{IIS )
>> text(—0.4,-3.7,'K=1") |
o taxt-2.75,-2.7,'K = 7.5')
>> text(—4.35,-1.7,'K = 20"
e |

Nyquist Diagrams of G(s) = 10K/[s(s + 5)(0.15 + 1)] for ¥ = 1,75 i

Imaginary Axis

!. H ' : __-_1_-_'-"'——-.

Figure 5-25
Nyquist diagrams,

5-3 LOG-MAGNITUDE-VERS([S-PHASE PLOTS

250

Another app

acteristics is tq use the

termg Qf th e fre

Chapter 5 /
Frequenty-Response Analysig

roach to graphically
.lﬁg'm_agnitude-versus-phase plot, which is 2 pict ﬂforﬂ

cha'.

portraying a system’s frequency-TesPo™™

sus the phase angle or phase oy he &

interest. ph o
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In the Bode diagram, the frequency-r

- espon -
shown on semilog paper by two separate cull-)vessi t%llamctamﬂcs of G(jw) are

e log- i
the phase-angle curve—while in the log-magn; g-magnitude curve anq
. ; 1tude-
curves in .lhe Bode diagram are combined int%}nmf.i: ifrtseu;ghase plot, the two
lﬁg.magmtud?-versm-phase plot can easily be constructed b nual approach, the
the log magnitude and phase angle from the Bode g y reading values of

|Dg-magnitude-versus-phase plot a change in the gain 2312:;1?2?; ;h?t in the
@) merely

shifts the curve upward (for increasing gain) or do :
but the shape of the curve remains the same. wnward (for decreasing gain),
Advantages of the log-magnitude-versus-phase plot
are th :
pility of the closed-loop system can be determine dpquickli; . :; t&llztrelatwe sta-
tion can be worked out easily. compensa-
The log-magnitude-versus-phase plot for the sinusoidal t
. - ransfer functi
G(jw) and that for 1/G(jw) are skew symmetrical about the origin, since nction

indB = —|G(jw)| in dB

\G(ﬁﬂ)

and
1

Gy~ L8U2)

Figure 5-26 compares frequency-response curves of

1

2
e i2) + (12)

in three different representations. In the log-magnitude-versus-phase plot, the
vertical distance between the points w = 0 and @ = w,, where w, is the resonant
frequency, is the peak value of G(jw) in decibels.

G(jw) =

M circles and N circles. Consider the unity-feedback control system with
the open-loop transfer function G(s). Define the magnitude of the closed-loop

frequency response as M and the phase angle as a, or

Cljw) _ Gljw)

i 4 | _ M-
R(jw) 1+ G(jw)

In what follows, we shall find that the constant-magnitude loci and constant
phase-angle loci are convenient in determining the closed-loop frequency

response from the open-loop frequency response.

Constant-magnitude loci (M circles). To obtain the constar}t-magnitude
loci, let us first note that G(jw) is a complex quantity and can be written as
G(jw) = X +jY

Section 5-3 / Log-Magnitude-Versus-Phase Plots 251
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| R L Im 4

f=1
f—lex

= I=] 1 ' j S s | |
IBOU.Z«:,. 0.5a, Wy 2a,
(i1}
(a) (b) (c)
Figure 5-26 1

Three representations of the frequency response of ; for > 0.

(i) (2)

(a) Bode diagram; (b) polar plot; (c) log-magnitude-versus-phase plot.

where X and Y are real quantities. Then M is given by

. X+
I1 + X + jy|
and M? is
M2 = X2 4+ Y2
(1+ Xx)? + y2
Hence,
2
X1 = M?) - 2M%x — \p2 +(1 - MYY? =0 (5-1)

IfM = ;
1, then, from Equation (5-1), we obtain X = —3. This is the equation

of a straight line :

parallel to the Y axis and pass; i 1

. n —,0].
It M # 1, Equation (5-1) can be rittcl:] g through the point ( 5

2M? 2
X% 4 M
M1 Y yp ot =0

252 Cha
Pter5 / Frequency- .
quency-Response Analysis : 1
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2 2 2
the term M*/(M* — 1)*is addeq .
If to both sides of this last equatiop we ob
» We Obtain
M? \2
(X i }.}5‘:;) . M
(M? - 1y2 (5-2)

Equation (5-2} is the equation of a ¢
y = 0and radius |M/(M?* - 1),

The constant M loci on the G(s) plane are thus a fam;
and radius of the circle for a given value of A can be Ezrsnﬂﬂ
ple, for M = LZ:!, the center is at (—2.45, 0) and the radius is 1.88. A fam;
stant M circles is shown in Figure 5-27. Note that as M becon:. 'l el of Gon-
with 1, the M circles become smaller and converge to the fsl arg_er e
M > 1, the centers of the M circles lie to the left of the =140 o Loy
as M becomes g.n_mller compared with 1, the M circle I:uan::‘r:nrne:ér sgzi?;;SIMIaﬂyj
verges to the origin. For 0 < M < 1, the centers of the M circles lie to thfe“-"':1 ﬁon-
the origin. M = 1 corresponds to the locus of points equidistant from thfe.l-:1 E i
and from thex —1 + jO point. As stated earlier, it is a straight line passin thrflj-l gl;:
the point (—3, 0) and parallel to the imaginary axis. (The constant M circgles co::lrg
sponding to M > 1 lie to the left of the M = 1 line, and those correspnndhs-
to0 < M < 1 lie to the right of the M = 1 line.) The M circles are symm:—:trica%
with respect to the straight line corresponding to M = 1 and with respect to the

ircle with center at ¥ =

MM -y,

y of circles. The center
¥ calculated. For €Xam-

real axis.
M=12 )
M=08
M=1.3 M=1 i
% 2
M=14
M=20 L~ o
M=3.0\\\ /,%—
| | / | g
-4 -3 -2 =1 A \i/ 1 2 X
M=30/))
[y
__2\
Figure 5 74

A family of constant M circles.
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les). We shall obtajp the 65 1
d8e

el

se-angle loci (N €Ir¢

_ X +jY
2EF [T X+ ¥

the phase angle @ is
(Y ) — tan7? .
a = tan -f T K

Constant phas¢
terms of X and Y. Since

If we define
tana = N
then
AL Y tan~! Y
N = tan| tan Y 1+ x
Since
tan A — tan B
tankA ) = 1+ tan Atan B
we obtain
z 3 Y
A X 1+ X _ Y
Yi Y X’ + X + y2
X\1+ X
or

1
X2+X+y2__h?},=0

The additi 1
ition of (4] + .U (2N)? to both sides of this last equation yields

(X+1)2+(Y_____1__ 2_1 1 2 {5..3}
2 ) "1 t\ow

This is an _equati

: alio s .
radius Wf; circle with center at X = -1y = 1/(2N) and il
((:e%er and the rﬂdius. o?rtﬁx&n-]ple’ if & = 30° thep N = tan a = 0.577, and ¢

= = Ie £ 3

lhruu;; thﬂ amzl }f =, SILEC[EWEI}?- Since Equation (5-3) is satisfied whe?

easily Gncee ﬂ;}:!gm and the ;I‘e'gardl.ess of the value of N, each circle P2 "
lgure 598 withvzme Of NV is give J point. The constant a loci can be 9 i

n. : :
4 Parametey, A family of constant N circles 18 showh

Ch
apter 5 /iFra i
POnge ... .
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a=20° =3
a=30°-2
a =40
60° 1
a = 100° T
= -2 /“W ' 1 2 %
a=-100° 80°
—60° 7'-1
a =-40°
a=-30°-2
a=-20°]__3

Figure 5-28
A family of constant N circles.

Note that the constant N locus for a given value of a is actually not the entire
circle, but only an arc. In other words, the « = 30° and @ = —150° arcs are parts
of the same circle. This is so because the tangent of an angle remains the same if
+180° (or multiples thereof) is added to the angle.

The use of M and N circles enables us to find the entire closed-loop frequency
response from the open-loop frequency response G(jw) without calculating the
magnitude and phase of the closed-loop transfer function at each frequency. The
intersections of the G(jw) locus with the M circles and N circles give the values of
M and N at frequency points on the G(jw) locus.

The N circles are multivalued in the sense that the circle for @ = a; and that
fora = o + 180°n(n = 1,2,...) are the same. In using the N circles for the de-
termination of the phase angle of closed-loop systems, we must interpret the
Proper value of . To avoid any error, we start at zero frequency, which corre-
Sponds to & = 0°, and proceed to higher frequencies. The phase-angle curve must
be continuous,

Graphically, the intersections of the G(jw) locus and the M circles give the
Values of M at the frequencies denoted on the G(jw) locus. Thus, the constant M
circle with the smallest radius that is tangent to the G(jw) locus gives the value of

© Iesonant peak magnitude M,. If it is desired to keep the resonant peak value
€8 than a certain value, then the system should not enclose the critical point

s .
ection 5-3 / Log-Magnitude-Versus-Phase Plots 255
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. and at the same time, there should be ng interSE{:ﬁ
0 point). 2 3 the G(jw) 10U oy,

the =1 +/J !
Ehe particular M circle and t

- i roblems, we find ;
ling with design P oy
:I':flliiia in gﬂ‘e log-magnitude-versus-phase Plane.‘ﬁl“-m ty
dand N loci in the lﬂg'magﬂltuiewe'rs“s_ph ﬁiae p
led the Nichols chart. The G(jw) locus drawn on the Nichols ¢y, 18
calle

e It 3
tics of the closed-] BlVes by,
_ .+ < and phase characteris ; 00p tr b
the gﬂm;ha;?:;etl;it;ﬁ;l; hﬁchols chart is shown in Figure 5-29 for ansfey
tion at the s "

th

Nichols chart.
construct the M an
consisting of the M

phaﬂe ﬁm‘:‘

o anglﬂs
petween 0° and —240°. : he —1 + jO point) is ma
itical point (the —1 apped to the .
. Nr::: t:zta;;?:t ?‘S(;B’ _P180°)- The Nichols chart contains curyeg Ufec?;‘;hﬂls
cl E]Lﬂd-lcm magnitude and phase angle. The designer can graphicaljy dete ta
P ¥ n margin, resonant peak magnitude, resonapg ffﬁquemy

the phase margin, gai m from the plot of t
-loop syste P he Open-logy ]w“é

and bandwidth of the closed
O ' ' he —180° axis. Th

The Nichols chart is symmetric about the ax;s.‘ e M and Nlog o
for every 360°, and there is symmetry at every 180° interval. The o a:

36/

32

|Gl in dB

i =57

Pﬁnsu A-nﬂllmln ] i—d’

Scanned with CamScanner



centered about the critical point (0 dB, —180°). ; ,

determining the frequency response of the clgsgdh ?orjllac};ro;:nc?l?;: g’flguefu! -
loop. If thE: open—lopp frequency-response curve is superimposed on the ;[.”h n
chart, the intersections of the open-loop frequency-response curve s ichols
the M and N loci give the values of the magnitude M and phase angleiéﬂlxittlh
closed-loop frequency response at each frequency point. If the G(jw) locus do e
pot intersect the M = M, locus, but is tangent to it, then the resonant peak val: :
of M of the closed-loop frequency response is given by M,. The resonant ﬂee
quency is given by the frequency at the point of tangency, A

Getting a Nichols plot with MATLAB. MATLAB commands for the
Nichols plot are

nichols(num,den)
nichols(num,den,w)
nichols(A,B,C,D)
nichols(A,B,C,D,w)
nichols(A,B,C,D,iu,w)
nichols(sys)
[mag,phase,w] = nichols(num,den)
[mag,phase,w] = nichols(num,den,w)
[mag,phase,w] = nichols(A,B,C,D)
[mag,phase,w] = nichols(A,B,C,D,w)
[mag,phase,w] = nichols(A,B,C,D,iu,w)
[mag,phase,w] = nichols(sys)

A Nichols plot can be drawn with any of the Nichols commands. If the Nichols
command used does not involve any left-hand argument, the Nichols plot is
automatically generated. If a left-hand argument is present, the Nichols com-
mand does not plot the Nichols diagram, but returns the magnitude and phase
(in degrees). To plot the curve, we need to use a plot command. The command

ngrid is used for drawing a Nichols chart grid.

WAES-16 Consider the system shown in Figure 5-30. Draw a Nichols plot of G(s).
MATLAB Program 5-20 produces a Nichols plot, which is shown in Figure 5-31.

R(s) 80 C(s)
G+ 4+ 10) =

Figure 5—35

Control system,

Section 5-3 / Log-Magnitude-Versus-Phase Plots 257
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_———__'_—_—'/.._-_
MATLAB Program 5 oo

[ MATLAB ProB™ —_

(80];

num =
>z 14

40 0];

>> den =
>> w = logspac

>> ngrid;

e(—1,1,100);

:le('Nichols Plot');'
;::: :;;(—1 60, =30, 'G(j\omega) locus")

den,w);

A —_—
Nichols Plot
T L] L]
40 r T "\\
PO i L e
s 7 [ L)
.
30 # 1 o
3 Ii \\
i I \
| - Y
zﬂ lr-. i 1 3.2 |1I 9
! g A RN
E r‘ f{‘ \:""’r‘ 1' = ﬂ\\ 113
i > ~ L
= 10 -}- /s /.r \‘;._.-"i‘ s ] 1
= “r- N N A
I i o A
o I .r’ # Ll LR
(}1—#—-.«-.__4" /.r, T \\1' B |
P - - - |
E Hi i e ,.,---'}\' A t'm-ﬂ?
TR Y S o LR T R
] R S 3 b S 5 Y |
& [ ; L
8 -10 T s ISR BT
= W17 o0 =
20 N r; ". Ii. I lI.:
B Th T o b i ol et S e
i f B2
o I 1 1 Im:qa
[N 1 I 1 [T
HE T . L o
=30 0 i Jr | Il : :”
i1 1 | I [T
1y 1 I i I L1
(TN I i ! IR
goliil i 1 : b= L
=40 4B
Li i
=360 - o ol
A -2 -25 180 135 90 45
Open-Loop Phase (deg)
Figure 5-31
Nichols plot.

GI:S) =

Draw g Nichols ' |
MATL AR Pli'-lﬁl of G(s).

is arbitrar]

i Sws1
‘ﬂ‘-ﬂralﬂsac_

i (](ﬂ] lﬁcus iS ta

Chapter 5
/ F
mue"“‘“&spunse Anal._»

EXAMPLE 5-17 Consi
nsider a unity.
aunity-feedback congyo) System with the open-loop transfer function
-loop transfer

100 ~
s(s + 7.5)

Nichols plot for this G(s). The frequen¥ [ﬁ
Figure 5-3 shows the Nichols plot o g nell
fgent to the 3-dB oval locus at 8
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| MATLAB Program 5-21

>> num = [100];

s>den=[1 7.5 0];

ssw=I[1 4 8 10 20 40 100];
>> [mag,phase,w] = nichols(num,den,w);
>> magdB = 20*log10(mag);

>> plot(phase,magdB,phase,magdB,'o");
ss>y=[-250 0 —60 40]; axis(v);
>> ngrid

s> title('Nichols Plot');

>> xlabel('Open-Loop Phase (deg)");
>3 ylabel('Open-Loop Gain (dB)");

>> text(—90,22,'"\omega = 1');

>> text(—115,9,'\omega = 4');

>> text(—132,0,'\omega = 8')

>> text(—165,—26, \omega = 40');

>> text(—170,~41,"\omega = 100");

Nichols Plot
40 T 1 L} T
30 -
20 4 b ‘ ™
y 5 ] S —ld?-
i\
10 "
_— -3dB 4
g i
: 0 T -ﬁ?ﬂ'
8 AR
o =10 -12dB o
3 et
[ [ !l
. | N "N ST SRR Y (S SRR Tt e -deI!L
J L
Ed L.
oy
o
bt
- Sl
P
Fiwe 53 -50 | {4
Mplm for !E{l
G100 ~60 50481
| .I.'[g + ?5}- "25'3 -2[]() —]50 -lﬂﬁ 0

Open-Loop Phase (deg)

This means that the closed-loop transfer function
C(jw)  G(jw)
: R(jw) 1+ G(jo)
as th : :
€ maximum magnitude of about 3 dB near w = 8 rad/sec, a fact that can be checked

with th : :
,,mgm; iﬁm:lf: diagram of G(jw)/[1 + G(jw)] shown in Figure 5-33. The MATLAB
I getting the Bode diagram is given in MATLAB Program 5-22.

Secti
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EXAMPLE 5-18

260

1,[11);
>> 5Y5 = ( 0);

>>W=
5> bode(sysW)

> grld

Closed-Loop System G/(1 + Gy
S Diagram of
S>> title('Bode

—_—

Gl(1+G)
: f Closed-Loop System

B{)d Djagﬁim : - 5 H i
10 : 1 b e

Magnitude (dB)

Phase (deg)

=135

-180
10°

10!
Frequency (rad/sec)
Figure 5-33
Bode diagram of G(jw)/[1 + G(jw)].

Consider a unity-feedback contro] system with the open-loop transfer function

G(s) = i____iS_-'fE_j-_Zﬂs +1

£ + 105 + 2053 + 30s2 + Ss

MATLAB Progra 5_.
We see that the Jocyg ; 23 produces the Nic

ol
hOI 1 : 34, me thGPI
checked with the Bols tﬂn.gent to the Iy 8 plot shown in Figure 5-3 e
which shows © diagram of e

~ 55-0B locus near = 2.8 radfse)*}-['{hf ol
the may; : closed-loop transfer function G(5 :
UM magnjtyde of 5.5 dB 1161;1' ® = 2.8 rad/sec. (See Figure"~

r
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. “plg
g, Plot of )
Exnmple S.lg(s) Eiven

MATLAB Program 5-23

>>num=[45 20 1];
>> den = [1
>> w = logspace(=3,2,300);
>> nichols(num,den,w);

>> ngrid

>> hold

Current plot held
ssww=I[1 3 10 100}

>> magdB = 20*log10(mag);
>> plot(phase,magdB,'o’)
>> gtext('1")

>> gtext('3')

>> gtext('10")

>> gtext('100")

>> hold

Current plot released
>>sys 1= tf(num,den);

>> sys = feedback(sys1,[1])
Transfer function:

10 20 30 5 O]

>> [mag,phase,ww] = nichols(num,den,ww);

45 sA2 + 20s + 1

>> bode(sys,w)

sA5 + 10574 + 20 M3 + 75502 + 255 + 1

>> grid
Nichols Chart
ﬁu 1 L L] L] L L] 1
40 F ¥ g
2{:' '_’!IH - - \‘\ -
e s >
g | =
N g ik
= 1 S S S ‘:r
£ A T oo e
Q I P N
g B —20do
R i Voo
' N L A
5 e i
g —40p-rv-+—-¢ it
o N ! ST |
IR : : : “I
:: : : : (B llll
] o
Py 1 il
ol : i1
el ] 5048
-80pr-r--=- i Pt
k101 10 ) i Loy Lw
o L \ i b Lt
=360 =315 =270 =225 -180 -135 -90 =45 0
Open-Loop Phase (deg)
Section
5-3 / Log-Magnitude-Versus-Phase Plots 261
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Magnitde (dB)

Phase (deg)

10? 10! 107

3 1072 10
1 Frequency (rad/sec)
35 -
lgﬂ: d?;gram for the closed-loop transfer function G( s)/[1 + G(s)].

5-4 PHASE MARGIN AND GAIN MARGIN

262

G(jw) for three different values of the oper-
he gain K, the system is unstable. As the gains
through the —1 + jO poit
the verge of instability and
he gain K, the system is

Figure 5-36 shows polar plots of

loop gain K. For a large value of t
decreased to a certain value, the G(jw) locus passes

This means that, with this gain value, the system 1s on
will exhibit sustained oscillations. For a small value of t
stable.

In general, the closer the G(jw) locus comes to encircling the —1 + jO point,
the more oscillatory is the system response. The closeness of the G(je) 1ot "
the —1 + jO point can be used as a measure of the margin of stability. (This doc
not apply, however, to conditionally stable systems.) It is common practice ©
represent the closeness in terms of phase margin and gain margin.

Phase margin: The phase margin is that amount of additional phase lag :}
to the verg® |

the pai
in:t ag}?ii!l;tchols;sovef frequency required to bring the system )
e ma I?;tudﬂ gain crossover frequency is the frequency at which |GU;’3I
g e of the open-loop transfer function, is unity. The gha:fiaﬂﬂ
un

gin y is 180° plus the ph
- a
the gain crossover fret?nelfsyagf]e ¢ of the open-loop transfer

Y = 180° + ¢

Chapter 5
p / Frequency-Response Analysis
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F ’

G Plane
21 0 I:ie
Figure 5-36 :
Polar plots © , ‘ K : Large
ﬂ}i(__lr-l_-_}wTa)(l * '”?Tb) 2 K : Small
(jw)(1 + joT1)(1 + joTs) - K = open-loop gain

Figures 5-37(a), (b), and (c) illustrate the phase margin of both a stable system
and an unstable system in Bode diagrams, polar plots, and log-magnitude-versus-
phase plots. In the polar plot, a line may be drawn from the origin to the point at
which the unit circle crosses the G(jw) locus. The angle from the negative real axis
to this line is the phase margin, which is positive for y > 0 and negative for y < 0.
For a minimum-phase system to be stable, the phase margin must be positive. In
the log-magnitude-versus-phase plots, the critical point in the complex plane cor-
responds to the intersection of the 0-dB and —180° lines.

Gain margin: The gain margin is the reciprocal of the magnitude |G(jw)| at
the frequency at which the phase angle is —180°. Defining the phase
crossover frequency w; to be the frequency at which the phase angle of the
open-loop transfer function equals —180° gives the gain margin K

1

Ke = 1GGwn)]

In terms of decibels,
K, dB = 20log K, = —2010g|G(jey)|

The gain margin expressed in decibels is positive if K is greater than unity and
negative if K, is smaller than unity. Thus, a positive gain margin (in decibels)
Eﬁ?nt:; that the system is stable, and a negative gain margin (in decibels) means
il (c)f'f system is unstable. The gain margin is shown in Figures 5-37(a), (b),
gaqug; a iable minimum-phase system, the gain margin indicates how much the
to then .mcreas?d lbe‘for_e th.e system becomes unstable. For an unstable sys-
mak'e i gain margin is indicative of how much the gain must be decreased to
€ system stable.

: Sectj
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Phase crossover
frequencies
(@1, @2, @3)
=00
1
s
1] Re
iy {2}y
Gain crossover
frequencies
((t-'i,. s, tr.'3]
i
0

Figure 5-38
Polar plots showing more than two phase or gain crossover frequencies.

The gain margin of a first- or second-order system is infinite, since the polar
plots for such systems do not cross the negative real axis. Thus, theoretically, first-
or second-order systems cannot be unstable. (Note, however, that so-called first-
or second-order systems are only approximations, in the sense that small time
lags are neglected in deriving the system equations. If these small lags are ac-
counted for, the so-called first- or second-order systems may become unstable.)

Note that, for a non-minimum-phase system with an unstable open loop, the
stability condition will not be satisfied unless the G(jw) plot encircles the
—1 + jO point. Hence, such a stable non-minimum-phase system will have nega-
tive phase and gain margins.

Note also that conditionally stable systems will have two or more phase
crossover frequencies, and some higher-order systems with complicated nu-
merator dynamics may have two or more gain crossover frequencies as well, as
is shown in Figure 5-38. For stable systems having two or more gain crossover
frequencies, the phase margin is measured at the highest gain crossover
frequency.

_ Afew comments on phase and gain margins. The phase and gain mar-
gins of a control system are a measure of the closeness of the polar plot to the
=1 + jO point. Therefore, these margins may be used as design criteria. .

Observe that neither the gain margin alone nor the phase margin alone gives
asufficient indication of relative stability. Both should be given in any determina-
tion of relative stability. ,

For a minimum-phase system, both the phase and gain margins must be
Positive for the system to be stable. Negative margins indicate instability.

8 . .
tction 54 / Phase Margin and Gain Margin 265
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a.mu m-phase systﬂ::' definitely relatf:d. The requiremen; ,, > te
transfer function nd 60° means that,in a Bode dlagram’ the iy
ha ain crossover frequency should be mﬁreg;pw
itude curve atthe g tical cases a slope of —20 dB/decage ; adyy
B/decade. In mOst prac is

thati ~4 4= rossover frequency for stability. If the slope s ~40 g,

be either stable Of unstable. (Even if the system is stap, iﬁde
]mar ien is small.) If the slope at the gain bcimssover frequency
ever, the phase stgeeper. the system is most likely ul:nsta c. .
—60 dB/decade or the correct interpretation of Stabij

5 s m_ hase Systems’ - LT
Fgrs I::gml";‘.]eguczl:efuﬁ study. The best way 10 determine the stability of p,,
margin

i Nvquist diagram rather than
minimum-phase systems 15 to use the INyq g the Bog,

diagram.
he phase and gain margins of the system shown in Figure 5-39 for the two case

EXAMPLE 5-19 Obtain t e
here K = 10and K = 100. : i
" e‘ﬁ:e phase and gain margins can easily be obtained from the Bode diagram. A Boded.
agram of the given open-loop transfer function with K = 10 is shown in Figure 5-40(z)
For K = 10, we have

Phase margin = 21°, Gain margin = 8§ dB

Therefore, the system gain may be increased by 8 dB before the instability occurs.
Increasing the gain from K = 10 to K = 100 shifts the 0-dB axis down by 20 dB, &
shown in Figure 5-40(b). In that case,

Phase margin = —30°,  Gain margin = —12 dB

T et R
which the effects of gain cl ery convenient aspects of the Bode diagram is the easc
W hB changes can be evaluated. To obtain satisfactory performancs **
Decreasing K is noli ;: . m[? 7gin t0 30° ~ 60°. This can be done by decreasing the gaio &
the ramp input, Th; sirable, however, since a small value of K will yield a large emor .
° PUBEests that reshaping of the open-loop frequency-response U’

adding compensation
in Section 55, May be necessary. Compensation techniques are discussed it detel

R(s)
K (s)
e
Figure 539 S(s+1)(s+5)
Contro] System.
266 Chapter 5
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Figure
Bode diagrams of the system shown in Figure 5-39; (a) with K = 10 and (b) with K = 100.

Obtaining gain margin, phase margin, phase crossover frequency, and
gain crossover frequency with MATLAB. The gain margin, phase margin,
phase crossover frequency, and gain crossover frequency can be obtained easily
with MATLAB. The command used is ’

[Gm,Pm,wcp,wcg] = margin(sys)
where Gm is the gain margin, Pm is the phase margin, wcp is the phase crossover
frequency, and wcg is the gain crossover frequency. Example 5-20 gives details on
how to use this command.

LE5-20 Draw a Bode diagram of the open-loop transfer function G(s) of the closed-loop system
shown in Figure 5-41. Determine the gain margin, phase margin, phase crossover frequency,
and gain crossover frequency with MATLAB.

20(s + 1) s
s(s + 5)(s% + 25 + 10)

G(s)

Figure 5-41
Closed-loop system.

Section 5-4 / Phase Margin and Gain Margin eht
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Je diagram and to obtain the ... ‘
\ATLAB program to plot 8 BOCE - over frequency jg 2R Mary
A.“n phase Crossover Erequenc}',fﬂg(s)gis ot dn Higine 545 8 Shnwn i rﬁ: %
i diagram O !
The Bode diagr TLAQ
Program 5-24.
e ragram 5-24 =
ram 5—
MATLAB Prog = - |
> num = [20 ’
; den=conv([1 5 0L 2 101
5> sys = ti(num,den);
>> “T - Jogspace(—1,2,100);
>> bode(sys,W) .
>> [Gm,Pm,w::p,wcg] = margin(sys);
>> GmdB = 20*log10(Gm);
>> [CmdB Pm wcp wcgl
ans =
9.9301 103.6573 4.0132 0.4426
Bode Diagram

50 T T T 1117 T T T TTTT] r

19,9301 dB - £d L

PN S T I A O B D A R

T[T T [ TTTTT B A

o i [T T
04426  1qf 40132 10! L
— TR
ode diagram of G(s) shown in Figure 541
___--.--‘..

MATLAR
e approach tq i

dwidh 8 getting resonant peak, resonant frequench r

- e 4o (i
I the value of the maximum magﬂ't“qe t

fr.
268 quency response. The resonant frequency .
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AWPLE 5-21

[mag phase,w] = bode(num,den,w);
[Mp,k]l = max(mag);

resonant_peak = 20*log10(Mp);
resonant_frequency = w(k)

The bandwidth can be obtained by entering the following lines into th
€ program:;

n=1,;

while 20*log10(mag(n)) > = -n=n+1

end
bandwidth = w(n)

Example 5-21 presents a detailed MATLAB program.

Consider the system shown in Figure 5-43. Using MATLAB, obtain a B i
' . 3 ode diagram fi
the closed-loop transfer function. Also, obtain the resonant peak, resonant frequeg:my a::;

bandwidth.

frequency that yields the maximum maon;

: nitude, MA

obtain the resonant peak and resonant t‘r% qu:g; are ILfAIJ;-’v commands used tq 4
as follows: .

or [mag,phase,w] = bode{sys w):

MATLAB Program 5-25 produces a Bode diagram for the closed-loop system, as well

as the resonant peak, resonant frequency, and bandwidth. The resulting Bode diagram is

MATLAB Program 5-25

>>num = [1];
>>den=[0.5 1.5

>> bode(sys,w)
>> grid

resonant_peak =
5.2388

0.7906
501l

end

bandwidth =
1.2649

>> sys1 = tf(num,den);
>> sys = feedback(sys1,1);
>> w = logspace(-1,1);

>> [mag,phase,w] =
>> [Mp,k] = max(mag);
>> resonant_peak =

>> resonant_frequency = w(k)
resonant_frequency =

>> while 20*log(mag(n)) > = -3:n=n+1;

>> bandwidth = w(n)

1 0];

bode(sys,w);

20*log10(Mp)

269

Section 54 / Phase Margin and Gain Margin

Scanned with CamScanner



C(s)

5-43

a%lslzz-loop s

Bode Diagram

Magnitude (dB)

Phase (deg)
|
=

o 10° 10
Frequency (rad/sec)

Figure 5-44

Bode diagram of the closed-loop transfer function of the system shown in Figure 543

shown in Figure 5-44. The resonant peak is 5.2388 dB, the resonant frequency ®

0.7906 radisec, and the bandwidth is 1.2649 rad/sec. These values can be veriied [
the figure,
__—:——"_"—-’-f
270 Cha =
pter 5 =
/ Frequency.Response Analysis : ﬂ
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uENCY-RESPONSE APPROACH TO conpo;

p FRES cOMPENSATION
/ , : :
In this section, we consider lead cop ensat:
: ns
compensation of control systems via apBod?E:’gl;‘?;ompﬁnsminn, and lag-legq
appro
Lead compensation. g

We illustrate 5
use of a few examples. lead compensation technique with 4,
S

Consider the control system shown in Figure 545, Determi

5-22  ystemaliowd
E[W"E that the phase margin is 60°. What is the gain margin with tllrx‘; ?aﬁ;: ?; I? ;l: the gain K sych

K.s'+{].l 10
5+0.5 ; s(s+1) 2

Figure 545
Control system.

The open-loop transfer function is

s+01 10
s+ 05s(s+1)

_ K(10s + 1)
T 2+ 158 + 055

G(s) =K

MATLAB Program 5-26 plots the Bode diagram of G(s) when K = 1. Figure 5-46 shows
the Bode diagram produced by that program. From the diagram, the required phase
margin of 60° occurs at the frequency @ = 1.15 rad/sec. The magnitude of G(jw) at this
frequency is found to be 14.5 dB. Then the gain K must satisfy the following equation:

20log K = —14.5dB

or
K =0.188

MATLAB Program 5-26

>>num=[10 1];
>>den=[1 15 05 0}
>> bode(num,den)

i >> grid .
: ' >> ﬁtle['Bode Diagram of G(s) = (10s + 1)![5(5 +0.5)(s + 1"

71
Section 5-5 / Frequency-Response Approach to Control Systems Compensation 2 ‘
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= (105 + 1)/[s(s + 0.5)(s +1))

Bode Diagram of G

=
......... =
=
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=2
xala et m _—
uuuuuuuuuuuuu M
-y
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=
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EEEEEEE e B g
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oAyt el e [
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||||| ey
LB
W ul
¥ 8 E
|

105 + 1
s(s + 05)(s + 1)

Bode diagram of G(5)

Figure 5-46

Thus, we have determined the value of the gain K. Since the angle curve does not crosst

—180° line, the gain margin is + 0o dB.

To verify the results, let us draw a Nyquist plot of G for the frequency range

w =0.5:0.01:1.15

The endpoint of the locus

Jar diagr®

(@ = 1.15 rad/sec) will be on a unit circle in the Nyquist P

i
, we first define a complex vector 2%

n, it is convenient to draw the Nyquist plot on a2 po

To draw the Nyquist plot on a polar diagram

To check the phase margi

using polar grids.

re”

re + i*im

Z=

where r and ¢ (theta) are given by

r = abs(z)
theta = angle(z)

of the sum of the real part squared &7 |

0" (imaginary part divided by real part)-

Square root
-1

finds the
: ang[e means tg

The abs function

part squared

- Chapter5
p ! quuem'Rﬁﬂhhhan N

S T
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If we use the command

pOIar(thetaf r

MATLAB will [Erroduce a plot in polar coordinates,

MATLAB Program 5-27 produces the Nyquis : .
and 1.15 radfsec._'l'he resulting plot is shown iiqﬁglig E};‘:{};zg;';l:ﬂe @ is ?ctween 05
lies on the unit circle and the phase angle of this point is —120°, He at the point G(j1.15)
i 60°. The fact that G(/1.15) is on the unit circle verifies that at < 3 ;o phase margi
pitude is equal to 1, or 0 dB. (Thus, @ = 1.15 is the gain crmsmer-ﬁcre:] sec the mag-
K = 0.188 gives the desired phase margin of 60°, quency.) Hence,

MATLAB Program 5-27

>> % *****Nyquist plot in rectangular coordinates*****
>>

>>num = [1.88 0.188];

>>den=[1 1.5 0.5 0]

>>w = 0.5:0.01:1.15;

>> [re,im,w] = nyquist(num,den,w);

>>
>> % *****Convert rectangular coordinates into polar coordinates

>> % by defining z, r, theta as follows*****
>>

>>zZ=re + i*im;

>> r = abs(z);

>> theta = angle(z);

>>
>> 9% ****+Tg draw polar plot, enter command 'polar(theta, r)"*****

>>
>> polar(theta,r)

>> text(—1,3,'Check of Phase Margin')
>> text(0.3,—1.7,'Nyquist plot')

>> text(—2.2,—0.75,'Phase margin’)
>> text(—2.2,~1.1,'is 60 degrees')

>> text(1.45,—0.7,'Unit circle')

ead compensator G,(s) such that the

uw‘i.Es.zg Consi . —48. Design al
nsider the system shown in Figure 5 & and a gain margin of not less than

closed-loop system will have a phase margin of 50°
10 dB. Assume that

Eyl <1
G.(s) = Kca(m) 0<a )

' ~ h
Itis desired that the bandwidth of the closed-loop system be 1 2 rad/sec. What are the
Values of M, and w, of the compensated system?

Section 5.5 / Frequency-Response Approach to Control Systems Compensation 273
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-%apl:a]- B F’“‘I“&ncy.

Check of Phase Marg;,
90

25

150

18’0 ; ------.:------'--:‘-'-------'-----....:

Ftlzasellrﬁal‘g"'t-n !
is 60 degrees

210 \ L it #
qumst pln-:

Figure 5-47 :
Nyquist plot of G( jo) shmn;mg —
that the phase margin 15 60°.
G ] ——1
(:(S) SE(S 7 5} e
Compensator G(s)
Figure 548
Closed-loop system.

Note that the lead angle that G.(jw) provides is

= /G(jw) = tan"}(wT) — tan"(awT)
The frequency w,, that

produces the maximum lead angle ¢,, can be obtained by solving
itf:ﬁ;; g;The result is wy, = 1/(VaT). The maximum phase lead angle ¢n is

bm = tan"Yw,,T) - tan"aw,T) = tan"'(1/Va) — tan~(V)

af1-
= tan ‘(-____‘1)_ o1l —
= sin
2Va 1+a

4 4

-Rﬁanﬁnnn FEE B =
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sing,, = sin6131° = L~ @ _

as follows:

a = 0.06541

since we chose w,, = 1, we get
op = 1/(VaT) = 1/(V0.06541 T) = 1

from which we obtain
T =3910, aT = 02558

Then we get

Ge(s)G(s) _ 39105 + 1 0.2
0.06541K. 025585 + 1 5%(0.2s + 1)

A Bode diagram of G(5)G(5)/(0.06541K ) can be obtained with MATLAB Program 5-28.
The Bode diagram is shown in Figure 5-49.

MATLAB Program 5-28

>>num = [0.782 0.2];

>>den =[0.05116 0.4558 1 0 0
>>w = logspace(—1,1,100);

>> bode(num,den,w);

>> grid

>>ww=[05 1 2];

>> [mag,phase,ww] = bode(num,den,ww);
>> magdB = 20*log10(mag);

>> [ww  magdB]

dans =

0.5000 4.7804
1,0000 -2.3063

2.0000 -9.7403

Seation 55 / Frequency-Response Approach to Control Systems Compensation 275
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107!

40
30¢
20
10r
0
-10
20
30

(gp) spmmusep

Figure 5-49
Bode diagram

19.94. We have
02
s2(02s + 1)

Scanned with CamScanner

K,

19.94

3910s + 1
€0.2558s + 1
1.01994s + 0.26086

s5) with
0.05116s* + 0.4558s5° + s

(

Thus, the magnitude curve must be raised by

K.

28, we find that the magnitude of G(ju)Glje)

20 log 0.06541K . = 2.3063
0.06541K, = 1.3041

de of G,(jw)G(jow) equals 0 dB atw = 1 rad/sec. Hence, west

51’5“[’
29 generates the Bode diagram of the open-looP

ode diagram of the closed-loop system (Figure 5-51)-

Response Analysis

with @ = 1 is —2.3063 dB.
G(s)G(s) = 0.06541K

From MATLAB Program 5
Program 5

18ure 5-50) and the B

Next, we obtain a Bode diagram of G (5)G

2.3063 dB so that the magnitu

Chapter5 Frequency.

which yields
MATLARB

(0.06541K )
(

F

or

276




MATLAB Program 5-29 \
>>numc = [1.01994 0.26086); =~ ——— |

>>denc=[0.05116 0.4558 1 ¢ (.
>> w = logspace(-1,2,100); '
>> bode(numc,denc,w);

b 3] gfld

>> [Gm,Pm,wcp,wcg] = margin(numc,denc);
>> GmdB = 20*log10(Gm);

5> [GmdB Pm wcp  wcg]

ans =
17.7408 49.9939 4.1535 1.0001

>> gtext('Gain margin = 17.74 dB')
>> gtext('Phase margin = 49.99 degrees')

>>
>> % Figure 5-50 shows the Bode diagram of the open-loop system (sys1),

>> % and Figure 5-51 shows that of the closed-loop system (sys).

=
>> sys1 = ti(numc,denc);

>> sys = feedback(sys1,[1])
Transfer function:

1.02 s + 0.2609
0.05116 s"4 + 0.4558 s"3 + sA2 + 1.02s + 0.2609

>> [mag,phase,w] = bode(sys,w);
>> [Mr,r] = max (mag);

>> MrdB = 20*log10 (Mr);

>>wr = w(r);

>> [MrdB  wr]

ans =
2.1116 0.6136

>> gtext('Resonant peak = 2.1116 dB')
>> gtext('Resonant peak frequency = 0.6136 rad/sec’)
>>
>>n=1;
>> while 20*log10(mag(n)) >=3; n = n+1;
end
>> Bandwidth = w(n)

Bandwidth =
1.8738
>> gtext('Bandwidth = 1.8738 rad/sec')

R S
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T~

(a). Design

joop system will satisfy the requiremen that the say; 8 Compensator sych that the clggeg

the phase margin = 50°, and the gain Margin = 1¢ d; velocity error constant = 20 sec1
= s Cc

Consider the system shown in Figure 5-52(a

10
s(s+1) =g Guis) __1_{)__
s(s+ 1) r—
(a)

(b)
Figure 5-52
(a) Control system; (b) compensated system.

To satisfy this requirement, we shall try a lead compensator of the form

Ts +1

Cels) = K

s
Pl
+_
. al

(If the lead compensator does not work, then we shall employ a compensator of a differ-
ent form.) The compensated system is shown in Figure 5-52(b).

We define
10K

Gl(é‘) = KG(S] = I{S—-i-ﬁ

where K = K a.The first step in the design is to adjust the gain K to meet the steady-state
performance specification or to provide the required static velocity error constant K,

Since the latter is given as 20 sec™’, we have

K, = lim sG(s)G(s)

: Ts+1
N J!I—%SHTS + IGI(S)
_ i _SI10K
= s(s +1)

10K = 20

]

or
K=2

With K = 2, the compensated system will satisfy the steady-state requirement.

Next, we plot the Bode diagram of

s SR
Gy(s) = s(s + 1)

Section 55 / Frequency-Response Approach to Control Systems Compensation 279
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20/[s(s+1)]"

margin(num,den);

Inf 4.4165

= 20*log

12.7580
'Phase margin = 12.8 degrees')

'Gain margin = Inf dB')

Inf

>> [GmdB,Pm,WCp,wcg]

>> GmdB
ans

>> gtext(
>> gtext(

||||||||||||||||||||||||||||||| R m.lll
g
|||||||||| —— d||l-||.-
o
™
]
|||||||||| II..M-II o
|||||||||||||| mull —
I .
o B/
1 o 1 1 ﬂ..U
[ =] o= e SR e W o
2 ¥ 8 § F %% % =
(gp) epmuBep (8ap) aseyq

10!
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Frequency (rad/sec)

0P

1

Bode diagram of Gi(s) = 20/[s(s + 1)]

Figure 5-53
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s

Since the specification calls for a phase mare; 4 N
sary to satisfy the phase-margin requirement 1];3:;1;;5?2 f;:; gdltmnal phase lead neces.
this amount. mpensator can contribute

Noting that the addition of a lead com
Bode diagram, we realize that the gain crossove
Wwe must offset the increased phase lag of G,(;

crossover frequency. Taking the shift of the gain CTossover frequency into consideratj
Eration,

we may assume tha‘t ®m, the maximum phase lead re uired, i : .
means that approximately 4° has been added to % 15 approximately 41°, (Thjs

CrOSSOVer frequency.) Since

Sind,m:;-l-a

B =41 corresponds to a = 0.2077. Note that o = 0.21 corresponds to ¢, = 40.76°
Whether we choose ¢, = 41° or ¢, = 40.76° does not make much diﬁ‘erence?u the fin I
solution. Hence, let us choose a = 0.21. i

Once the attenuation factor « has been determined on the basis of the required phase-
lead angle, the next step is to determine the corner frequencies w = 1 /T and @ = 1/(aT)
of the lead compensator. Notice that the maximum phase-lead angle ¢, occurs at the geo-
metric mean of the two corner frequencies, or w = 1/(VaT).

The amount of the modification in the magnitude curve at = 1/(VaT) due to the
inclusion of the term (T's + 1)/(aT's + 1) is

s il
1+ joT MEE]l ¢
1+ jwaT |- 1 =V’E
W= 1 + ja—
e
Note that
L_;—-:‘fn':-'7’?'8-::1]5’-
Ve V021

We need to find the frequency point at which the total magnitude becomes 0 dB when the
lead compensator is added.

From Figure 5-53, we see that the frequency point where the magnitude of Gi(jw) is
~6.7778 dB occurs between @ = 1 and 10 rad/sec. Hence, we plot a new Bode diagram of
G(jw) in the frequency range between = 1 and 10 to locate the exact point where
Gi(jw) = —6.7778 dB. MATLAB Program 5-31 produces the Bode diagram in this fre-
quency range; the diagram is shown in Figure 5-54. From this diagram, we learn that the

MATLAB Program 5-31

>> num = [20];

>>den=[1 1 0]

>> w = logspace(0,1,100);

>> bode(num,den,w)

>> grid

>> title('Bode Diagram of G1(s) = 20/[s(s + 1)]')

T —

Sect | .
k lon5-5. Frequency-Response Approach to Control Systems Compensation =~ 281
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Figure 5-54
Bode diagram of G (s)-

frequency point where |Gy(jw)| = —6.7778 dB occurs near @ = 6.5 rad/sec. Let us seleg
this frequency to be the new gain crossover frequency, or w, = 6.5 rad/sec. Noting that tis

frequency corresponds to 1/( VaT), or

1
Y = Nar
we obtain
1
T = w,Va = 6.5V021 = 2.9787
and
1 o 65
o s~ T = 14.1842
The lead compensator thus determined is
Gy(s) = k37 29787 _ o 03357s +1
5 + 14,1842 0.07050s + 1
where K is
K 2
K'==-=:——L.=
s 021 0.5238

Chapter 5 U
p / Frequency-keaponse Analysis
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Thus, the transfer function of the compensatoy becomes

2 0.3357s + 1
0.07050s + 1

s+ 141842

L 9.5233—5-"_'_2'2?_31 —

Ge(s)

MATLAB Program 5-32 produces the Bode dj

diagram is shown in Figure 5-55.

agram of this lead compensator, the

MATLAB Program 5-32

oy
©
O o=
3.;%
- e 2 S
24 _..rw
o A
o= = o
Nns Lo
n "85
2 o E
-t
g £
(8] e
m @) job]
Sg '8
cT 2.5
AN
FAT AN A .

>> grid

=9.5238(s + 2.9787)/(s + 14.1842)")

>> title('Bode Diagram of Ge(s)
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The open-loop transfer function of the designed system is

10

s + 14,1842 s(s + 1)
95,2385 + 283.6854
5 + 1518425 + 14.1842s

s + 2.9787

G.(s)G(s) = 9.5238

283
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(s)G(s)

margin(num,den);

10 (Gm);
wcgl

14.1842 0];
f Gel(s)G(s))

.6854];
= 49.4 degrees')

Inf 6.6027
— [I’]f dB']

jagram O

'gode DI

wcgl
Bode Diagram of Ge¢

20*log
'Phase margin

'Gain margin

—

dB, Pm,r ch-’

Pm,wCp;
Inf 49.3687

>> [Gm,
>> GmdB
S>> [Gm
>> gtE)(t(
>> gtext(

>3 titlel
ans =

10°
and 04
pe

fore We

|
I
i
i
|
[}
is +00 dB,

ient-response characteristics

pecifications are met. Be

, the gain margin
the transi

e ——— e -

10!
Frequency (rad/sec)

ately 50°

B 15 approxim
' WE DEEd tn cheCk

TTOT constant g

this problem

Phase marpip, ;
showever

Ye

(gp) spmuSep

Since the

ic velocit

BOde dlagram of G{'{E)G(S}

A% chi]‘.'t-&r 5./
#mqutncy.mmnu Analysis
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Response: We shall compare the unit-step response of the compensated system

of the original, uncompensated system.
ransfer function of the original, uncompensated system is

Unit-Step

with that

The closed-loop t
C(s) _ 10

R(s) & +s+10

The closed-loop transfer function of the compensated system is
C(s) 95.238s + 283.6854

R(s) _ 5 + 1518425 + 109.4222s + 2836854

-step responses of the uncompensated and
curves are shown in Figure 5-57. Clearly, the
at the closed-loop zero and

5-34 produces the unit

compensated systems. The resulting response
compensated system exhibits a satisfactory response. Note th

poles are located as follows:

MATLAB Program

Zero at s = —2.9787
Poles at s = —5.2270 £ j5.7141, s = —4.7303

It is worthwhile to check the unit-ramp response of the compen-

= 20 sec”), the steady-state error following the unit-ramp input
tant of the uncompensated system is

Il have twice as large a steady-state

Unit-Ramp Response:
sated system. Since K,
will be 1/K, = 0.05. The static velocity error cons

10 sec”.. Hence, the original uncompensated system wi
error in following the unit-ramp input.

MATLAB Program 5-34

>> Y%****¥ | nit-step responses
>>

>> numl = [10];

>>den1=[1 1 10}

>> num2 = [95.238 283.6854];

>>den2 = [1 15.1842 109.4222 283.6854];
>>1=0:0.01:6;

>> [c1,x1,1] = step(num1,den1,t);

>> [c2,x2,1] = step(num2,den2,t);

> plﬁt([l,c'l ,'.',t,cz,'-'}

>> grid

>> title('Unit-Step Responses
>> xlabel('t Sec")

::’" ylabel('Outputs')

:; :EXIH .1,0.5,'Compensated system')

| >>text(1.7,1.46,'U ncompensated system’)

wEEEE

of Compensated and Uncompensated Systems')

:ﬂ

L Sect
i on5-5 / Frequency-Response Approach to Control Systems Compensation 283

Scanned with CamScanner



d Uncompensateq 8
fcompensamd an Ystemg
Unit-Step Responses 0 ! 5 5

1.6 b f

: Uqc
1.4 b

: a ;
| 3 4 5 6

0 2

9 . t Sec

fj‘ig}l:ﬁf;sisponses of the compensated and uncompensated systems.
nit-ste

s ESPOHSE curves, ShD'Wl] i
m 5-35 produces the unit-ramp r i
MASTlgg?ch:rteoflz:t the unit-ramp response is obtained as the unit-step response of
l:Zi(gsl)l::R(;) ]:Ihe compensated system has a steady-state error equal to one-half that of
original, uncompensated system.

MATLAB Program 5-35

>> %*****Unit-ramp responses*****
>>

>>numl = [10];
>>den1=[1 1 10 o]
>>num2 = [95,238 283.6854];

>>den2 =[1 15.1842 109.4222 283.6854 0l;

>>t=0:0.01:3;

>> [c1,x1 4] = step(num1,dent,1);

>> [e2,x2,1] = step{numz,denz,t];

o plot{t,d,'.',t,cz,'-',t,t, -

>> grid ste
Z ::]tﬁe ld:lgggrp Responses of Compensated and Uncompenf’ated 2
>> ylabel('Outputg')

>>text(0.1,1.3,

CD]'n e
>> text(1.2,0.65, ', Pensated system')

Compensated system') /’//

Chapter 5 , Fl'equenc!-kespﬁnse Analysis ._ j
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l.;nil—Ramp R'csponses o'f Compensated and Uncompensated Systems
25 , ............ _______________ 7|
|- N -~ _
E
5 Compenlsatad system
o oSN e |
Uncompensated system
0'5 e e S ..”._ HEC e e
0 i i i : A
0 0.5 1 1.5 2 25 3
t Sec
Figure 5-58
Unit-ramp responses of the compensated and uncompensated systems.
..—-"'"'--_'_—__

Lag compensation. We next illustrate a lag compensation technique with
the use of two examples.

Consider the system shown in Figure 5-59. The open-loop transfer function is given by

1
s(s + 1)(0.55 + 1)

EXAMPLE 5-25

G(s) =

It is desired to compensate the system so that the static velocity error constant K, is
5sec’l, the phase margin is at least 40°, and the gain margin is at least 10 dB.

We shall use a lag compensator of the form

1
P
Ts +1 T
G(s) = Kcﬁm =K (B=>1)
s+—
BT
We define
KB=K
and
K
Gifs) = RO = Tss v 1)
1 e
s(s+1)(0.55+ 1)
Figure 5-59
Control system,

Se
ction 5-5 Frequency-Response Approach to Control Systems Compensation ~ 287
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288

The first step in the design is t0 adjust the gain K to meet the requirey Statjg , ‘
h
ty

constant. Thus,

‘311,”1
. ) Ts+1 G )
K, = limsG()G() = IS prs v 1010) = lim g,
sK =K=35
p— 3 -_____-_-____-____
= lm S + 1)(05s + 1)
or
KE=5

With K = 5, the compensated system satisfies the steady-state Performanc, .

We next plot the Bode diagram of

5
Gilio) = T5a + 1)(05jw + 1)

The magnitude curve and phase-angle curve of G, ( jw) are shown in Figure 5.4,
this plot, the phase margin is found to be —20°, which means that the gain'adjus{
uncompensated, system is unstable. ed, by

40 =
; \\ wE
20 \\ Gyl ~~o L
i N .
@B 0 : GG | . 1.5
s <
e i \ ‘--..{1 dB \\
B a +
70 F"' o
40 i\
‘}il
:““"H‘ GC | bt =
= ‘-""""\-h. = a— —_
-90° |- J G ]
W i L
~180° GCG/ 407 T L
" } o
=270°
0004 001 002 004 01 02 o406 1 2 ¢
@ in rad/sec
gigure 5-60
ode diagrams for G (gain_. 1 ctioth
G (co 1 (8ain-adjusted but uncompensated open-loop transfer fun

mpensator
).and G,G (compensated open-loop transfer function)-

Chapter 5. ; Frequeney-Rnaponse Analysis J
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modification of the phase curve. Since the .
40° is 0.7 rad/sec, the new gain crossover freq
chosen near this value. To avoid overly large time ¢q

shall choose the corner frequency w = 1 /T (whic nstants for the lag compensator, we

5 h corres
nsator) to be 0.1 rad/sec. ance this corner frequency isp?ll;?i;g tflr Eﬁliﬂ of the lag com,.
crossover frequency, the modification in the phase curve may not be ;mil?\;[LhE new gain
- Hience, we add

about 12° to the given phase margin as an allowanc

duced by the lag compensator. The required phase mz:gil? fﬁﬂi ;“;1; t,l[l: lag angle intro.
the uncompensated open-loop transfer function is ~128° at about ¢ — 035 Ph;?e angle of
choose the new gain crossover frequency to be 0.5 rad/sec. To bring the mar e .tseg. So we
down to 0 dB at this new gain crossover frequency, the lag compensator rgnm ude curve
necessary attenuation, which in this case is —20 dB. Hence, et gve the

1
20log— = =20
B

or

B =10

The other corner frequency w = 1(BT), which corresponds to the pole of the lag com-
pensator, is then determined to be

1
AT = ().01 rad/sec

Thus, the transfer function of the lag compensator is

1

o B

10s + 1 10

G(s) = K10 qen 7 = K™
5+ 'l'ﬂ'a

Since the gain K was determined to be 5 and 8 was determined to be 10, we have

=05

5
K. = =ﬁ

™ | >

The open-loop transfer function of the compensated system is

5(10s + 1)
G(s)G(s) = s(100s + 1)(s + 1)(0.5s + 1)

The magnitude and phase-angle curves of G(jw)G(jw) are also shown in Figure 5-60.

Section 55 / Frequency-Response Approach to Control Systems Compensation

i
!.:
;
=z

289

R e s e T

Scanned with CamScanner



20 bl %
L
12 3dB-—2 | Q0
| MR
g [ TN O
.'E= \ {;{2 ) i ﬂ‘;'"‘--.
= i
i -4 »&‘--.. 1 __Ei ]
L 08 |
_12 / G / _JL\H‘“
P P |
Figure 5-61 " /.< q£|
Mg-ma@itude-vergus—phase = ; #2 rﬁmm‘
plots of Gy {gain-adjusted. but < oot ﬂ u iy
uncompensated, open-loop tramscl 2407 210 180" 155 g 1
function) and GG (compensate o

open-loop transfer function).

The phase margin of the compensa:.ed s;,.-steu_l is about 4(13::’1 w?':h is thf: "Btlllirf:dmm
The gain margin is about 11 dB, which is quite acceptable. The Slatlc_\'elﬂqty emor
constant is 5sec™! as required. The compensated system, therefore, satisfies both the
steady-state and relative stability requirements. .

Note that the new gain crossover frequency is decreased from approximately |
0.5 rad/sec. This means that the bandwidth of the system is reduced.

To further show the effects of lag compensation, the log-magnitude-versus-phase plots
of the gain-adjusted, but uncompensated, system G,(jw) and of the compensated systen
G.(jw)G(jw) are shown in Figure 5-61. The plot of G;(jw) clearly shows that the gain-
adjusted, but uncompensated, system is unstable. The addition of the lag compensator
stabilizes the system. The plot of G.(jw)G(jw) is tangent to the M = 3 dB locus. Thus the
resonant peak value is 3 dB, or 1.4, and this peak occurs at w = 0.5 rad/sec.

Compensators designed by different methods or by different designers (even usingthe
same approach) may look sufficiently different. Any of the well-designed systems, howevet,
will give similar transient and steady-state performance. The best among many alternativs

may be chosen from the economic consideration that the time constants of the lag compet
sator should not be tog large,

Finally, we shall €Xamin
pensated system and the g
closed-loop transfer functj

e t.he unit-step response and unit-ramp response of theort
riginal, uncompensated system without gain adjustment
ons of the compensated and uncompensated systems re

C
—R;El = 50.5' + 5
() 508 + 15059 + 10152 + 513 7 3
and
) 1
290 R(s) -'535-3_:_1_.&"z +5+1
Chapter
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i ectively. MATLAB Program 5-36 will produce the unit
of the compensated and uncompensated systems, The resu
and unit-ramp response curves are sh_c-wn in Figures 5-62 a
responSe CUrves, we find that the designed system satisfies

satisfactory.

-step and unit-ramp responses
Iting unit-step response curves
nd 5-63, respectively. From the
the given specifications and js

MATLAB Program 5-36
>> -:%H***Unit-StEP rESPDnSe*****

>> |
> num = [11; .
>>den=[0.5 1.5 1 Tk

>> numc =[50 5[;

s> denc=[50 150.5 101.5 51 5[;
s>t= 0:0.1 40,

>> [e1,x1,t] = step(num,den,t);

>> [c2,x2,1] = step(numc,denc,t);

b PIGt[[,CT,‘.',t,CZ,I“I]

>> grid |
5> title('Unit-Step Responses of Compensated and Uncompensated Systems') i
>> xlabel('t Sec') .
>> ylabel('Outputs’)

>> text(12.7,1.27, 'Compensated system’)
>> text(12.2,0.7,'Uncompensated system')
>>

>> %*¥*¥** nit-ramp response*****

>> \
>>numl = [1]; !
>>den1=[05 1.5 1 1 0] |
>>numlc=[50 5]; |
>>denlc=[50 150.5 101.5 51 5 Of .
>>t=0:0.1:20; '
>> [y1,z1,4] = step(num1,den,t);

>> [y2,22,1] = step(num1c,denict);

> pIDt(ttY1 rl~rrt:y2rl‘l.rtftr I"‘I];

>> grid |
>> title('Unit-Ramp Responses of Compensated and Uncompensated Systems') |
>> xlabel('t Sec')
>> ylabel('Outputs')
>>text(8.3,3,'Compensated system’)
>>text(8.3,5,'"Uncompensated system')

e ————

Section 5-5 / Frequency-Response Approach to Control Systems Compensation 291
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292

Unit-Step Responses of Compensated ang Uncomy
T T 1 °ns

1.4 S)%h
1F
= .
g :
© 06 A e i
0. piefrigi R s ST
Unit-step response C““’;S L | - S
for the compensated an 0 ; j i ; : : :
5 10 15 20 35 | g5 ke,
uncompensated systems 0 It 30 3 .
(Example 5-25.)
Unit-Ramp Responses of Compensated and Uncompensatgg Syt
20 T T T ! T T T :
T T T L ST TS S
16 | o
) (.41 N - N
% il
E F
8k
o e T
: : - Uncompensated system :
Unit-ramp response curves Y WO 0 N T o 5 0 W
e W PEER
uncompensated systems 0 0 i i ; i : : -
1§ ¥
(Example 5-25.) 2 4 ‘& 8§ 10 12 14 1
1 Sec
Note

that th i
@ zero and poles of the designed closed-loop system are as follows:

Zeroats = —q1

Pol = -
Esats = —02859 4 j0.5196, = —0.1228, s=-2315

g the
loop poles are very close to the jw-axis, with the roslh gfd e
the closed-loop pole at s = -01228 X

Chapter 5 _. -
/ Frequency-Respnnse Analysis -J
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?:"
6 Consider the system shown in Figure 5-64. Des;
€Sign a compensator such that the Static

5-2 ; : -1

MPLE velocity error constant is 4 sec™), the phase marei. -
i " : argin is 55°, : : o,

more. Obtain the unit-step and unit-ramp response curves g?‘tihteh:js]l:tlamarg:in s

nsated system wigp

MATLAB.

G(s) P 1

Figure 5-64
Control system.

Since the plant does not have an integrator, it is nece A
ssary to ad
compensator. Let us choose the compensator to be ki d an integrator to the

Ge(s) = 6,(s)

where

limG,(s) =

sy
[GC(S-J‘I is to be determined later.] Since the static velocity error constant X, is specified as
4 sec”’, we have

" 1. K 2
R e

=K=4

Thus,
G(s) = 3G(s)

Next, we plot a Bode diagram of

4
= TEID

MATLAB Program 5-37 produces a Bode diagram of G(s). The resulting Bode diagram is
shown in Figure 5-65.

MATLAB Program 5-37

>> num = [4];
>>den =[1 0.00000000001 1 O0F

>> w = logspace(—1,1,200);
>> bode(num,den,w);

>> grid
>> title('Bode Diagram of 4/[s(s"2+1)]")

We need a phase margin of 55° and gain margin of 10 dB or more. From the Bode dia-
&ram of Figure 5-65, we notice that the gain crossover frequency IS approximately
@ *‘-'-1.8 rad/sec, Let us assume that the gain crossover frequency of the compensated sys-
'em is somewhere between w = 1 and @ = 10 rad/sec.

Section 5-5 / Frequency-Response Approach to Control Systems Compensation 293
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of 4/[s(s2 + 1)]

Bode Diagram
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G.(s) = (as + 1)(bs + 1)

and select @ = 5.Then (as + 1) will contribute up to 90° phase lead in the high-frequesgy

region. MATLAB Program 5-38 produces the Bode diagram of

4(5s + 1)

s(s*+1)

The resulting Bode diagram is shown in Figure 5-66.

MATLAB Program 5-38

0l;

1

0.00000000001
ace(—er r1 01 )_:

[20 4];
[1
logsp
num,den,w);

e(

>>num
>> den -

> W
>> bod
>> grid

B3
PR |
eEs23
nnm...r.._ﬁw.
wr
= 1855
T |BEE
[ VB "
< V) [os]
) hm.ﬂ_
Jﬂ —
= | §5'8
T 857
W = |
Ly cen
Mo et..l..l..
o wn..g
-
@ | ¥ »E
O [2ARg
0 _- @
B | Ein o
.gsa
E|lifwwo
| 9K
oo U-m_D
= [ gBh
0 S e
o | BE S
=] .mmeﬂ
o | D zm
aan] eh_l
= oA 8
7] = =]
— [=a IS %
= © o &
AlE BE
==V ]
etk
® 3 .M
L
.W_..M.mm.w
nlﬂwﬁ
o+ee
=
Laan

~

Ge(s) = (55 + 1)(025s + 1)

4
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we see that the sta-

AB Program 5-39 pro-
Iting Bode diagram is
Scanned with CamScanner

§

5s* + 21s + 4
gram we see that the phase margin

efore, the designed system satisfies all the re-
e. (Note that there exist infinitely many

S+

Note that the controller designed here is a PID controller. MATL

1

4(5s + 1)(0.25s + 1)

f4(5s+1)(0.25s+1 W[s(s”2+1)]")

Frequency (rad/sec)
the system we have designed is just one of them

ed open-loop transfer function,

0l;

>> w = logspace(-2,2,1 00);
>> bode(num,den,w);

>> grid

-loop transfer function. The resu
4];

1

-1 From the Bode dia

0
Response Approach to Control Systems Compensation 295

4(5s + 1)/[s(s* + 1)].

[1

Open-loop transfer function
MATLAB Program 5-39
>snum=[5 21

>> den

>> title('Bode Diagram 0

and the open-loop transfer function of the designed system becomes

duces the Bode diagram of the open

shown in Figure 5-67. From the design

tic velocity error constant is 4 sec

is 55° and the gain margin is +co dB. Ther
quirements. Thus, the designed system is accepta
systems that satisfy all the requirements;

Section 5-5 / Frequency

Bode diagram of G(s)

Figure 5-66
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MATLAB PrugramS—Ml\
>> %*****Unit-stepm

S5
>>num=[5 21 4]

>>den=[1 5 22 4

>>1=0:0.01:14;

>> ¢ = step(num,den,t);

>> plot(t,c)

>> grid

>> title('Unit-Step Response of Compensated System')
>> xlabel('t (sec)")

>> ylabel('Output c(t)")

>>

>> %™ ***Unit-ramp response****+

>>

>>numl =[5 21 4];

>>denl=[1 5 22 4 ()

>>t=0:0.02:20;

>> ¢ = step(hum1,dent,t);

>> plott,c,'-' t.t,'--'); grid

>> title('Unit-Ramp Response of Compensated System')
>> xlabel('t (sec)")

>> ylabel('Unit-Ramp Input and Output c(t)')

>> text(10.7,8,'Compensated System')

Unit-Step Response of Compensated System
[.4 1 I I! ! T T

L B R N T T R L L L L E L LT L T ma e

ot
o

- T T R T T PR e P R RS L

Output ¢(1)
=
o

=
=

o=
i

f (sec)
Figure 568
Unit-step response curve.
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Figure 5-69 0 A . e S
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Lag-lead compensation. We present a lag-lead compensatioy techn;
with the use of an example. que

EXAMPLE 5-27 Consider the unity-feedback system whose open-loop transfer function is

_ K
T os(s + 1)(s + 4)

G(s)

Design a lag-lead compensator G.(s) such that
10sec™, the phase margin is 50°
We shall design a lag-

: the static velocity error constag i
»and the gain margin is 10 dB or more,
lead compensator of the form

e+ 2)

s+—ls + —

Gf(-?) = Kc_( Tl Tz
B 1

+ 5.8
(S Tl)(s * ﬁn)

. n of the com . ince the
plant is adjustable | pensated system is G.(s)G(s). Since
requ : et us as i 2
duirement on the satic velocity error c?:i?tz;l:a\if ob_tal then ‘!ImGCES} T
» 1n
Ku =]
I 9Gl8)G(s) = lim 5, (5)— K
_k S S(s +1)(s +4)
=T~
Hence,
298 | K =40
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5 4 0]

[40];
logspace (—1,1,100);

>> bode (num,den,w)

>> grid

MATLAB Program 5-41

>> num
>> den = [1

s> W

40/[s(s+1)(s+4)]")

>> title('Bode Diagram of G(s)

o
58
Qg
E S
2w
= E
£ 3
o0&
s A,
mSL
__m.m
=g
g S
=2 &
o0
Yoo
2 o™
£ I
£t
ELE
MmG
A A
AS A

—

>> [GmdB, Pm, wcp, wcg]
—6.0206

ans

=15.0110 2.0000 2.7797

40/[s(s + 1)(s + 4)]

—6.02 dB')

>> gtext ('Phase margin = —15.01 degrees')

G(s)

f

Q

m
Frequency (rad/sec)

Bode Diagra

>> gtext (‘Gain margin

107!

L L
o O o = Wy
o B o R+
__.%nw =
1

-180
=225
-270

(gp) 2pmyusejy (Sap) aseyq

Section 5.5 , Frequency-Response Approach to Control Systems Compensation

Bode diagram of G(s) = 40/[s(s + 1)(s + 4)].

Figure 579
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From Figure 5-70, the phase margin of the gain-adjusted, but uncompensated, System
is found to be —15°, which indicates that this system is unstable. The next step in the design
of a lag-lead compensator is to choose a new gain Crossover fl‘equer{cy. From the phase.
angle curve for G(jw), we notice that the phase crossover frequency is w = 2 rad/sec. We
may choose the new gain crossover frequency to be 2 rad/sec so that the phase-lead angle
required at @ = 2 rad/sec is about 50°. A single lag-lead compensator can provide thj
amount of phase-lead angle quite easily.

Once we choose the gain crossover frequency to be 2 rad/sec, we can determine the cor-
ner frequencies of the phase-lag portion of the lag-lead compensator. Let us choose the
corner frequency @ = 1/T, (which cnnesponds'to the zero of the phase-lag portion of the
compensator) to be 1 decade below the new gain crossover frequency, of w = 0.2 rad/sec,
For another corner frequency @ = 1/(BT2), we need the value of B, which can be deter.
mined from a consideration of the lead portion of the compensator, as shown next,

For the lead compensator, the maximum phase-lead angle ¢,, is given by

g—-1
Bg+1
Notice that 8 = 10 corresponds to ¢,, = 54.9°. Since we need a 50° phase margin, we may

choose B = 10. (We will be using several degrees less than the maximum angle, 54.9°)
Thus, we choose

sin ¢, =

B =10

Then the corner frequency w = 1/(BT,) (which corresponds to the pole of the phase-lag
portion of the compensator) becomes

w = 0.02

The transfer function of the phase-lag portion of the lag-lead compensator becomes

s+ 0.2 ~ 10 55 + 1

s + 0.02 S0s +1) °

The phase-lead portion can be determined as follows: Since the new gain crossover fre-

quency is @ = 2 rad/sec, from Figure 5-70, |G(;2)| is found to be 6 dB. Hence, if the
lag-lead compensator contributes —6 dB at w = 2 rad/sec, then the new gain crossover
frequency is as desired. From this requirement, it is possible to draw a straight line of slope
20 dB/decade passing through the point (2 rad/sec, —6 dB). (Such a line has been manually
drawn in Figure 5-70.) The intersections of this line and the 0-dB line and —20-dB line de-
termine the corner frequencies. From this consideration, the corner frequencies for the

lead portion can be determined as @ = 0.4 rad/sec and @ = 4 rad/sec. Thus, the transfer
function of the lead portion of the lag-lead compensator becomes

s+04 _1(25+1
s+4  10\025s + 1

Combining the transfer functions of the

tain the transfer function G.(s) of
have

lag and lead portions of the compensator, we ob-
the lag-lead compensator. Since we chose K, = 1, we

(‘,'{3) _ s+ 04 5s+02 _ [2.5.‘5‘ s l](ﬁs + 1}
. s+4 5+002 (0255 + 1)(50s + 1)

Ihe Bode diagram of the lag-lead compensator G,(s) can be obtained by entering
MATLAB Program 5-42 into the computer. The resulting plot is shown in Figure 5-71.

Chapter 5 / Frequency-Response Analysis

Scanned with CamScanner



MATLAB Program 5-42
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>> title('Bode Diagram of Lag-Lead Compensator')

Lead Compensator

Bode Diagram of Lag-
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The open-loop transfer function of the compensated system is

(s + 4)(s + 0.02) s(s + 1)(s + 4)

(s + 04)(s + 0.2)

(5)G(s) =

G,

4052 + 245 + 32
& + 9.02s" + 24.185° + 16.485 + 0.32s

o o
=8
B %
ws
mwm
=
Z 3
o &
26 s
S b g
288
£ 2 8
&y
DJH E
2 e o
S g
S >
[+ =
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30 0
=8 o
§g%
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O
S0
— 0
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: o
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G b E
o D
E% =
it
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S =
m S =
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Ler
5 88
< o
s 39 g
g E
£33
L - T
= ™

=

>>hb =1

-
r

4.02 0.08]

5 4 0]

>>a

>> conv(a,b)

dns =

1.0000 9.0200 24.1800 16.4800 0.320000 O
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we have

C(s) G(5)G(s)

R(s) 1+ G.(s)G(s)

0(s + 04)(s + 02

T (s +4)(s + n.uz)s[mmr-‘—-

)(s +02)

To determine the denominator polynomial with M
We define ATLAB, we may proceed as follgws:

a(s) = (s + 4)(s + 0.02) = s + 4,025 + 0.08
b(s) =s(s + 1)(s + 4) = & + 52 4 45
c(s) = 40(s + 04)(s + 02) = 408 + 245 + 32

Then we have

a=[1 4.02 0.08]
b=[1 5 4 q
c=[40 24 3.2

Using the following MATLAB program, we obtain the denominator polynomial:

>>a=[1 4.02 0.08];
>>b=[1 5 4 0]

>>c=[40 24 3.2];
>>p=[convia,b)l +[0 0 0 ]

P:
1.0000 9.0200 24.1800 56.4800 24.3200 3.2000

MATLAB Program 5-44 is used to obtain the unit-step response of the compensated
system. The resulting unit-step response curve is shown in Figure 5-73. (Note that the
gain-adjusted but uncompensated system is unstable.)

MATLAB Program 5-44

>> %*****Unit-step response****

>>

>>num = [40 24 3.2];

>>den=[1 9.02 24.18 56.48 2432 3.2];
>>t = 0:0.2:40;

>> step(num,den,t)

>> grid

>> title('Unit-Step Response of Compensated System’)

Unit-Ramp Response: The unit-ramp response of the system may be obtajined by entering
MATLAB Program 5-45 into the computer. Here, we converted the unit-ramp response
of GG/(1 + G,G) into the unit-step response of G.G/ [s(1 + G,G)]. The unit-ramp
Tesponse curve obtained with this program is shown in Figure 5-74.

Section 5-5 / Frequency-Response Approach to Control Systems Compensation 303
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Figure 5-73
Unit-step response curve of
the compensated system.

3

Unit-Step Response of Compensated gy,

=
o
T

Time (sec)

MATLAB Program 5-45

=5
>> den = [1
>>t=0:0.0
>> ¢ = step(

>> grid

>> Y%*****Unit-ramp respons

>>num = [40 24 3.2];

>> plot(t,c,'-' t,t,".")

>> title('Unit-Ramp Response of Compensated System’)
>> xlabel('Time (sec)")
>> ylabel('Unit-Ramp Input and Output c(t)')

*
P

9.02 24.18 56.48 2432 3.2 0];
5:20;
num,den,t);

Unit-Ramp Input and Output c(7)

Figure 5-74
Unit-ramp response of

the compensated
system,

Unit-Ramp Response of Compensated System
20 T T T T T T 4 4

14 ,1 e

o M e O @
T

R ——
2% 7s 3 1012 14 1

“——-.-—'.._____‘___‘_____ Time (sec) 2 :ﬁ
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MA'IS"::J:B Approach to the
ate-Space Design of
Control Systems

¢ NTRODUCTION

This chapter discusses subjects such
e et :alls controllability, observabili
i i co?l dsitei:;:rs. ?'IATL.AB is Pseful in checking the cg::g'}(r;lgl.)l% e
S s s of any linear, time-invariant systems. I'.flf‘\TLf!L];ll't‘jJr .
s e dg servers and observer controllers. (Quadratic opti i
s and the design of such systems with MATLAB are pI:elszlztleZm}-
m

Chapter 7.)

820
NTROLLABILITY AND OBSERVABILITY

at time t if it is possible to transfer the system

A system is said to be controllable
her state in a finite interval of time by means

gfom any initial state x(f) to any ot

a:; unconstrained control vector.
system is said to be observableat time fo if it is possible to determine e
bservation of the output OVer a finite time

re introduced by Kalman.

the design of control systems in state space. In
ity and observability may govern the existence
trol system design problem. Although most

nd observable, corresponding mathematical

;;‘:;’vgfg) of the system from the o
,Ihe?ﬂ[conce]?ts of controllabili
fact tlf ay aﬂ.ulnportant role in
o a’ . e conditions qf controllabil
physicglmplete solution to the con

systems are controllable a

ty and observability we

305
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306

| itis necessary

es of controliability and gp, q
under which the system is l::';‘“"'allai]jt}r
This section Pr cals with “:ir.“.r ollability ang ub::r““ﬂbi?‘%
follows, we shall first derive the EO? ::I{;'l;jizr complete st:ﬂ:mﬁ]itl'%'I
bility followed by discussions of the conceP of stabilizability. They, - ony,
d by the concept of dﬂteﬁtabiﬁty e Pre&;&n:‘"a
w u]E

conditions for observability followe

controllability: Consider the system
i = Ax + Bu

ti
ot possess the prqgef
- he conditions

dels may b
i to know t
imarily deal

observable.
In what

(6

x = state vector (n-vector)
u = control signal (scalar)
A = n X nmatrix
B = n X 1 matrix

ed by Equation (6-1) is said to be state controllgp,
aty -

The system describ Y
it is possible to construct an unconstrained control signal that will tran.. it
tial state to any final state in a finite time interval fp =t < ¢, g nsfer g i,

aid to be completely state comrof{abeve’}' State

controllable, then the system iss
We shall now derive the condition for complete state controllabilit W
Y- Wit

loss of generality, we can assume that the final state is the origin of the st
ate Spage

and that the initial time is zero, or [ = 0.
The solution of Equation (6-1) is

x(1) = e*'x(0) + / eATBu(r) dr
0

where

Applying the definition of complete state controllability just given, we h
» ave

h
x(t) = 0 = eAx(0) + / eAtIBy(7) dr
0

or
4
x(0) = - ,/.;; e A"Bu(r) dr (2
Since ™7 can be written as
e n—1
et 5
=0
substituting E i
quation (6-3) i i
(6-3) into Equation (6-2) gives
¢4

1 "
x(0) = ->'A‘B j[; ay(T)u(r) dr

k=0

* See Appengi
Pendix for 5 derivation of this equatio
n.

Chapter 6 ;
MATLAB A
PProach to the State-Space Desian of Control w
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Let us pllt

£ (T)u(r) dr = By

Then Equation (6-4) becomes

n=1
x(0) = —%A"Bﬁk

= —[B{AB| - A" -

_ﬁn—l_

If the system is completely' state controllable, then, given any initial state x(0)
Equation (6-5) must be satisfied. This requires that the rank of the n X n matn':;

(B | AB | -+ | A"'B]

be n.
From the preceding analysis, we can state the condition for complete state

controllability as follows: The system given by Equation (6-1) is completely state
controllable if and only if the vectors B, AB, .. ., A" 1B are linearly independent,

or the n X n matrix

[B | AB | --- | A"'B]

is of rank n.
The result just obtained can be extended to the case where the control vector

E uis r-dimensional. If the system is described by

x = Ax + Bu

where u is an r-vector, then it can be proven that the condition for complete state

controllability is that the n X nr matrix

(B{AB | - | A"'B]

be of rank #, or contain n linearly independent column Vectors. The matrix

[B | AB [ EA""B]

iScommonly called the controllability matrix.
' 307
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controllable system, if

y

ah . For a partially € une,
Stabl"mh;:{:t);nd the unstable modes a‘rie Eogg%llable, then th S]mlmr.;]. )
modes are sta le, the system delnec by et Ea}:

to be stabilizable. For examp

HEEEIHEH

X3

The stable mode that corresponds to the o
nstable mode tha]tD ]ml;resl;:onds to the eilggfrf;muhl
de stable by the use of 3 g;; alyg ¢ |
a sultabiﬁf B 1'1

hﬂck‘

is not state controllable.
is not controllable. The u
controllable. Such a system can be ma

Thus, this system is stabilizable.

Observability. Consider the unforced system described by the qua
Ong

x = AX

by

y = Cx
(69
where x = state vector (n-vector)
y = output vector (m-vector)
A = n X nmatrix
C = m X n matrix

The system is said to be completely observable if every state X(to) can b
determined from the observation of y(r) over a finite time interval, fostsy

The system is, therefore, completely observable if every transition of the gz
eventually affects every element of the output vector. The concept of observati.
ity is useful in solving the problem of reconstructing unmeasurable state var
ables from measurable variables in the minimum possible length of time. In i
chapter, we treat only linear, time-invariant systems. Therefore, without loss o
generality, we can assume that ¢, = 0.

The concept of observability is very important because, in practice, the dift
culty encountered with state feedback control is that some of the state varioble
are not accessible for direct measurement, with the result that it becomes et
sary to estimate the unmeasurable state variables in order to construct the @
tr:sl _s];lgn:als. It will .bf: shown later that such estimates of state variables &
P ;:1 ;‘i;ﬁ sss?n{;ngblsf;r}:; ]ijflsitem is completely observable. 4 systen®
given by Equates g tity conditions, we consider the unforced ¥ i

ns (6-6) and (6-7). The reason for this is as follows: If thes

is described by
X = Ax + Bu
Y =Cx + Du
308 Cha
pter6 / Ma
TLAB Appmﬂth to the State-Space Desian of Control Systems i
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then
x(t) = eA'x(0) + j;; EA{’_T]BH(T) dr

and

t
b= C/ e*"Bu(r) dr + Du
0

gince the matrices A, B, C, and D are known and u(¢) is also known, the last two
terms on the right-hand side of this last equation are known quantities. There-
fore, they may be subtractfacl from the observed value of y(1). Hence, to investi-

ate a necessary and sufficient condition for complete observability, it suffices to
consider the system described by Equations (6-6) and (6-7).

Ccomplete observability of continuous-time systems. Consider the sys-
tem described by Equations (6-6) and (6-7). The output vector y(z) is

y(t) = Ce*x(0)

Since e can be written as
n—1 &
A= Y a()A
i

we obtain

n-1
y(t) = g%]ak(t)CA*x(O}

or
y(1) = ap(1)Cx(0) + a;(t)CAx(0) +--- + a,_1(t)CA" 'x(0) (6-8)

If the system is completely observable, then, given the output y(ﬁr)—;)vﬁ sa;m;:
interval 0 < ¢ < t;, x(0) is uniquely determined from Equation (6-8)-

shown that this requires the rank of the nm X n matrix

C

e —

CA

e ——

CA"?

to be .
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s, we can state the condition for o

described by Equations (6-6) g, dmmﬂeﬁ ,
(6-) jf‘*m
"o,

From the foregoing analysi
he n X nm matrix

ability as follows: The system
pletely observable if and only if t

[C* : A"‘C* i i. (A*}“'IC*]

is of rank n or has 72 linearly independent column vectors. This Hathis

observability matrix. IX ig

partially observable system, if the ung}

ble modes are unstable, the system is sajq Servay,

tectability is dual to the concept of sta tobe .
blhzabiliry%'t

Detectability. Fora
are stable and the observa
Note that the concept of de

MATLAB commands for the computation of controllabj);
ability matrices. MATLAB uses command ctrb for the mmpu?' ang S,
v for the computation of an Dbsel"«'abi;:m of a%"
Y matrjy o
ol

trollability matrix and obs
the system defined by matrices A, B, C,and D. Define

CONT = ctrb(A,B)
OBSER = obsv(A,C)

The ranks of CONT and OBSER respectively determi .
:s«ervability of the system. If rank(CONT) 03:‘ rank((.‘llgg[it%3 io:ll::srﬂllablhty andg
is the order of the system, the system is not controllable or not Es? an n, where
lwely._ln terms of transfer functions, if the rank of CONT or O(I_;.s l“:'able,
there is a cancellation of terms in the numerator and dﬁnoﬂﬂﬂatfk 18 less thany
fluncuo_n. Whether or not the cancellation occurs between th r of the trangy
denominator of the transfer function, we may use the command b
if we get a simplified transfer function. (See MATLAB ng?ammg;e;tlis‘fs] toset

EXAMPLE 6-1 Exami ility and
Examine the controllability and observability of the system defined by

X = Ax + Bu
y=0Cx
where
A 4 0
= o
0.8 1 m=lo] Cmasd
MATLAB Pro
gram 6- i
1 computes the controllability and observability of ‘h’sw

which turn
S Out to be controllable, but not observable

310 Ch
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TR ""I"Y""ﬂ

MATLAB Program 6-1

>>A=[0 1 00 0 1,— —17
>> B = [0;0;1];

s»C=[5 6 1k

>> D = [0];

>> CONT = ctrb(A,B)

CONT =

0.0 1
B il h
1 =6 25

>> rank(CONT)
ans =
3
>> OBSER = obsv(A,C)
OBSER =

5 6 1
=5 % -0
0 6 -6

>> rank(OBSER)
ans =
2

—b6];

>> % This system is controllable, but not observable.
>> % This suggests that there is a cancellation of

>> % terms in the numerator and denominator of the
>> % transfer function.

>>

>> [num,den] = ss2tf(A,B,C,D);

>> sys = tf(num,den)

Transfer function:
s"2 + 6s+5
sA3 + 6572 +11s+6

>> sys_min = minreal(sys)

Transfer function:
s+'5
sA2 +5s5+ 6
>> % (s+1) terms in the numerator and denominato
>> % the transfer function sys are canceled.

r of
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{ability and observability of the system. MATL AR
rollabiity <

b Pr,
Examine the cont not controllable, but may be stabilizabe, Thggm‘“ by

demonstrates that the system - S?Siam.q
observable.
ey
VATLAB Program 6-2
>> A =1 0;0 li
>> B =[1;0;
>>C=01 1}
>> D = [0];
—> CONT = ctrb(A,B); _
> if rank(CONT) == size (A) |
| disp('The system is controllable")
else
if rank(CONT) ==0
disp('The system is uncontrollable')
else
disp('The system may be stabilizable')
end
end
The system may be stabilizable
==
>> OBSER = obsv(A,C);
>> if rank(OBSER) == size (A)
disp(‘'The system is observable.")
else
if rank(OBSER) ==
disp('The system is unobservable.')
else
disp('The system may be detectable.’)
end
end
|_Thl:e system is observable.

312

Chapter & / MATLAB Approach to the State-Space Design of Control 8yste™

Scanned with CamScanner




&

Epﬁ'ﬁ

PLAcEMENT

[n this section, We present a des; n

or pg[e-assig{tment technique, WE a;lﬁg;fhmmmonly called the pole

and are available for feedback. If the at all stat

controllable, then poles of the closed-log, ¥stem cong

locations by means of state feedback thruE ngm -

matrix. gh an app
The present design techniqy i

Josed-loop poles based on theqtrae i elermination of the deg;

c n € desired

quirements, such as speed, damping ratjo ha/or fr cquency-response re.

requirements. steady-state
Let us assume that we decide

$= PSS T M55 =, By choosi

feedback, it is possible to force th

sired locations, provided that the orjo: : -loop poles at the de-

In this chapter, we limit our discussi i i i

That is, we assume the control signal u(tl;safdsgllﬁt;ltn : ut_slm%liloulipem ey
s : . ? ignal y(r) to be scalars, |

the derivation presented in this Section we i 'n
Zero. assume that the reference input r(¢) is

Note that when the contro] signal is a vector quantity, the mathematical as-
pects of the_ pole:-plaoement scheme become complicated. We shall not discuss
such a case in this PO_‘}k. (Whr._:n the control signal is a vector quantity, the state
feedback gain matrix is not unique: It is possible to choose freely more than n pa-
rameters; that is, in addition to bein g able to place n closed-loop poles properly
we have the freedom to satisfy some or all of the other requirements, if any, of the
closed-loop system.)

_ -Placemen;
€ variables are measurable

idered is Completely state
ay bfa placed at any desireq
TOpriate state feedback gain

Design by pole placement. In the conventional approach to the design of
a single-input-single-output control system, we design a controller (compen-
sator) such that the dominant closed-loop poles have a desired damping ratio ¢
and an undamped natural frequency w,,. In this approach, the order of the system
may be raised by 1 or 2 unless pole-zero cancellation takes place. Also in this
approach, we assume that the effects on the responses of nondominant closed-
loop poles are negligible. )

Different from specifying only dominant closed-loop poles (the conventional
design approach), the pole-placement approach specifies all closed-loop poles.
(There is a cost associated with placing all closed-loop poles, however, because
doing so requires successful measurements of all state variables or e:lse requires
the inclusion of a state observer in the system.) There is also the requirement that
the system be completely state controllable, in order that the closed-loop poles
be placed at arbitrarily chosen locations.

Consider a control system

,’;:Ax+Bu

313
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n-vector)
(scalar)

" where x = stat€ vector (
scalar)

y = output signal
u = control signal (
A=nXhn constant matrix
B=nxl1 constant matrix
cC=1Xn constant matrix
p = constant (scalar)

We shall choose the control signal to be

u=—Kx

determined by an instantaneoy (Ml]}

ack,and the 1 X 7 matrix K is called ths state. Sing

state variables are available for fe State fyp.
that u is unconstrained. A blmke';(:;ack
amﬂf

the control signal u is

d state feedb
We assume that all
s, we assume

This means that
a scheme is calle
back gain matrix.

the analysis that follow

this system is shown in Figure 6-1.
This closed-loop system has no input. Its objective is to maintain th

put. Because of the Jisturbances that may be present, the output € Zero gy,

from zero. The nonzero state will be returned to the zero reference i Wil devia,

the state feedback scheme of the system. Such a system, in which Epu: throygy

a regulator system. (Note that if the rﬁf;e:lifefence

© Inpy

input is always zero, is called
to the system is always a nonzero constant, the system is also called a
regulato

system.)
Substituting Equation (6-10) into Equation (6-9) gives

(1) = (A — BK)x(?)

The solution of this equation is
x(t‘} = E{A_BK:"K(O} (6_11
)

Y
o)

e—
% =

ggure 6-1
osed-loop control system with i = Kx

314
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where x(0) is the initial state cg
iransient-response characteristics are
A — BK. If matrix Kiis chosen prop b
ically stable, and for all x(0) = 0, it ; : can be made asymptot-
approaches infinity. The eigenvalues of matriy A
poles. If they are placed in the left-half plane, then x(y) |

3F’Pma':hes mﬁr.uty. The P ml_}lt‘:m of placing the regulator ﬁ{l;proacheg oy
poles) at e desireC ocation s called o pole-placement propi s {clused-oop

It can be proven that arbitrary pole placement fo problem.

and only if the system is completely state mmm"ab;ea given system is possible if

Determination of matrix K by direct Substitution method. 1f the syste
» m

is of low order (n = 3), the direct substitution of matrix K into the desired cha
I=-

acteristic polynomial may be the simplest approach. F T -
we may write the state feedback gain matrix E as or example, if n = 3, then

K=[k] k; k3]

We then substitute this K matrix into the desired characteristic polynomial

sT — A + BK| and equate it to (s — il =)= -
are desired closed-loop poles: #2)(s = p3), where 1, s, and ps

ST~ A+ BK| = (s = u))(s — py)(s — o)

Since both sides of this characteristic equation are polynomials in s, it is possible
to determine the values of ky, ky, and k3 by equating the coefficients of like
powers of s on both sides. This approach is convenient if n = 2 or 3, (For
n=4,5,6,...,the approach may become very tedious.)

Determination of matrix K by Ackermann’s formula. There is a well-
known formula called Ackermann’s formula for the determination of the state
feedback gain matrix K. We begin our presentation of this formula with a consid-

eration of the system

x = Ax + Bu

where we use the state feedback control u = —Kx. We assume that the system is
completely state controllable. We also assume that the desired closed-loop poles

areats = w;, 5 = py,...,5 = My ;
Note that if the system is not completely controllable, matrix K cannot -

determined. (No solution exists.)
Use of the state feedback control

u=—-Kx
Modifies the system equation to

- 315
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Let us defin€ A=A _'BK

quation is

_E| = (s = m)(sT pa) (s ~

< 4 Q’n..l.!.' + a, = uﬁ)

red characteristic e

The desi
|sT

JIFA'*"BKI;
| -;s""'ﬂ'l'sﬂ_l-'-”

eorem states that A satisfies its owp i
f Elract

erigy

b |

Caylcy—-Hamilton th
have
o(K) = Kn + ad
- (6
We shall utilize Equation (6—13) to derive Ackermann’s formula, Ty «: 13]
. 1. the case where 1 = 3. The derivation o uf?lhe
5 Casily be

derivation, Wé consider
her positive Integer 1.

extended to the case€ of any ot
Consider the following identities:

Since the

.equatic::m,\'-’c
n=1 4 oo+ ap A+ ol =

=1
A=A-BK
Kz=(A—-BK)2=A2—ABK—BKE

Hs'_l Lard
A3 = (A — BK)’ = A® - A’BK — ABKA - BKA?

Multiplying the precedin ions, i
g equations, in order, by a3, &
’ s (g, Oy, and 24} (Wh'EI
Cag=1)

and adding the results, we obtain

azl + aZK + a,Xz ;3 KS
— o] + ay(A — BK) + (A2 — ABK — BKA) + A’ — A’BK

—ABKA - BKA®
= ol + mA + A + AP
2 — a-BK — g
CABKE - BKX: 2 a,ABK — a;BKA — A’BK
(6-14

Referring to Equation (6-13), we have
113[ + Clzi +i KZ A3 A
AISD’ | ; A ) ¢(A) : u
i ol + @A + a;A% + A3 = ¢(A) # 0
ubstituti ]
Ing the last two equations i
into Equation (6-14) gives

(&) = ¢(A) -
*BK ~ o,BKX - BKA? — o, ABK — ABKA - AP
ABK - g

e - cun :
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. since $(A) = 0, we obtain

— R ! K + KA + kX
BiAB | A2 IRA + KA?
[ | A%B] o el }

4.

Because the system

bility matrix
(B | AB | A%;
exists. Premultiplying both sides of E i
Jability matrix, we obtain dtation (6-15) by the inverse of the control-
i
| , ‘121{ % &1!{;{ + sz
[B | AB | AZB]*I(MA) = oK + KA

K

Premultiplying both sides of this last equationby [0 0 1], we get

, , " ﬂzK"‘&]KK"‘KKZ
[0 0 1][B | AB | A’B]'¢(A) =[0 0 1] oK + KA =K
K

which can be rewritten as
K=[0 0 1][Bi{ AB | A’B]'¢(A)

This last equation gives the required state feedback gain matrix K.
For an arbitrary positive integer n, we have
K=[0 0 - 0 1][B{ABj - | A"'B]7'¢(A)  (6-16)

Equation (6-16) is known as Ackermann’s formula for the determination of the

state feedback gain matrix K.
Systems that include controllers

i in which the reference input
can be divided i s repulator systems (in which ce inpu
e e o iy | systems (in which the reference input 1S

is constant, including zero) and contro 1 -
time varying). In what follows, we shall consider regulator systems. Y
tems will be treated in Section 6-7.

Regulator systems and control systems.

sired closed-loop poles. The first jteg' :&
h is to choose the locations of the des

Choosing the locations of de
tly used approach is t0 choose such poles on

the pole-placement design approac

Clﬂsed-loup poles. The most frequen
317
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design, placing a dominant air ¢

i P uS f

. of experience 11 root lﬂ;‘r so that they aré far to the lefy of th, %"ﬂd
the basrls Oand “hoosing ot e
loop poles

her poles fl]i‘

. ' -loop poles f 2

nant closed-100P polelsace the dominant Cif;:z:l tl?e l;’lgn o inaihgzm the ;,

Note that if W€ Esponse pecomes VEry - ’become pnbises: Yﬁt*em h::;“%

s E.j'isltaﬁg':f:rre-.s.u[t that the system may - This Shﬁuidlzﬁ
Very [afgﬂr wl‘t . s

avoided. the quadratic optimal contro] g,

Another ap sd-loc-P poles such that the system balay, Ces :h g
determines tl‘llﬁ the amount of control energy req. “Wey
the acceptable TES

nse an . enery o
ion 7 2) Note f]’?ﬂt reqUir'mg a hlgh‘SPﬂEd response lmph es requiri {See
Section /—&
amounts of control energy- Also,

in general, increasing the speed of . res X
pﬁ]-l
: i
requires a larger, heavier actuato

proal:h is ba
desired close

which will cost more.

EXAMPLE 6-3 Consider the regulator system shown in Figure 6-2.The plant is given by

% = Ax + Bu
where
0 1 0 0
A= 0 O : B=]|0
-1 -5 -6 1

The system uses the state feedback control # = —Kx. Let us choose the desired clogeg.
loop poles at

s==2+ j4, s =—2— j4, s =-10

(We make this choice because we know from experience that such a set of closed-
poles will result in a reasonable or acceptable transient response.) The desired closed-loop
poles determine the desired characteristic equation as follows:

(s +2—jd)(s + 2 + ja)(s + 10)
=5 + 145 + 60s + 200

Determine the state feedback gain matrix K.

o B ——

Figure 6-2
Regulator system,

318 Chapter 6
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First, we need to check the controllability matrix of the system. Since the controllabj]
. a -

‘iwmatﬁxmis given by :
. 0 0 1
M=(BiAB|AB]=|o 1 g
1'-6 31

we find that [M| = —1, and therefore, rank (M) = 3,
controllable, and arbitrary pole placement is possible,
Next, we solve the problem. We shall demonstrate each of T ——

in this chapter. .
By defining the desired state feedback gain matrix K as

Thus, the system is completely state

methods presented

K=k k k)

and equating [sI — A + BK| with the desired characteristic equation, we obtain
s 0 0 0 1 0 0
sI-A+BK[=|[0 s 0|-| 0 0 1|+]|0fk Kk ki
0 0 s =1 =5 5 1
5 =1 0
= 0 5 -1
1+k1 5+k2 S+6+k3
=+ (6+ k) + (5+k)s+1+k T e
= & + 145% + 605 + 200
Thus,

6 + ky = 14, 5+k;=60, 1+k =200

- from which it follows that

kl e 199, kg = 551 k3 =5

K=[199 55 8]

The second method is to use Ackermann’s formula. From Equation (6-16), we have

K=[0 0 1)[B|AB | A’B]"6(A)

319
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i 3 4A_2+60
b g +14 0 0 1
= 2 L5 16 -1 -5 -6
o 1 0 1 0 0
0 0 1142000 1 0
+ 60 R e Bk
=
99 55 8
g 159 T
7 —43 117
and 0 0 1
AB | A’B] = 1 -6
B 1 -6 31
W 0 o 117199 55 8
K=[ 0 1j]0o 1 -6 -8 159 7
1 -6 31 -7 —-43 117
"5 6 11199 55 8
0 0 16 1 0| -8 159 7
1 0 off -7 -43 117
=[199 55 8]

As a matter of course, the feedback gain matrix K found by the two methods are the sap

With this state feedback, the closed-loop poles are placed at s = —2 + j4ands = 0.5
desired.

320

Comments. It is important to note that the matrix K is not unique fors
given system, but depends on the locations of the closed-loop poles chosen
(These poles determine the speed and damping of the response.) Note that the
selection of 'the desired closed-loop poles or the desired characteristic equationis
a compromise between the rapidity of the response of the error vector and ¢
sensitivity to disturbances and measurement noises. That is, if we increase ¢

speed of error response, then the adverse effects of disturbances and measu®
ment noises

dvnamioe 1 onerally increase. If the system is of second order, then the S3¢%
D%’th;n‘;cs (response characteristics) can be precisely correlated with the Jocations
o thislired c}ﬂsed-loop poles and the zero(s) of the plant. For higher order ¥
characteris?f;t)u::;f the closed-loop poles and the system dynamics (I€ ol
back gain not easily correlated. Hence, in determining the state

matri i ¢
the Ies[mnseazl[:::r:{ tf Or a given system, it is desirable to simulate (by @mptlal )
on se : sieristics of the system for several different matrices K(b t
1 several different degiyeq ehiira the

: e
cteristi i ose the 01
gives the best overa]) System peﬁormanéz equations) and to cho

Chapter 6 / mar
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pole-placement problems can be sojy i
conmands-—acker and place—for the iirzailiy j’l’lth MATLAB, which has tw,
K. The command acker is based on A K Putation of the feedhack gain matrix
input systems only. The desired closeq. ula and applies to single-
(poles located at the same place).
If the system involves multiple inputs, th
poles, the state-feedback gain matrix K s :
freedom (or freedoms) to choose K. There
additional freedom (or freedoms) constryct;
use is to maximize the stability margin. The )
proach is called robust pole p!acemefr, The M?-ﬁﬂ?iﬂ;ﬁﬂi?id on this ap-
ole placement is place. or the robust
) Although “.18 Com.ma“d place can tfe 1'15.6'(] for both single-input and multiple-
input systems, it requires that the multiplicity of poles in the desired closed-loo !
poles be no greater than the rank of B. That is, if matrix B is an n X 1 matrix thg !
command place requires that there be no multiple poles in the set of des}red I
closed-loop poles. |'
For single-input systems, the commands acker and place yield the same K. ,
(For multiple-input systems, one must use the command place instead of acker,) i
Note that when the single-input system is barely controllable, some computa- |
tional problem may occur if the command acker is used. In such a case, the use of
the place command is preferred, provided that no multiple poles are involved in
the desired set of closed-loop poles.
To use the command acker or place, we first enter the following matrices into

the program:

A matrix, B matrix, J matrix

Here, the J matrix is the matrix consisting of the desired closed-loop poles such
that

J=[,U-[ My veo P'n:[

Then we enter

K = acker(A,B.J)

or

K= plﬂCE{A; BJ}

i btained gives the
The command eig(A—B*K) may be used to verify that K thus 0
desired eigenvalues. "
MATLAB

with
Section 64 / Solving Pole-Placement Problems
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EXAMPLE 6-4 Consider 2

322

EXAMPLE 6-5 Consider the system defined by

stem equation is
. +he system Of Example 6-3. The system €4
gain the 8YS s =
where g y i
= 0 ﬂ I ¥ B = U
Aﬂ -1 -5 -6 1
_ —Kx, we desire to have the closﬂd-lngp
Using state faegl;ackh c;c;ntrol u e
. j{i=1,2, , whe § o g
e e 2-j4, Mm=-10

matrix K with MATLAB.

edback gain ¢ the matrix K are shown in MATLAB pr,

Determine the state-fe

erat &r
MAT;J:FFELOE?’T;;E;E;% uses the command acker and MATLAB ﬁnﬁ :‘i_
and 6-4.
uses the command place.

e T
MATLAB Program 6-3
>A=[0 1 00 0 1= =5 6l

>> B = [0;0;1]; _
}}J = [—2+l*4 _2_J*4 =] 0];
>> K = acker(A,B,))

K=
199 55 8
MATLAB Program 6—4
ssA=[0 1 00 0 11 =5 —-6];
>> B = [0;0;1];

>> | = [-2+*4 —2-j*4 —10];
>> K = place(A,B,))

K=
199.0000 55.0000 8.0000

Xy 0 1 0l x 0
RN
X3 =6 —-11 -6 x; 10
;
-]‘I:[dl 0 'D'] XQ_J'*'{]H
*3

Chapter 6 ./ MATLAB Approach to the State-Space Design of Control Systems
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HE.DCC:

0
A = 0 0 1| B - 0
-6 -1 -6 =1 0
C=01 o 0], - [[}1]'3 :

Using the state-feedback control i = — gy we desj
5 €Sire to place the ¢
osed

SEHZ_}‘Z\/&;* ie

"].OGP 'leEs
s = =2+ j2\/3, g
=10

Obtain the necessary state-feedback 2ain matrix :
: K
pole placeht?ilj;i‘ignces C and D do not affect the St::;]-‘fe?;ziﬁi lElﬂht:nte,ithat, for the
o programs for obtaining the state-feedba IE G
MATLAB Programs 6-5 and 6-6, CK gain matrix K are

MATLAB Program 6-5
>>A=[0 1 0,0 0 1;-6 -1
>> B = [0;0;10];

>>) = [F24)"2*sqrt(3)  —2-*2*sqrt(3) -10];
>> K = acker(A,B,))

K=

~6J;

15.4000 4.5000 0.8000

MATLAB Program 6-6

>>A=[0 1 00 0 1,-6 —11 -6];

>> B = [0;0;10];

>> | = [F2+j*2*sqrt(3) —2—j*2*sqrt(3) —10};
>> K = place(A,B,))

K =

15.4000 4.5000 0.8000

; i i ulator system
EXAMPLE 6-6 Consider again the system discussed in Example 6-3. We desire that this reg

have closed-loop poles at
o= 2+ 4 s=-2-j4 s="10

- le 63 as follows:
The necessary state feedback gain matrix K was obtained in Examp

:ne initial condition:
Using MATLAB, obtain the response of the system to the following 1
| 1
x(0) = |0
0

323

with MATLAB
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in the rBSPOﬂSE to the g‘i\ren lnltlal e w
ltil;jn

Response 19 I”maf-c]gx into the plant equation to get

we substitute ¥ =

=

x(0)=10

=

(1 Versus , X Versus f, and X3 Versus ¢), e
ne the state-space equations for the system g4 ¥ uge t

is(A—BK]x+lu
y:}l"i’l“

(a thre,e.dimensional input vector). The vector u is (5%
esponse {0 the initial condition. Then we define €N 10 be b;
I

sys = ss(A — BK,eye(B],eye(B ),eye(3))

response curves

To plot the i
il tial. We first defi

command ini

where wé included u
the computation ofther

se the initial command as follows:
x = initial(sys, [1;0;0],t)

uration we want to Use, such as
t=0:0.01:4;

and u

In this command, t is the d

Then we obtain x1,x2, and xJ as
x1=[1 0 0I*x}
x2=[0 1 O0*x5
x3=[0 0 1]*)
and we use the plot command. These commands are included i
: in MA
which plots the response curves shown in Figure 6-3. TLAB Program ¢

MATLAB Program 6-7

>> % Response to initial condition:

>>

>A=0 1 00 0 1,-1 -5 -6];

>> B = [0;0;1]; | "

>>K=[199 55 8];

>> sys = ss(A—B*K,eye(3 :

>>1=0:0:01:4; e

>> X = initial(sys, [1;0;0],t);

>>x1=[1 0 O0]*x" r

>>x2=[0 1 0]*x"

>>x3=[0 0 1)*x,;

zz ;utlt;pli]gt(l 1,1);plot(t,x1),grid

aole ( ?spc;-nse to Initial Condition')

d z E;Jhel( state variable x_1")

= I; bPIOEGJ ,2];p10t{t,x2_),grid
ylabel('state variable x 2Y

>> subplot(3,1,3); .
>> xlabei('t(seé)=;fp[nt(t’x3)r8”d

>> ylabel('state variable x_3")
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Response to Initial Condition
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Figure 6-3
Response to initial condition.

#5 DESIGN OF STATE OBSERVERS WITH MATLAB

In the pole-placement approach to the design of control systems, we assumed
that all state variables are available for feedback. In practice, however, not all
state variables are so available. Thus, we need to estimate the values of unavail-
able state variables. This kind of estimation is commonly called observation. A d?‘
vice (or a computer program) that estimates or observes the state variables lls[.
called a state observer, or simply an observer. If the state observer observes a

state variables of the system, regardless of whether some are available for direct
.order state observer. There are

measurement, the state observer is called a full '
I : i tion of only the
limes w i ssary—when we will need observa
hen this will not be necessary oc directly measurable as

unmeasurable state variables, but not of those that ricmomy
well. For example, since the output variables arc observable and are linearly

i bserve
lated to the state variables, we need not observe all state vanabl::c?;l :nd oo
only n — m state variables, where n is the dimension of the state

the dimension of the output vector. .
_ Anobserver that estimates fewer than n state vam} 12&0
sion of the state vector, is called a reduced-order s

| 325
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educed-order ‘
If the order of the TEZEH2 State obse |
reduced-0rde" sserte ¢ is called 3 minimum-order gyq,,

t )
I
ible, the © di obg,, Ut
e Pﬂssmle!; :zl:ver In this chapter: Web:;l;lir Iscuss both the flf]']"’erls
mim'mum-arder i; :h T imu _order staté 0 : ”“Tdﬁl
n
state observer a

er estimates the state varjap]
A state obserV ‘ables. H €S on th .
State observer. ¢ and control variables. Here, the cop, by
the outpu , Ptof .
of measurements O E. | 62 plays an impOan TOLSASWE shill ey i,
ability rl1srs’tli>-““‘?fb13 designe dif and only if the observability conditiop i
observers can

er §
S Satjep: e
he subsequent Jiscussions of state observers, we shall use the 5,0 fieg
In the su

1 atlpn
ractic 0
. ate the observed State ec(pt LIS F;e ;?e Zle‘;:?tseg, s Gbservednxl"
designi is used in the state feedback to genera 1red contro ‘-'&'c‘mrmtE
yector X .

Consider the plant defined by

i:AK“'BH

(61
(6-15
The observer is 2 subsystem used to r_econs‘truct the state vector of the plant
mathematical model of the observer 18 basacglly ?he same as that_ of the Plang ¢,
cept that we include an additional term which includes the estimatign erory,
compensate for inaccuracies in matrices A and B and the absence of the iy,
error. The estimation error or observation €rror 1s the dlfff:rence between (1,
measured output and the estimated output. The initial error is the difference .

tween the initial state and the estimated initial state. Thus, we define the mag.
matical model of the observer to be

y=Cx

¥ = AX + Bu + K.(y — CX)
= (A - K,C)% + Bu + K,y (619
where ¥ is the estimated state and CX is the estimated output. The inputs fo
the observer are the output y and the control input u. Matrix K., which is calle
the observer gain matrix, is a weighting matrix to the correction term involving the
difference between the measured output y and the estimated output CX. This term
continuously corrects the output from the model and improves the performane

of the observer. Figure 6-4 shows the block diagram of the system and e
full-order state observer.

Full-order state observer. The order of the state observer that wil (%
cussed here is the same as that of the plant. Suppose that the plant is defin mir
'ffﬁq_‘iaél]lﬂnﬁ (6-17) and (6-18) and the observer model is defined by E4¥

To obtain the observer e " ion (6-19) from
Equation (6-17); rror equation, let us subtract Equa

- % = Ax — A% - K,(Cx — CX)
= (A - K,C)(x - ¥)

Chapter 6 )
pt !/ MATLAB Approach to the State-Space Design of Control gystems
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Full-order statc-obsar;rer

Figure 64
Block diagram of system and full-order state observer when input u and output y
are scalars.

We define the difference between x and X as the error vector e, or
e=x—X
Then Equation (6-20) becomes
é=(A-KCe (6-21)

From Equation (6-21), we see that the dynamic behavior of the error vector is
determined by the eigenvalues of matrix A — K.,C. If that matrix is a stable ma-
trix, the error vector will converge to zero for any initial error vector e(0). That is,
X(r) will converge to x(¢) regardless of the values of x(0) and %(0). If the eigenval-
ues of matrix A — K,C are chosen in such a way that the dynamic behavior of the
error vector is asymptotically stable and is adequately fast, then any error vector
will tend to zero (the origin) with adequate speed. b

It can be proved that if the plant is completely observa}ale, then it is pos
to choose matrix K, such that A — K,C has arbitrarily desired elgcn'faluesh That
15, the observer gain matrix K, can be determined to yield the desired matrix
A~ K.C. We shall discuss this matter in what follows.

sible

Dual problem. The problem of designing a full-order observer becomes
that of determining the observer gain matrix K, such that the error dynan:lucsf
Gefined by Equation (6-21) are asymptotically stable with sufficient speed 0

3 _ 327
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bility and the speed of response of the " ‘

ymptotic sta . ; - ”
the eigenvalues of matrix A — K,C.) H ence, lh;,r dng

response. (The as b
ics are determined DY that of determining an aPPropriage K E*ﬁgn 1
of

.order observer becomes
A K alues. Thus, the problem here becop, - ¢ Suc thy

i igenv ; :

A — K,C has desired €18 we discussed in Section 6-3. In facq the € Sam,
’ t

o pl‘ut

Je-placement problem :
]t::i.f :rz rljlathﬂmatica]ly the same, a property called duality.

Consider the system defined by
i = Ax + Bu

y=CX

e observer, we may solve the dual Proble

m thﬂt iﬁa

-order stat

igning the full
In designing le-placement problem for the dual system

we may solve the po
7 = A¥z + C*v

n = B*z

assuming the control signal v to be
v=—Kz

If the dual system is completely state controllable, then the state feedbygy .
matrix K can be determined such that matrix A* — C*K will yield a set of the 4
-

sired eigenvalues.
If j11, oy - - - » iy are the desired eigenvalues of the state observer matriy th
» e,

by taking the same p;’s as the desired eigenvalues of the state-feedback gaiy
trix of the dual system, we obtain e

IsT — (A* — C*K)| = (s — pi)(s — p2) '+~ (s — py,)
Noting that the eigenvalues of A* — C*K and those of A — K*C are the same

we have
|sT — (A* — C*K)I = |sI — (A — K*C)]

L:,‘omparing !he characteristic polynomial |[s1 — (A — K*C)| and the characteris
tic polynomial |sI — (A — K,C)| for the observer system [see Equation (6-19);

we find that K, and K* are related by
K, = K*

:;‘;ltl:;lsing the ?actlrix K determined by the pole-placement approach in the dud

» We can find the observer gai i s from the

relationship K, = K. r gain matrix K, for the original system
discussed

N L]

a nec:;-':ssﬂy and Sqfﬁc;ent condition for state observation. AS #

matrix ﬁofr:ﬁ Szfﬁfﬂem condition for the determination of the obserer&
e : : |

et esired eigenvalues of A — K,C is that the dual of the 0T

z= A%z + C*p
Chapter 6
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pe completely state controllable, The co
this dual system is that the rank of

[C* I AFCx | 5 (A*]"“IC*
be n. This is the condition for complete op ]
fined by Equations (6~17) and (6‘18)-Acco Sde:rv
dition for the observation of the state of thr "
and (6-18) is that the system be complete] -

Once we select the desired eigenvaluegjzm desired ch
c

full-order state observer can be designed, prov; e th aracteristic €quation), the

servable. The desired eigenvalues of the characteristic e?ﬁar::?:?lt;li m;glijlme]y e
: Ould be chosep

ability of the original
gly, a Necessary and syffip
Stem defined by Equati

¥=A-KOX+Bu+K,
Note that thus far we have assumed the matrices A, B, and C in the obs
y AR, € oDse

modeling errors.

Direct substitution approach to obtain state observer gain matrix K,
As in the case of pole placement, if the system is of low order, then direct substi-
tution of matrix K. into the desired characteristic polynomial may be simpler. For
example, if x is a 3-vector, then we write the observer gain matrix K, as

kel
Ke = kez
ke?:

We substitute this K, matrix into the desired characteristic polynomial:
IsT = (A = KO)| = (s = m)(s — mo)(s — ps)

By equating the coefficients of like powers of s on both sides of this last equation,
We can determine the values of k,;, k., and k3. This approach is convenient if
n=1,2,or 3, where n is the dimension of the state vector x. (Although the ap-

Proach can be used when n = 4, 5, 6, . .. , the computations involved may become

tedious.)
Another approach to the determination of the state observer gain matrix K,

15 to use Ackermann’s formula. This approach is presented next.

Ackermann’s formula. Consider the system defined by

x = Ax + Bu (62
s O (6-24)
329
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s formula for pole placem,
i rm - : “Meng
In Section 6-3, ge f;gg’:‘(j ;gf The result was given by Equatiop (&1%3 ‘?E W,
tem defined by E4 o
thus: | : e
i K"[O 0--0 l][BEABE S B] l‘ib(A)
ations (6-23) and (6-

For the dual of the system defined by EQU ( (6-24), namt’:l:,;
z= A*z + C*v

n=B%z
lacement i o
the preceding Ackermann’s formula for pole p 1s modified ¢

0 1]C+ 1 AXCH 1 o | (ANTIC

K = [0 ﬂ s A*) (6-25'}
in matrix K, is given
As stated earlier, the state og;e:;:er gain m K, is given by K*, Whee "

found from Equation (6-25)-

= C —_jl—U_ C 4_1-0-..
CA 0 CA 0
K, = K* = ¢(A*)* = ¢(A) A | (62
CA"Z2| |0 CA" 2| |
ear=t | 1. [ CA™1] |1

where ¢(s) is the desired characteristic polynomial for the state observer, or
$(s) = (s — pa)(s — p2) -~ (s — pp)

where uy, py, ..., i, are the desired eigenvalues. Equation (6-26) is calld
Ackermann’s formula for the determination of the observer gain matrix K,.

Comments on selecting the best K,. Notice in Figure 64 that the fecd
back signal through the observer gain matrix K, serves as a correction signal
the plant model to account for the unknowns in the plant. If significant unkﬂ?w'ﬁ
are involved, the feedback signal through the matrix K, should be relativelf
large. However, if the output signal is contaminated significantly by disturb@®
and measurement noises, then the output y is not reliable and the feedbacks
through the marix K, should be relatively small. In determining the matfs -

we should carefully examine the effects of disturbances and noises iavo®”

the output y.

Remember that the obse i : : red chard®
isti VS he desire
teristic equation: gamn matrix K, depends on t

(8 = p)(s = pa) -+ (s — ) = 0

Chapter 6
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FAMPLE 6-7

roller poles to mak'ekslm;h t.hat the obs
erges 10 Zero quickly. 1his means ¢
col;"'mgﬁ ve times faster than does the };?;tfehieﬁz?%r
Jbserver error compared with the desired dynamichl;l
Jominate the systte:n restpclllllsi. y
¢ is important to note that if sensor nojge '
ﬂbs,:'.r'«'er poles to be slqwer than two times iﬁfﬁiiﬁﬁf bcl:?f ecaotines
width of the system will become lower ang smooth the l:mizse’ S;} tha't b
system response will be strqngly influenced by the observer olés I}le'IS e b
les are located to t};{ebrtgdht of the controller poles in gle léft haff?sbspimer
response will be domi : .
::l;i:ry{;slt ;r; = p minated by the observer poles rather than by the
In the design of the state observer, it is desirable to determine several ob
gain matrices K, bas_ed on several different desired characteristic e ll.laat?c:e r;er
each of the several different matrices K., simulation tests must be rug to ev;ll .
the resulting system performance. Then we select the best K. from the vie l:‘lti
of overall system performance. In many practical cases, the gelection of tl?;pb:;t
matrix K, boils down to a compromise between speedy response and sensitivity to
disturbances and noises.

Consider the system

where

0 206 0
A=[1 0]‘ BZ[J’ c={0 1

We use the observed state feedback such that

u=-KX

Design a full-order state observer, assuming that the system configuration is identical to
that shown in Figure 6-4. Assume that the desired eigenvalues of the observer matrix are

H = _101 H2 = -10

The design of the state observer reduces to the determination of an appropriate observer

gain matrix K,
Let us examine the observability matrix. The rank of

PR
[c* | A*C*] =,

observable and the det
11 solve this problem by

ermination of the desired

'S 2. Hence, the system is completely o bethiods

observer gain matrix is possible. We sha
Secti 331
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Equation (6-21), pames’

Method 1: From
é = (A o KZC}E

e
i es
the characteristic equation for the observer becom

i_.,.]F-A+K,C1=ﬂ'

! 'Ez

Then the characteristic equation becomes

s 0 0 20.6 kel =
[ﬂ S]_L {}:l+|:kej[0 lll

=52+k31.5"—‘2'ﬂ.6+ke|=ﬂ

s =206 +k,
=1 s+ k

e2

(62
Since the desired characteristic equation is

s>+ 20s +100=0

by comparing Equation (6-27) with this last equation, we obtain

k =1206, ko=20

120.6
e[

Method 2: 'We shall use Ackermann’s formula given by Equation {6-26};

cwlg]l]

or

where
$(s) = (s — (s — wy) = % + 205 + 100
Thus,
d(A) = A? + 20A + 1001
and

-1
K. = (A% + 20A + 1001) il 1 4
Iy 0] L1
_ [12{1.5 412 [o 1][o] _[1206
20 120641 o 1| | 20

Ch :
apter@ MATLAB ADDroach tn tha Qéata @ov o Paoton ~f Pantral Systems
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, . £ se, :

As @ matter oﬁ :Egzet :efg;t the same regardiess of

" Theequa e full-order state observer js p ﬂli;nethod employed

| ven by Equation (619
19),

x=(A-KfC)E+Bu+|((}.

Effects of the addition of the obsery
Po]e-p]acement design pro.cess, we assum:dr :)hna?t;t’zzg:‘?ﬂr system. 1In tl?e
able for feedl:fack. In practice, however, the actua state x(r) state x(f) was avail-
able, so we will need to design an observer and use the obs?;i;m e
feedback as shown in Figure 6-5. The design process, therefore. b state X(¢) for
stage process, the first stage being the determj y , becomes a two-

: ; L nation of the feedback gai :
K to yield the desired characteristic equation and the second :;geg ﬁiﬂméaﬂz

determination ?f the observer gain matrix K. to yield the desired observer char-
acteristic equation.

Let us now investigate the effects of the use of the observed state X(t), rather
than the actual state x(#), on the characteristic equation of a closed-loop control
system.

!

| B éz‘—toz,-—b ]

K, |-t

Figure 6-5 | ¥

Observed-state feedback control system.

333

3%

2 !:;Bm'““ 6-5'/ Design of State Observers with MATLAB

Scanned with CamScanner



I

334

trollable and completely “bSErvahl T
e 8}'8

Consider the coqpletely state con
defined by the equations ki -
y=Cx

pased on the observed state X,

For the stataﬂfeedback control
u = —KX

], the state equation becomes

With this contro
(A — BK)x + BK(x — “f)

%= Ax — BKX =
actual state x(¢) and the observed state X(

(&23]
t) hag beey

The difference between the
defined as the error e(?):

e(t) = x(t) ~ x(1)

Substitution of the error vector e(f) into Equation (6-28) gives

: = (A — BK)x + BKe
Ak : (6-29)

Note that the observer error equation was given by Equation (6-21), Tepeateg
here:

e = (A - KCe 6

Combining Equations (6-29) and (6-30), we obtain

[x:| ~ |:A -BK BK | x
el 0 A-KCl| e (6-31)

Equation (6-31) describes the dynamics of the observed-state feedback contral
system. The characteristic equation for the system is

s - A+ BK ~BK

0 e

or

IsT — A + BK||sI — A + K.Cl=0
Notice that
consist of thfth;oclzszﬁﬁop poles of the observed-state feedback control sysie!
the observer design alon O-H? pole-placement design alone and the poles du¢t
server design are indore. - TTConS that the pole-placement design and the
and-combined t funnli;ndent of each other. They can be designed scparﬂlﬂl_l’
€ observed-state feedback control system. Note thet,

the order of the :
plant is ,
state observer is used), ﬁh‘giﬂ ;he observer is also of nth order (if the full0**

1 e F €
closed-loop system becomes of o:gglzt;ng characteristic equation for the enti

Chapter 6 / MAT
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E MO M.ORDER OBSERVERS
&5 P“H The observers discussed thus far are designeq ¢
ables. In practice, some of the state var
urately measurable state variableg p,
acﬂsuppgse that the state vector x g 4N n-vector apg
m-vector that can be measured. sim:e ™ output variap)
of the state variables, mt s:ate vgrab]eiieed not :
: nly n — m state varia es. Then the
esn(ﬁa_t.e ;)tﬂ-order observer. Such ap observer Tder observer becomes
IT ure 6-6 shows the block diagram of 5 syste
Ig]t is important to note, however, that if th
volves significant noise and is relatively i
o der observer may result in better system p
N To present the basic idea of the minimum
mathematical complications, we shall prese‘nt the
(e, m = 1) and derive the state equation fo

0 Teconstrycy all the
_ State vapq.
1ables May be measyreq accura :

t
¢ed not e estimateq. ely. Such

the output vector

Yisan
€sare |

tions

-order observer without undye
case where the output is a scalar
r the minimum-order observer
r]. Consider the system

X = Ax + Bu (6-32)
y==Cx (6-33)

It . . a X[r, |ELI]

P ——
= —
= ——

Minimu m-O[dEl'
i er
K <,—_‘ Transformation K— = gbserv

ver.
inimum-order obser
Ol tham

tem Wi -
Observed-state feedback control sys 5

servers
B Section 6-6 ; Minimum-Order OP
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and x, is the unmeasurable portion of the Stay ‘
—. L v

. : ' ecom
m dﬂtilc ﬂgﬁﬁﬁﬁz state and output equations b e
Then the l
X | = :
Xb Apa | Awp %0 3 .
ﬁ
f Xa
y "’ (&33}
|
A,, = scalar .
i A, =1 (n— 1)matix

Ay = (n— 1) X 1 matrix .
Ay = (n— 1y:% (m= 1) matrix
B, = scalar .
B, = (n- 1) X 1 matrix
From Equation (6-34), the equation for the measured portion of the i

becomes
¥y = Age¥e + AuXp + Bau

or
'.td - Aaﬂxa g Bau = Aﬂbxf'-‘ {6—.3.6}

The quantities on the left-hand side of Equation (6-36) can be measured, Ty,
equation acts as the output equation. In designing the minimum-order obsery
which is an (n — 1)th-order observer, we take the left-hand side of Equation [ﬂ-jﬁi
to consist of known quantities. Thus, this equation relates the measurable quantife
and unmeasurable quantities of the state.

From Equation (6-34), the equation for the unmeasured portion of the stk
becomes

ib — Abﬂxﬂ . i Abﬁxb + Bbu [6—3‘?}

Nonng_ that the terms A, x, and Byu represent known quantities, we 5e¢ fha
Equation (6-37) describes the dynamics of the unmeasured portion of the st

In what follows, we shall present a method for designing a minimum-0&
observer. The design procedure can be simplified if we utilize the design tec
nique developed for the full-order state observer.

nﬂnI;:ltl;uS compare the state equation for the full-order observer with that o
m-order observer, The state equation for the full-order observer

X = Ax + Bu

and the “state ion” ;
€quation” for the minimum-order observer is

Xo = Apxy + Ayox, + Byu

336 Cha
pter6 /
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The output equatioil T HE tull-order obserye; %

y=Cx

nd the «gutput equation” for the minimum-order obdéiveris

te .
E:uaﬁﬂn (6-19), which we repeat here:

X =(A-KOR +Bu + K,

Then, substituting the quantities
obtain

(6-38)
listed in Table 6-1 into Equation (6-38), we

“'!‘Eb = (Am} - KcAnb)rfb + Ahﬁ‘xﬂ G Bb“ + Ke[ia - Aanxa == au] (6"39)

where the state observer gain matrix K, is an (n = 1) X 1 matrix. Notice in
Equation (6-39) that, in order to estimate X, we need the derivative of x . This
presents a difficulty, because differentiation amplifies noise. If X, (=y) isannisy
the use of X, is unacceptable. To avoid this difficulty, we eliminate , in thz;
following way: First we rewrite Equation (6-39) as

X — Koty = (Apy — KAy), + (A — KAL)y + (By — K.B,)u
= (Ap — KA») (X, — Key)
+ [(Ap — KAGK, + Ay — K Auly
+ (B — K By)u (6-40)

Table6-1 List of Necessary Substitutions for Writing the Observer Equation for
the Minimum-Order State Observer, which is an (n — 1)th-Order

Observer
Full-Order State Observer Minimum-Order State Observer

o - =

A Asb
e Apgx, T Bt
— Bu

¥ ¥y — Asa¥a ~ B |
b C Anb
-‘_-_-__ =l .

K, (n X 1 matrix) K, [(n—1)% 1 matrix]
l\_________ _--_—-_____-_-__________
337
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fine I
Next, we del 3 £y Ko =i
and » i R X, = ﬁ
Xp — K.y Xp (Nll
Then Equation (6-40) becomes
7= (A~ KAL)T + [(As — KAg)K,
i - K.B,
+ Apa — KsAaa]y + (Bb e )u (&Qi
Now we define
*a‘ . Abb - KeAab
ﬁ = AKE + Apg ~ KeA:m
i;‘ =By — K.B,
Then Equation (6-42) becomes
i:i =A?‘]'f‘By+Fu (6-43}

Equation (6-43) and Equation (6-41) together define the minimum-orge

observer.
Since

X = [—;—,ﬂ = E‘%ﬂ = l:lil][ib - Ky] + |:‘I%;:|J’

where 0 is a row vector consisting of (n — 1) zeros, if we define

A 0 ~ 1
C=|-— - 2ste
|:In—1 :" " [Kf:|

then we can write X in terms of 3 and y as follows:

X=Cij+D y e
This equation gives the transformation from 7) to X. rol
Figure 6-7 shows the block diagram of the observed-state feedback C(-m[an

system with the minimum-order observer [which, in this case,d (1;44]

(n — 1)th-ord i
v cn)u :r_ ;'f cfbserver], based on Equations (6-32), (6-33), (6-43 )
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L -

Trm_'nsf-::-nnuation
Figure 6-7
System with observed-state feedback, where the observer is the minimum-order
observer.

Next, we shall derive the observer error equation. Using Equation (6-36), we
can modify Equation (6-39) to yield

Xp = (Apy — KAp)X, + Apax, + Bou + KAux, (6-45)
Subtracting Equation (6-45) from Equation (6-37), we obtain
Xy — X = (App — KeAap) (% — %) (6-46)

We define

X e=Xx,—X,=M"1

Then Equation (6-46) becomes
& = (Ap — KAn)e
r observer, which is an

This is the error equation for the minimum-prdc o = T)vector
i - 1)th-order observer in this case. Note that € 15 4

(6-47)
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s desired by followip
: n be chosen 2% g the ¢ .
S dhy:?:lll]ll.c:r;ear observer provided thariie rank.of Matrix ethhi‘lhe

developed for t

Aab
AabAbb

~2
| AuAby

bility condition applicable to t,, ..

. _ 1. (Thisis the complete 0bseIva i © Mip;
153 II;SECIrhVI:rlSwhich isan (n — 1)th-order observer in the presen case) U
o %12 characteristic equation for the minimum-order observer, .

: hick: -
(n — 1)th-order observer, s obtained from Equation (6-47) as Mgy

IsT — Ag + KAgpl = (s = p)(s ~ pz) (8 = Bpoq)
=Tk Es T b GaS + Gy = (645

where g, iz, - - - » a1 are desired cigenva.lues f-::-r.thf: mi“il}mm-ordﬂ i
The observer gain matrix K, can be determined by first r._:hoosmg the desireq eiven.
values for the minimum-order observer [that is, by placing the roots of the ch:fr::
teristic equation, Equation (6-48), at the desired locations] and then Using tha
procedure developed for the full-order observer with appropriate modificafiog,

If Ackermann’s formula given by Equation (6-26) is to be used, thep jt shoug

be modified to
[ As 07
ApA 0
K. = ¢(Ap) - : (6-49)
AabAgf; ] 0
mAabAgb_ 2_ |_1 _
where

qs[Af}b) = AEEI + &IAEE:Z eennk &n—ZAbb T &n-ll

Weg:vs:::z::t:te feedback control system with minimum-order obw:;i

i ’: at the closed-loop poles of the observed-state feedback co -

placement d ull-order state observer consist of the poles due to i
csign alone, plus the poles due to the observer design alﬂne.d eﬁ

the pole-placem : :
each otheI:_ ent design and the full-order observer design are indepet R

340 Cha
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The closed-loop poles of the obseryeq
o -order observer compris
minimum-Or comprise the closed-1oq
. - ol
the cigenvalues of matrix (A — BK)] anq tpe F;[Es Zs due to pole placemep;
nimum-order observer [the eigenvalues of ed-loop poles due 1o (e

. . matrix -
g with the full-order state Dbservf-:r, the pole-placem e::”db - KeA )] Therefore |
the minimum-order observer are independent of each otheslgn and the desigp ot i
er. ;

petermining the observer gain matrix K_ wi
Juality of pole placement and observer desig;“:lf: ?ATLAB. . Because of the
lied to both the pole-placement problem an::i the ?I;: algonthr_n can be ap-
Thus, the commands acker and place can be used to detenz?ef'deslgn problem, ;
matrix K. ne the observer gain f
The closed-loop poles of the observer are the ej
= . The closed- igenvalues of matrix
iatﬁf f - BK. d-loop poles of the pole placement are the eigenvalues of
Referring to the duality relationship between the 3
and the observer-design problem, we can determine Kg%c;fﬁ;:g::i?g tlgl?blim
placement problem for the dual system. That is, we determine K, by placmgc:;
eigenvalues of A* — C*K, at the desired place. Since K, = K*, f(:r the full-order
observer we use the command

K. = acker(A',C',L)'

where L is the vector of the desired eigenvalues for the observer. Similarly, for the
full-order observer, we may use

K, = place(A',C' L)’

multiple poles. [In the preceding commands,

provided that L does not include ce
e transpose.] For the minimum-order (or

prime (') indicates the conjugat
reduced-order) observers, we use the command

Ke= acker(Abb',Aab',L)

or the command L
]

Ke = pIace(Abb',Aab',L}'
341
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EXAMPLE 6-8 Consi

der the system

g = AX + Bu
Y= Cx
where ;
0 1,18 i
0o 1 B=|0/ = ]
= 0 ’ :
* g =11 —®
- les at
Let us assume that We want to place the closed-loop po
etu

: ——2-j2V3, 5=-6
s =—2+ ;2\/5. 52

Then the necessary state-feedback gain matrix K can be obtained as follows:

K=[90 29 4]

1 f this matrix K.)
6-8 for a MATLAB computation o
{Se;ﬁi F{;ﬁfﬂﬁﬂ: rt[llmat the output y can be measured accurately, so that state variabl

x; (which is equal to y) need not be estimated. Let us design a minimum-order observer of
séoond order. We choose the desired observer poles to be at

s = —10, s ==

From Equation (6-48), the characteristic equation for the minimum-order observer is

ST — Ay + KAl = (5 = u1)(s — )
= (5 + 10)(s + 10)
=52 4 205 + 100 = 0

In what follows, we shall use Ackermann’s formula given by Equation (6-49), or
[ (651
K, = d(App)| —— |: ]

1
A pApy
where

b(Aw) = A}, + &,A,, + a] = AZ, + 20A,, + 1001

Chapter 6
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gince

Xy
g 1 | R B 0 I T
b, SRl [ =: a1
Xb '}"2 1 A = ﬂ‘-—-. ““““““ ':l
61 -11 _ 0
1
WEe have
Aaa =0,

L2 90

(A MATLAB computation of this K, is given in MATLAB Program 6-8.)

MATLAB Program 6-8

>>A=[0 1 0,0 0
>> B = [0;0;1];

>> | = [-24j*2*sqrt(3) —2—j*2%sqrt(3) —6l;
>> K = acker(A,B,))

K=
90.0000

-8 =4 =6l

29.0000 4.0000
—b];

>> Abb = [0
>> Aab = [1
55 L=T=11

Ke =

14
5

1:-11
0l;
-10];

5> Ke = acker(Abb',Aab',L)

Section 6-6 / Minimum-Order Observers
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:on for the minimum.q
. quatmn rder obg
d (6-42), the e !
ons (6"41} " ;

: - en1 bY ,
Equat e :
ir:Teco?ld-ordcr observer) can h[q]

_ A+ Ao~ Ky + (B, g
e/l

. i+ [(As
5 = (A ~ Kl + L2 by

where ~Ky=%p~ K.xq

Noting that
Ay — KA =| 11 -6 § o

- :mum-order observer becomeg
: on (6-52) for the mimmu
we see that Equation (

o[ Jel e Y
[ LoD G- L3

or

where

or

X3 UE)
If the observed-state feedback is used, then the control signal u becomes

X1
u=-Kx=-K ng.
X3

; _ : ging ¥
where K is the state feedback gain matrix. Figure 6-8 is a block diagram S0P’ e

; : i
configuration of the system with observed-state feedback, where the 0bser*
minimum-order observer,

Chapter & / MATLAB Approach to the State-Space Design of Control gystems

Scanned with CamScanner



=

-14 i
-16 -6

= Ty «J‘—

l Minimum-order observer

il

K
bss

Transformation

6-8 : - :
E@u'e with observed state feedback, where the observer is the minimum-order observer. This system

sdesigned in Example 6-8.

WIPLE6-9 Consider the system shown in Figure 6-9. Using the po1e-placfapent-with-obsewer_ag-
proach, design a regulator system that will maintain the zero position (y; = 0 and y; —l )
in the presence of disturbances. Choose the desired closed-loop poles for the pole-

placement part to be

= 01 § = _1(]
s=-2+ pV3, s=-—2-pV3, a=-l
a1 »2
i Ros
&
k
=r----l'--‘l']-‘-i - M1 mz
eniot i IO < 1
e //////////////////////////////////////////x/////x |

Mechanica] system. AT
345
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tputs y1 and Yz, SO the minimum-c.rdel, obg
€

i ou
fourth-order system with two

isis a r.) : trix K and observer gain ‘
cond-order observe sback gain matrix § s o
is a ;Enst, determin€ ﬂ;*:}:ﬁif:; to an arbitrary initial condition—for examply u
obtain the response O
©) =01 y2(0) = 0 70 =0, 30 =g
:(u) = O, e,(0) = 0.05
where e; and e; are defined by
e=¥"N
&=y~ V2

Assume that my = 1kg,m2 = 2 kg, k = 36 N/m, and b = 0.6 N-s/m.
The equations for the system are
my = k(y2 = y1) + b(y2 = ») +u
moya = k(y1 — y2) + b ~ v2)

Substituting the given numerical values for my, my, k, and b and simplifying, we obtaip

y; = —36y; + 36y, — 0.6y, + 0.6y, + u
y, = 18y, — 18y, + 0.3y; — 0.3,

Let us choose the state variables as follows:

x=hn

X2= )2

X3 =y

X4 = s

Then the state-space equations become
S 0 0 1 0 |[x 0
| _ 0 0 0 1 X3 0
*3 =36 36 -06 06 X3 * 1 3
Lt L 18 -18 03 —03 || x4 0
o _ X1
2] [0 1 0 ¢ X3
X4

Chapter 6 / MATLAB
Approach to the State-Space Desian of Control System®
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we dgﬁnﬁ

A
| 18 181 03 —g3 ta | As, i
B 0

0 0 0 1 0
A
A = — = aq Aﬂ'b- 0 Ba
36 36 |-06 06 . B=|-|. MJ

—

k gain matrix K and ob .
e state feedback g 1d observer .
L ATLAB as folloivs: &ain matrix K, cap be Obtained easily yjjy,

K = (1304444 ~41.5556 231000
144 06
K =
‘ [ 03 15.?}
(See MATLAB Program 6-9.)

-'-'-___

MATLAB Program 6-9

15.4185]

>>A=[0 0 1 .00 0 0 1,-36 36 -0.6 0618 —1s '
5> B = [0;0;1;0]; ' 03 -03];

>>) = [F24]*2%qrt(3) —2-j*2*sqrt(3) —-10 —10);
>> K = acker(A,B,))
K=

130.4444 —41.5556 23.1000 15.4185

s>Aab=[1 0;0 1];
s> Abb=[-0.6 0.6;,0.3 -0.3];

>>L=[-15 -16];
>> Ke = place(Abb',Aab',L)'
Ke =

14.4000 0.6000
0.3000 15.7000

Response to Initial Condition: Next, we obtain the response of the designed system to the
given initial condition. Since

we have
-~ (6-53)
x = Ax — BKX = (A — BK)x + BK(x X)
Note that : A
¥ X, x“.’. = _...-r'—]..‘:_-- =|—-|= [i']e = Fe
X— X = ———n — o ] xb e
Xp Xp Xp
347
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where 0
'i'

' itten as
Then Equation (6-53) can be writ
;';=(A—-BK)I+BKFE {
6“'54}
Since, from Equation (6-47), we have
é= (A~ KAgn)e

quations (6-54) and (6-55) into one equation, we get

.7 [A-BK| _BKF ][x:]
el il | Ap — KeAgs || ©
% 6 matrix. The response of the system to the given jp:

h MATLAB. (See MATLAB Program 6-10.) Ty, e
Figure 6-10. The response curves seem to be acce esul.

by combining E

The state matrix hereisa6 X 0
dition can be obtained easily wit

ing response curves are shown in oy
N

MATLAB Program 6-10
.

>> % Response to initial condition

>>

>s>A=[0 0 1 00 0 0 1.-36 36 -0.6 0.6;18 —18 03 ~0.3];
>> B = [0;0;1;0]; :
>> K = [130.4444 —41.5556 23.1000 15.4185];

s> Ke = [14.4 0.6,0.3 15.7];

>s>sF=[0 0,0 0;1 0,0 1]

>s>Aab=[1 0,0 1];

>>Abb = [-0.6 0.6;0.3 —0.3];

>>AA = [A— B*K B*K*F;zeros(2,4) Abb— Ke*Aab];

>> sys = ss(AA,eye(6),eye(6),eye(b));

>>t=0:0.01:4;

>> y = initial(sys,[0.1;0;0;0;0.1 ;0.05],t);
>>x1=[1 0 0 0 0 O]*y,;
>>x2=[0 1 0 0 0 0*y;
S2¥3=00 0.1 0 0 0'y;
>>x4=[0 0 0 1 0 0%,
>>el=[0 0 0 0 1 0%,
>>e2=[0 0 0 0 0 T1J%,

St

>> subplot(3,2,1); plot(t,x1); grid; title('Response to initial condition’),
>> xlabel('t (sec)'); ylabel('x_1")
>> subplot(3,2,2); plot(t,x2); grid; title('Response to initial condition’),
>> xle;)bel('t (sec)’); ylabel('x_2")
>> subplot(3,2,3); plot(t,x3); grid; xlabel('t (sec)"); 'x_3'
1 il r ! }«’Iabel( X_B }
>> sugplnt[3,2,4); plot(t,x4); grid; xlabel('t (sec)"); ylabel('x_4')
:: :Ebp:ot(i,Z,S); plot(t,e1); grid; xlabel('t (sec)');ylabel('e_1")
plot(3,2,6); plot(t,e2); grid; xlabel('t (sec)"); ylabel('e_2") e
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TR

Response to initial conditigy,
! 2 "E e 0.06

Response 1o initial condition

t (sec) 0 1 2
t (sec) $
0.2
D 1.
5 -02
04

0.6

0.1 T ' -: 0.06 r
& 005 oo _ &
0 i : : 0 : : '_
0 1 2 3 4 0 | 2 3 4
t (sec) t (sec)
Figure 6~10
Response curves to initial condition.
L
1 OBSERVER CONTROLLERS
Transfer function of the observer-based controller. Consider the plant
defined by
x = Ax + Bu
=
use
Suppose that the plant is completely observable. Suppose alfs; :;:ztogsiwer
observed-state feedback control u = —KX. Then the equations
are given by 56
L b
% = (A - KC - BK)X + Ky e
(6-57)
u=—-Kx
. _ _g<intoEquation (6-19)-
Where Equation (6-56) is obtained by substitutingu = ~KXInio =4
349
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tion (6-56), assuming , vk
0L

a
nsform of EAY
Laplace tFH(S)’ we obtail m“laJ

ing the
Taking ving for X
A + K.C + BK)'K.Y(s)

condition, and sol
X(s) = (I —

f Equati _

Substituting this X(s) into the Laplace transform of Equation (6-57) il

- C + BK)''K,Y
U(s) = ~K(s1 — A + KL + BOTKY(s) o

Then the transfer function U(s)/ Y(s) can be obtained as

UGs) _ _g(st — A + K.C + BK) K,

Y(s)
Figure 6-11 shows the block diagram representation of the system Nog
+ Olice

that the transfer function
K(sI - A + K.C + BK) 'K,

acts as a controller for the system. Hence, we call the transfer function

U(s) num _ E
Y0y = den - K(I - A + K.C + BK)IK, (6-59)

the observer-based controller transfer function or, simply, the observer-cbntmﬂer

transfer function.
Note that the observer-controller matrix
A - K,C - BK

:::t};rl:l; n}ay not be stable, although A ~ BK and A — K.C are chosen to be
-An 1act, 1in some i
even unstable, cases the mmatrix A — K.C - BK may be poorly stable or

Ris)=0 ~Hs) U
K(sI-A + K.C+ BK)'K, —EL- Plant =
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; Copsider the design of a regulator systep, for th
€ plant

X = Ax 4 By
y =Cx (6-60
)
where (6-61)

0 1
A =
1 = [1 0]
suppose that we use the pole-placement

(hat the desired closed-loop poles for thisaps?rg?.:;h o he design of the syster gng
are at g5 = i

(i = 1,2), where

= ~18+ j24 and p, = —-1.8 — j2.4. The state :
atrix K for this cage

can be obtained as follows: -feedback gain m

K=1[296 36
Using this state-feedback gain matrix K, we find th
' at the control signal u is g
given by

u=—Kx = —[296 316][’“1]

X3

Suppose that we use the observed-state feedback 2
back control, or control instead of the actual-state feed-

Obtain the observer gain matrix K, and draw a block diagram of the observed-state
feedback control system. Then obtain the transfer function U(s)/[—Y(s)] for the observer

and draw another block diagram with the observer controller as a series con-

controller,
obtain the response of the system to the following

troller in the feedforward path. Finally,

initial condition:
1 - 0.5
x(0) = [u} e(0) = x(0) ~ ¥(0) = [ 0 }

= ktl
KE B keZ

Substituting this K, into the desired characteristic €4

To begin, we define

uation gives

= (s — 1) - m) = (s +8)(s*8)

Is1 — (A — K.C)l
— 2 + 165 + 64
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Hence, ; 0 1:| s [-‘;ﬂ][l 0]‘
o $J-Lee o) 1

[5 + ke K Eiil = (s + ka)s — (206 = ky)

= || —206 + ke

=SE+165+54

or

That is,

ke | [16 ]
Kf - ke?. 846 {6-62)

jon (6-62) gives the observer gain matrix K. The oREeTVer equation i given by
Equation

Equation (6-22):
¥=(A-KOX+ Bu + K.y 64
Since
u=-Kx
Equation (6-63) becomes

% = (A - K.C - BK)X + Ky

¥ o 1]_[16 o % 16
['3‘52] - {[2&6 u] - _34.6:|[1 0l [1}[29'6 3'6]}[322} + [34.6]’
_ [ ~i§ 1 }'ﬂ N [ 16 ]y
~936 -36| % 84.6

The block diagram of the system with observed-state feedback is shown in Figure 6-12(a)
From Equation (6-59), the transfer function of the observer controller is

ar

Uls) _
“¥(s) - K(I-A+KC+BK)'K.

-1
936 s+ 36 84.6

_ 77825 + 36907
st + 19.65 + 151.2

Chapter 6
pler / MATLAB Approach to the State-Space Desian of Control Systems
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came transfer function can be obtajpy,
- 6-11 produces the transfer functig
.megfull order. [Refer to Equations (6-56)
15 Om of the S}tstem.
gra The dynamics of the observed-state feeqt,
ed by the following equations: For the pl

x
]a

HEERAL!
=it o]

describ

:Eg,ﬁ éu] (—

L |-296 -3.6] C_i

] %-i@z‘-b f A [1 o] _'é@
L2050l =

Y

16

—— ]

A

(a)

¥(s)
US i
R(s)=0 -Y(s) | 778.25 +3690.7 i ‘z"lg_g? -
2 52+ 19,65 +151.2 =5

(b)
i : f transfer
i bserved-state feedback; (b) block diagratm @
() Block diagram of system with 0DSETVEE"
function system. 54
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MATLAB Program 6-11 \

i Ontrﬂlle _\
> % Obtaining transfer function of observer € r—full-order Ubsem
ot

>> |
s>A=[0 1:20.6 0l;

>> B = [0;1];

s>C=0 0f

S>> K=[29.6 3.6];

>>Ke=[1 6;84.6];

s>AA=A— Ke*C — B*K;

>> BB = Ke;

>> CC = KJr

>> DD = D.:

>> [num,den] = ssth(AA,BB,CC,DD}

num =

1.0e+003*

0 07782 3.6907
den =

1.0000 19.6000 151.2000 i

For the observer,
| _[-16 1 |[%], [0
%Ll | -936 -36| % 846 |
u=—[296 3.6][:‘5']
X2

The system, as a whole, is of fourth order. The characteristic equation for the systemis

s — A + BK||sI — A + K.C| = (s + 3.65 + 9)(s> + 165 + 64)
= 5" + 19.65° + 130.65> + 37445 + 576 = 0

The characteristic equation can also be i :
e _ obtained from the block diagram of the sy
shown in Figure 6-12(b). Since the closed-loop transfer function is

Y(s) 77825 + 3690.7

U(s) (s +19.65 + 151.2)(s2 — 20.6) + 77825 + 36907

the characteristic equation is

(s* + 1f.6s + 151.2)(s> — 20.6) + 778.2s + 3690.7
= 5"+ 1965 + 130.68% + 37445 + 576 = 0

Chapter 6 / MATLAB
Approach to the State-Space Design of Control System®
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atter of course, the characteristjc e

gam 3 : Quation s tj,
n and in transfer-functio € same fg
resentatio : Nl representat I the system i
rep Finally, we shall obtain th Ntation, ystem in State-space

€ response of tp,
e
System to the fal]owing initial cong;
nditiop

1
x(0) =
© M e(0) = [ﬂés]
Referl'i“ g to Equation (6-31), we can determine the Tesponse to the injg; I
1hial condition frop,

X - A — BK BK 1
HE Rt O R

A MATLAB Program to obtain the response is shown in MAT
The resulting response curves are shown in Figure 6-13, LB Program 643

MATLAB Program 6-12

>>A=[0 1;20.6 O0];

>> B =[0;1];

>>C=[1 0]

>>K=1[29.6 3.6];

>> Ke = [16;84.6];

>> sys = ss([A —B*K  B*K;zeros(2,2) A —Ke*Cl,eye(4) eye(4) eye(4));
>>t=0:0.01:4;

>> z = initial(sys,[1;0;0.5;0],t);

s>x1=[1 0 0 0]*z,

ssx2=[0 1 0 0OI*z;

>>el=[0 0 1 0]*z,

sse2=[0 0 0 1]*z,;

>>

>> subplot(2,2,1 );plot(t,x1 ),grid

>> title('Response to Initial Condition’)

>> ylabel('state variable x_1)

>>

5> subpiat{E,Z,E};plot(t;xz},grid

>> title('Response to Initial Condition’) |
>> ylabel('state variable x_2') i
>>

>> subplot(2,2,3);plot(t,e1),grid _ |
>> xlalfel{'t (5ec}'}ilabeli‘errnr state variable e_] )
>>

>> subplot(2,2,4);plot(t,e2),grid

>> xlabel('t {sec)'),ylabeli'erwﬂ//
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Response to Injtig) Con dig ‘
: ! On

state variable x,

=1

state variable x,
=
LY. |

2

0.6 :
03}

error state variable e,

error state variable e,

L
[
[

I

1
1 (sec)

Figure 6-13 N B
Response curves to initial condition.

356

Transfer function of minimum-order observer-based controller. In gy,
minimum-order observer equation given by Equation (6-42), namely,

W= (Ap — KA + (A — KABK, + Ay, — KAgly + (B, - KB

we define,
A=Ay,-KA,
B = AK, + A, — K.4,,
F=B, - K.B,

as we did in the case of the derivation of Equation (6-43). Then the following
three equations define the minimum-order oberver:

'ﬁ=«&ﬁ+ﬁy+ﬁ’u (&'64]
ﬁ = Yf} — Key (6"65}
u=-K% (¢

Chapt
pter & / MATLAB Approach to the State-Space Design of Control Systems
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qince Equation (6-66) can be rewritten g

S (&
py substituting Equation (6-67) into Equation (6-64), we o
» WE obtain
7 = ?; + }’-y + F[-K5 - (K, + KK ]
= (A - FR,)3 + [B - ;
K, +
( K:K.)]y (6-68)
We define
K &= A == ﬁKb
B =B - F(K, + K,K,)
C = _Kb
D =—-(K, + KJK,)
Then Equations (6-68) and (6-67) can be written, respectively, as
3 = A3 + By (6-69)
u=Cn+ Dy (6-70)

Equations (6-69) and (6-70) define the minimum-order observer-based controller.
By considering u as the output and —y as the input, we can write

U(s) = [C(sT - A) B + DY (s)
_ _[C(s1 - A)"B+ DI-Y(s)]

Since the input to the observer controller is —Y (s), rather than Y(s), the transfer

function of the observer controller is

This transfer function can be easily obtained with th

Command:
_ctilde, —Dtilde)

[num,den] = <2 tf(Atilde, Btilde:

~ Section 6-7 / Observer Controllers
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e
Plant y
S~
Regulator syste™

. observer. Consider the ¢
tem with ol ; -
or Sys rence input 1s Z€ro. The system is deﬁned%

Design of mgula;- Iy The refe

tem shown in Figure
B 0 1 0 || X1 0
j:; _lo 0 1l x|+]| 10 |u
i 0 -24 —10]Lxs —80
X1
y =1 0 0] x|+ [0]u
X3

t approach, design a controller such that when the =

Using the pole-placemen h
o initial condition

tem is subjected fo the1
: 1
x(0) =10 |, e(0) = l:o:|
0

plant and e is the observer error vector, the
to 35% and the settling time is about 4 sec.
-order observer. (We assume that only the

where x is the state vector for the
maximum undershoot of y(?) 1S 25
Assume that we use the minimum

output y is measurable.)
We shall use the following design procedure:

1. Derive a transfer function of the plant.
2. Choose the desired closed-loop poles for pole placement. Choose the

desired observer poles.
3. Determine the state feedback gain matrix K and the observer gain

matrix K..

4. Using the gain matrices K and K, obtained in step
function of the observer controller. If it is a stable
response to the given initial condition. If the response is n
adjust the closed-loop pole location and/or observer pole
an acceptable response is obtained.

3, derive the transfer
controller, check the
ot acceptable
location ult

Design step 1: 'We shall deri - be
; e ve the transf i t. which may
obtained with the use of the command eEfiicron ok the ARt

[num,den] = ss2tf(A,B,C,D)
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AB Program 6-13 produces the transfer

TL ; functi
]ﬁi{ -, follows: ction Tepresentation of e
_}i(i) — _ 10s + 79
U(s) + 10s2 + s
10(s + 2)

s(s + 4)(s +5)

____________—-—-
MATLAB Program 6-13

>>A=[0 1 0,0 0 1,0 —4

>> B = [0;10;-80]; ~10];
>>C=[1 0 0];
>> D = [0];

>> [num,den] = ss2tf(A,B,C,D)
num =

0 -0.0000 10.0000 20.0000
den =

1.0000 10.0000 24.0000 0

Design step 2:  As the first trial, let us choose the desired closed-loop poles at
s = -1+ j2, s=-1-j2, §=-5
and choose the desired observer poles at
s=-10, s=-10

Design step 3: We shall use MATLAB to compute the state feejbackdlg]::;
matrix K and the observer gain matrix K. MATLAB Program 6_1th prgesire q
these two matrices, In the program, matrices J and L represen:he sterver.
closed-loop poles for pole placement and the desired poles for

Tespectively. The matrices K and K, are obtained as

K = [125 125 019375]
| 10
Ke=| 24

S
“Ction 6-7 / Observer Controllers
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B Program 6-14 '
el ° edback gain matrix K x

Obtaining the state fe

>> %

::ZA=[0 1 00 O 1:0 —24 -101;
>>B= [0;10;#801;

>>C=[1 0 0l;

s> )= -1 +j*2 -1-]*2 =5];
s> K = acker(A,B,))

K=
1.2500 1.2500 0.19375

>> % Obtaining the observer gain matrix Ke
>>
[mi"a[l].

>> Aaa = 0:Aab = [1 0];Aba = [0;0];Abb = [0 1;,-24 —10];Ba =0:Bp =
ss>L=[-10 -10];
>> Ke = acker(Abb',Aab',L)'
Ke =
10
=24

Design step 4: We shall determine the transfer function of the observer cop-
troller. From Equation (6-71), the transfer function of the observer controllr

can be given by

u(s) wp 5 e i
Gc(«ﬁ'} = _Y(S) = I:ll::: — _[C(SI = A)-IB + D]

MATLAB Program 6-15 calculates
controller:

Gc(s] = 9.1 + 73.5s + 125
s +17s — 30

_ 21(s + 5.6425)(s + 2.4344)
(s + 186119)(s — 1.6119)

WE dﬂfiﬂﬂ the

st - :
shows the blncksy ®m with this observer controller as System 1. Figure

diagram of System 1.

Chﬂptt-.rﬁ / MATIAR a____
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>
A= 1 00 0 10 <9y -
22 B = [0;10,—80]; ¢ -o;

>>Aaa =0iAab =11 _0; Aba = [0;0]; b,

>>Ba= 0;Bb = [1 0;,-80]; 0 1;-24 ~10);
o> Ka=125Kb=[1.25 0.19375],
2> Ke = [10;-24]; ; 8

>> Ahat = Abb — Ke*Aab:;

>> Bhat = Ahat*Ke + Aba — Ke*Aaa:

>> Fhat = Bb — Ke*Ba; !

s> Atilde = Ahat — Fhat*Kb;

>> Btilde = Bhat — Fhat*(Ka + Kb*Ke):

s> Ctilde = —Kb; '

>> Dtilde = —(Ka + Kb*Ke);

>> [num,den] = ss2tf(Atilde, Btilde,~Ctilde,~Dtilde)

num =
9.1000 73.5000 125.0000

den =
1.0000 17.0000 -=30.0000

r=d 912473500105 | X 10(s +2) )
s34 175-30 T s(s+4)(s+6)
Observer controller Plant
Figure 6-15

Block diagram of System 1.

e pad - me

existence of an open-loop right-half s plane po is stable.
that the system is open-loop unstable, although the CIPsed'lm.)p s}';trelr]l;fs;;:em:
The latter property can be seen from the characteristic equation

(S~ A + BK|-|st - A + Kol
= ¢S 4+ 275* + 2555

=(s+1+2)(s*

on of the characteristic equation.)

~ (See MATLAB Program 6-16 for the calculati
361
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Tl

e e ¢ e

_> % Obtaining the ¢

>> ~B* 3),eye(3),eye(3),1);

_ otfin-B*Keye().eyel).eyeld) 1y,

>> [num1,den1] - :iz {(Abb—Ke*Aab,eye(2) eye(2).eye(2) 1),

num?2,den2]
:z :[;haract_eq = CDnV[dEn1 den2)

>>

charact_eq =

1.0e+003*
50 1.0250 2.0000 2.5000

—_—

0.0010 0.0270 0.25

sing an unstable controller is that the system peg,
unstable if its dc gain becomes small. Such a control system is neither desirap

nor acceptable, Hence, to get a satisfactory system, we need to modify the dmlﬁ
loop pole location or the observer pole location (or both). :

A disadvantage of u

Second trial: Let us keep the desired closed-loop poles for pole placement 2
before, but modify the observer pole locations as follows:

s = —4.5, 5= —45
Thus,
L=[—-45 -45]

Using MATLAB, we find the new K, to be

K=
[6.25:|

N i
MAT?::;Bwsmshall obtain the transfer function of the observer controllt
gram 6-17 produces this transfer function as follows:

Gu(s) = 1.2109s* + 11.2125s + 25.3125
52 + 6s + 2.1406
_ 1.2109(s + 5.3582)(s + 3.9012)
(s + 5.619)(s + 0.381)

Chapter 6 / MATLAR
Approach to the State-Space Design of Control Systems
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MATLAB Program GM
>> % Determination of transfer function

> of observer controller.
»>A=[0 1 00 0 10 94 g,
>> B = (0;10;-80]; L

>>Aaa=0;Aab=1[1 0]:Aba = 10.01.

>> Ba = 0; Bb = [10;-80); 10;0;Abb <
>>Ka=125Kb=[1.25 0.19375),

== Ke= [=1;6:25];

<> Ahat = Abb — Ke*Aab;

>> Bhat = Ahat*Ke + Aba — Ke*Aaa-

>> Fhat = Bb — Ke*Ba; F

>> Atilde = Ahat — Fhat*Kb;

>> Btilde = Bhat — Fhat*(Ka + Kb*Ke):

>> Ctilde = —Kb;

s> Dtilde = —(Ka + Kb*Ke);

>> [num,den] = ss2tf(Atilde,Btilde,~Ctilde,~Dtilde)

[0 1,24 -10):

num =

1.2109 11.2125 25.3125
den =

1.0000 6.0000 2.1406

Notice that this is a stable controller. We define the system with this observer
controller as System 2. We shall proceed to obtain the response of System 2 to the

given initial condition
! 1

Substituting u = —KX into the state-space equation for the plant,
%a | - Ax - BK| ]
i=Ax—BK’f=Ax—BK,fb = S

& 7
~ Ax — BK{x = [ﬂ} _ Ax — BKx + B[K, Kb][e] (6-73)

3 N bserver 18
The error equation for the minmum order 0 (6-74)

e= (Abb . Kf‘Aﬂb)e

t
Combining Equations (6-73) and (6-74) e 87

X
I:x] ) I:A App — KeBar JL®

we obtain

0
& 363
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ith the initial conditio? o !

x(m'] -
e(0)

o~ OO

- -

618 produces the response to the given inj
m

al i
are shown in Figure 6-16.They seem to be a¢c Co
5

eptab;?“ﬁn.

e e
gy

MATLAB Progra
The response curve

MATLAB Program 6-18
> % Response t0 initial condition.

Z;A= o 1 00 0 1;0 —24 -10];
z E = {1.25 1.25 0.19375];

>> Kb =[1.25 0.19375];

>> Ke = [-1;6.25];

>>Aab=[1 0];Abb=1[0 1,-24 —10];
o> AA = [A—B*K B*Kb;zeros(2,3) Abb — Ke*Aab];
>> sys = ss(AA,eye(5),eye(5),eye(5));

>>t=0:0.01:8;

>> x = initial(sys,[1;0;0;1;0],1);

Sl =1 0 0 O0]*';

>xd= [0 0 0 0O1*%}
>>x3=[0 1T 0 0]*'
>>el =0 0 1 0%,
>>e2=1[0 0 0 1%
>>

>> subplot(3,2,1);plot(t,x1);grid
>> xlabel('t (sec)");ylabel('’x_1')
>>

>> subplot(3,2,2);plot(t,x2);grid
>> xlabel('t (sec));ylabel('x_2")
>>

>> subpiot(3,2,3);plot{trx'_x,};gﬁd
>> xlabel('t (sec)');ylabel('x_3')
> =
>> subplott3,2,4};p|0t(t,e1 );grid

::::; xlabel('t {sec}');ylabel('ej "

>> subplot(
>> xlabel

e B T e B e

. 3,2,5];pl0t(t,92);grid
('t {sec]‘];ylabel['e_Z')

Chapter 6 / MATLAR an___ .
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Figure 6-16

Response to the given

initial condition; x,(0) = 1,
1(0) = 0,x3(0) =0,

E](U) = 19 82(0) = 0.

Next, we shall check the frequency-response characteristics. The Bode
diagram of the open-loop system just designed is shown in Figure 6-17. The phase
margin is about 40° and the gain margin is +0co dB. The Bode diagram of the

closed-loop system is shown in Figure 6-18. The bandwidth of the system is
approximately 3.8 rad/sec.

Bode Diagram of System 2 — Open Loop

100 ! T 1T
-_-‘E-_'l—._i
1.
= 50 =
g .-h-h--"""'-\__h
7] ‘"""--..___h
g D Bz “-""-n._.
a— ““""ﬁ.
| =1
Y B
= =50 -
—-100
=50
% —100 T
8 NS
£ -150 ¥ [ 1
Figure 6~17
¢ diagram for the ] ! 0
%en-loop tr -200 — 10°2 107 107 10 1
ot 00p transfer 10" Frequency (rad/sec)
tion of System 2,
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Bode Diagram of System 2 — Closed i

0 —T 71T | T
A o e S B 5 S M)
_'__‘_______..m.-.‘ B palint H“‘\ """" i o i
g o ~
8 20 bt Tl
& EREALS Loce oG LI
S 011771 1 1 T RNl
et L
—60 ""“'--J.,j:jz
0 i ! ___“_-'-"‘I"--_,__'_r
=50 p—t—1TTTT \ B e o AN
= H
9 LS.
% -100 [t N T e
Figure 6-18 ~130 T~ T
Bode diagram for the T
closed-loop transfer function -200[0_1 10° 10' e
of System 2. Frequency (rad/sec) 1pt
Finally, we shall compare the root-locus plots of the first system w:
L =[-10 -10]andthesecondsystemwithL = [—45 —4.5].The plot for th,
first system, given in Figure 6-19(a), shows that the system is unstable for 5 small g,
gain and becomes stable for a large dc gain. The plot for the second system, showy

in Figure 6-19(b), demonstrates that the system is stable for any positive d¢ gain

Root-Locus Plot of (915 + 9175 + 2720s + 2500)/ Root-Locus Plot of (12.1095° + 136.343s2 + 477
. : 375,
. (s° + 275" + 16457 + 1085% — 7205) (s° + 165" + 86.14065> + 165.40652 + 51 3741.::]5[}'%lr
: — 5 :
g iy 7
; 2
L] 2 --”--“-::-“
£ o g
E n :
=2 froiinan g £ -1
4} | =2
<l -3
-8 n L L i : s :
e " e D S S 5
Real Axis gl S e e B AL
@) Real Axis
Figure 6-19 "
(a) Root-locus plot of the system w;
: th obsery
system with observer poles at s “rPolesats = —10 and s = —1; (b) root-locus plot of thé

==45and s = ~45.
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MPLE g-11

Consider the system shown in F;
observers for the plant. Assumeﬁfﬂ 6-20. Design both

: the full-ord s o
a -0
part are located at tthe desireq closed-loop Polers ?;ratrlllc; [i;]:l':n ki

r=0

Figure 6-20
Regulator system.

Assume also that the desired observer poles are located at
(a) s = —8,s5 = —8 for the full-order observer

(b) s = —8 for the minimum-order observer

Compare the responses to the following initial conditions:
(a) For the full-order observer,

40) =1, x0)=0, ¢0)=1 e0) =0
(b) For the minimum-order observer,
x1(0) =1, x(0)=0, ¢0) =1

Also, compare the bandwidths of both systems.

We first determine the state-space representation of the plant. By defining state vari-
ables x; and x; as

=y
x;_:_=}.'

HEHEEEH,
= o]

For the pole-placement part, we determine the state feedback gain matrix K. Using
MATLAB, we find K to be

we obtain

K=[4 05]

(See MATLAB Program 6-19.) .

Next, we determine the observer gain
MATLAB, we find that

14

H

matrix K, for the full-order observer. Using

(See MATLAB Program 6-19.)
367
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ram 6-19

MATLAB Prog
matrices K and Ke.

>> % Obtaining

e :
ssA=[0 10 -2];

>> B = [0;4];

=11 007 _ -
Z JC= [-[~2+j*2*sqrt(3) —2-]*2*sqrt{3}]f

s> L=[-8 -8];
>>K= acker(A,B/J)
K=

4.0000 0.5000
>> Ke = acker(A',C',L)'
Ke =

14
36

Now we find the response of the system to the given initial condition. Referring 1,

Equation (6-31), we have
i] [A-BK BK x:|
el 0 A-KC| e

amics of the designed system using the full-order observer,

This equation defines the dyn >m using -C
uces the response to the given initial condition. The result-

MATLAB Program 6-20 prod
ing response curves are shown in Figure 6-21.

' — : ; r
08 e G :
AN USROS SO T So—
i | - %
02t
04 5 ' S|
0o 2 4 6 8 4 & 8
t(sec) 1 (sec)
1.2 , . —
1T R S S P
R T SO B ——
02
Figure 6-21 0 Jv 2
Response curves to i : " i -2 : . 52
initial condition. sy Beat D i g 6
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MATLAB Program 6 59 —————
>> % ResponN
>>

initi iti
itial cong |t|on—-full-order observer
>>A=[0 1,0 =2}

>> B = [0;4);
>C=[1 ()
>>K=1[4 05

>> Ke = [14;3¢];
>> AA = [A - B*K B*K;zeros(2,2) A -
_ / 2) A- KE*C]‘
>> 8ys = s5(AA e j
< 5 tY= 0:0.01:8; Ye':4)re}’ef4)re)’e(4)}i
>> x = initial(sys, [1 :0;1;01,1);
>>x1=[1 0 0 0]*x": r
>>x2=[0 1 0 0.
>>el=[0 0 1 Q.
>>e2=[0 0 0 1),
>>

>> subplot(2,2,1 )iplot(t,x1 );grid
>> xlabel('t(sec)");ylabel('x_1)
>>

>> 5ubp|0t(2,2,2};pl0t{t,x2);grid
>> xlabel('t(sec)');ylabel('x_2")
>>

>> subplot(2,2,3);plot(t,e1);grid
>> xlabel('t(sec)');ylabel('e_1"
>>

>> subplot(2,2,4);plot(t,e2);grid
>> xlabel('t (sec)');ylabel('e_2")

MATLAB Program 6-21 produces the transfer function of the observer controller:

num T4s + 256 T4(s + 3.4595)

den 52 + 18s + 108 (s + 9 + j5.1962)(s + 9 — j5.1962)

MATLARB Program 6-22 produces the observer gain matrix K, for the minimum-order

observer:

K. =6

369
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S TT——

LAB Program 621 _____—— 0 —fullorge |
MAT 8 nction of observer controller—fyl| order Obsery

>> % Determination of transfer fu -
>>

ssA=[0 1,0 2k

>> B = [0;4];
s>C=[1 0];
>>K=[4 05];

>> Ke = [14;36]; ) ”
>> [num,den] = ss2tf(A — Ke*C — B*K/Ke, )

num =
0 74.0000 256.0000

den =
1 18 108

MATLAB Program 6-22
> % Obtaining Ke—minimum-order observer

>>
>> Aab = [1];

>> Abb = [-2];

>> LL = [-8];

>> Ke = acker(Abb', Aab',LL)'

Ke =
6

The response of the system with minimum-order observer to the initial condition can be
obtained as follows: Substituting u = —KX into the plant equation

X = Ax + Bu

we find that
X = Ax — BKX = Ax - BKx + BK(x — ¥)

= (A - BK)x + B[K, Kb]|:3:|

or
X=(A - BK)x + BK,e

Chapter 6
P / MATLAB Approach to the State-Space Design of Control Systems
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The error equation is

G5 (Abb - KeAab)e

Hence, the system dynamics are defined by

On the basis of this last equation, MATLAR Pro

s e am
given initial condition. The resulting response cu S e Toocy e _oponse to the

Tves are shown in Figure 6-22,

MATLAB Program 6-23

>> % Response to intial condition—minimum-order observer

S
>>A=[0 1,0 -2[
>> B = [0;4];
>>K=1[4 0.5];

s Kbi=0.5:

>> Ke = 6;

>> Aab = 1;Abb = -2;
>>AA = [A— B*K B*Kb;zeros(1,2) Abb — Ke*Aab]:
>> sys = ss(AA,eye(3),eye(3),eye(3));
>>t=0:0.01:8;

>> x = initial(sys,[1;0;1],b);

saxl =1 0 '0]*x¢};

>>x2=[0 1 0]*'

>>e=[0 0 1]*x;

>>

>> subplot(2,2,1);plot(t,x1); grid

>> xlabel('t(sec)");ylabel('x_1")

>> -

>> 5ubp|ot(2,2,2);plot(t;ﬂ);g"d

>> xlabel(‘t(sec)");ylabel('x_2")

>> '

>> subplot(2,2,3);plot(t,e);grid

>> xlabel('t(sec)");ylabel('e’)
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0.4 oo %

0.2 K
Figure 6-22 0 - 6
Response curves to 0 i

initial condition.

The transfer function of t
order observer can be obtaine

he observer controller when the system uses the minimup,.
d with MATLAB Program 6-24. The result is

75 + 32 1(s + 4.5714)
s + 10

>> 9% Determination of transfer function of observer controller—minimum-order observer

num _ .
den s+ 10

MATLAB Program 6-24

>>

>A=[0 1,0 -2}

>> B = [0;4];

>> Aaa = 0;Aab = 1;Aba = 0;Abb = =2;
>> Ba=0;Bb=4;
>>Ka =4;kb =0.5;
>> Ke = 6;
>> Ahat = Abb — Ke*Aab;
>> Bhat = Ahat*Ke + Aba — Ke*Aaa:
>> Fhat = Bb — Ke*Ba;
>> Atilde = Ahat — Fhat*Kb;
>> Btilde = Bhat — Fhat*(Ka + Kb*Ke);
>> Ctilde = —Kb;
>> Dtilde = —(Ka + Kb*Ke);
>> [num,den] = 552tf(Atilde,BtiIde,—Ctilde,—DtiIde)
num =

7 32

den =
1 10

4_,’-—"'/
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Figure 6-23

Bode diagrams of System 1 (system with full-order observer) and System 2

(system with minimum-order observer). System 1 = (2965 + 1024)/(s* + 20s® + 1445* +
5125 + 1024),System 2 = (28s + 128)/(s* + 125* + 48s + 128)

The observer controller is clearly a lead compensator. :

The Bode diagrams of System 1 (the closed-loop system with full-order observer) and
of System 2 (the closed-loop system with minimum-order observer) are shown in
Figure 6-23. Clearly, the bandwidth of System 2 is wider than that of System 1. System 1 has
a better high-frequency noise-rejection characteristic than System 2.

Comments

1. In designing regulator systems, if the dominant controller poles are

placed far to the left of the jw-axis, the elements of the state feedback
gain matrix K will become large. Large gain values will make the actuator
output become large, so saturation may take place. Then the designed
system will not behave as intended. ]

igni stem by the pole-placement approaci, § -
ent I:e?:‘ilfg I;l:sgir?asycloscdjoop l12.:r:.tl'z:spncv:-.'.dl be considered, the response
characteristics compared, and the best one chosen.

2. 1f not all state variables can be measured, an observer must be incorpo-

rated to estimate the unmeasurable state variables.

3. Adding an observer to the system generally reduces the stability margin.

In some cases, an observer controller may have zero(s) in the r1gl1‘d.-.haau:lfl;':IL
plane, which means that the controller may be stable, but of nonminim
¥
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controller may have pole(s) in the i
phase. In Oﬂ'fertﬁzszz’ntﬁzller ;s unstable. Then the designeq syi];t‘half §
—that
Ei’;i, etsjnéiionaﬂy stable. Note that an unstable obseryer m

contrﬁl]:‘&?
i
not acwptﬂhlﬂ. 3

4. If the observer controll
right in the left-half s p
Also, the desired closed-

er becomes unstable, move the obseryer Poles
0 the

lane until the observer controller be':ﬂmes
loop pole locations may need to be mogjg;, gtabl A

5. If the observer poles ar¢ P]aCEd g tl.ue e t}.m Jo-axis, the
width of the observer will increase and will cause noise problems, th.gd'
is a serious noise problem, the observer poles :s,hould “F‘t be placeg tre
far to the left of the jo-axis. The general requirement is that the ba )
width should be sufficiently low that the sensor noise will not beco L

Me 5
problem. ] -

The bandwidth of the system with the minimum-order obsery, .
higher than that of the system with the full-order observer, provigeg tha
the multiple observer poles are placed at the same location for bog
observers. If sensor noise is a serious problem, a full-order observer i
recommended.

6. When the system is designed by the pole-placement-with-obseryey ap-
proach, it is advisable to check the stability margins (phase margin apg
gain margin) by a frequency-response method. If the system designed hag
poor stability margins, it is possible that the designed system may become
unstable if the mathematical model involves uncertainties.

7. For nth-order systems, classical design methods (root-locus and frequency-
response methods) yield low-order compensators (first or second order).
Since the observer-based controllers are nth order (or mth order if the
minimum-order observer is used) for an nth-order system, the designed
system will become 2nth order [or (n + m)th order]. Since lower order
compensators are cheaper than higher order ones, the designer should
first apply classical methods and, if no suitable compensators can be

detenninetli, then try the pole-placement-with-observer design approach
presented in this chapter.
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Some Optimization
Problems Solved
with MATLAB

1.1 COMPUTATIONAL APPROACH TO OBTAINING
OPTIMAL SETS OF PARAMETER VALUES

In this section, we shall explore how to use MATLAB to obtain optimal sets of
parameter values of control systems to satisfy transient-response specifications.
We shall present several examples illustrating the MATLAB approach to obtain-

ing optimal solutions.

EXAMPLE 7-1 Consider the control system shown in Figure 7-1(a). The controller is a PID controller.
The transfer function of the PID controller is given by

1
G.(s) = Kp(l i T,,-s)

is

K(s + a)(s + B)
i B

Frequently, we choose = B so that G,(s) may be written as

K(.S‘ + ﬂ]z (-?_1)
5

Ge(s) =

of the PID controller becomes 2(K am} a) in-
he optimization process simpler.

with this choice, the number of pa‘ramfl:ters' ;
stead of 3 (K, a, and B). This simplification makes
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Cls)

R(s)

(a)

4 Cls)
R(s) @-—-" S +65°+85+4 —

5
PID Plant
controller
(b)
Figure 7-1 ith a simplifi
(b) PID-controlled system with a simplified PID controje,

(a) PID-controlled system;

We assume here that the PID controller has the transfer function given by Equatiop (7-1),
as shown in Figure 7-1(b).

We seek a combination of K and a such that the closed-loop system is underdamped &
and the maximum overshoot in the unit-step response is less than 15% but more than
10%. (Other conditions can be included —for example, that the settling time be Jess than a
specified value; see Example 7-5.)

To solve this problem with MATLARB, we first specify the region to search for appro-
priate K and a.We then write a MATLAB program that, in the unit-step response, will find
a combination of K and a which will satisfy the criterion that the maximum overshoot is
less than 15% but more than 10%.

Note that the gain K should not be too large, so as to avoid the possibility that the
system require an unnecessarily large power unit.

Assume that the region to search for K and a is

3=K=5 and 0l=a=3

I a solution does not exist in this region, then we need to expand it In some problems
therle 18 110 solution, no matter what the search region might be,
. :lhthe computational approach, we need to determine the step size for each of K and
G;amp;a:;‘:ﬂ szSIgn PrﬂfitESS. Wwe need to choose step sizes small enough, However, in this
0 4volc an overly large number of computati the step sizes 10
reas$ahle~my, T ) putations, we choose P
ere < 11 sati
may be more than ope possible combination of K and a that will satisfy th¢

given condition. Here, howeyer i : : find
ing all possible sets of solygic. we shall obtain the first solution. (For approaches 10

Scanned with CamScanner



of the gain K smaller ra
program to begin with lh:?hl:;g:f:;ltl\!:f B=r, (In S0me problems‘ We may wri
We shall write a MATLAR progea ues of given param eters and ste }'t(}:teda ]l:'IA'['LAB
using the first-found solution of K ﬁl'lth:ll ?S?;I:}: tl;_e unit-step response I:::urvcal(;f tth?: l;)}zf;;;)
. 2 w a 2 : : :
of the gain K for the power unit for the system cglj;" found solution gives the smallest value
To solve the present problem, iguration considered,

we m .
Here, we present two of them: MAT ay write

MATLAB Program 7-1: InMAT
nator of the closed-loop syst
system is

C(s) B 4K (s + a)?
R(s)  s(s* + 65 + 85 + 4) + 4K (s + a)?

- — 4Ks* + 8Kas + 4K a2
3
S H65 + (8+4K)s2 + (4 + 8Ka)s + 4Ka?

For each set of K and a values chosen, we ex
condition m < 1.15 and m > 1.10, where m
satisfied.

almine the unit-step response curve if the
is the maximum value of the output, is

MATLAB Program 7-1

>>t=0:0.01:8;
>> for K = 3:0.2:5;
fora =0.1:0.1:3;
num = [4*K 8*K*a 4*K*an2];
den=1[1 6 B8+4*K 4+8*K*a 4*K*an2);
y = step(num,den,t);
m = max(y);
if m<1.15 & m>1.10;
break; % Breaks the inner loop.
end
end
if m<1.15 & m>1.10;
break; % Breaks the outer loop.
end
end
>> solution=[K a m]

solution =
3.0000 1.0000 1.1469

nit-step response curve is shown in Figure 7-2.

>> plotit,y) % U
>> grid

>> title('Unit-Step Response’)
>> xlabel('t sec')

>> ylabel(*Output y(t)')

377
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s We gtart the program with the Oute
for EOOPS ., the inner loop. If the conditioy i; 00p

1 4 0
the a V?e,uthﬁ process of varying the a valyes 'Ihesahs’
mlnic&ss of varying the K values and finish " We

the

em, We

; : I
In solving this pis? xt, we vary
dt

the K values. Ne
va :
;i(::d :vye break the inneT loop an

inate the
break the outer loop ations for the first-found set of K and 3 tj,

2 ocess. ’ SR at sa;
searching PIOC ", o snihes its COMPY o chown in Figure 7-2. Ats.

When il
fies the condition, Wé plot the resp
Unit-Step Response
1-2 L s e é _é
1 I SR LS § ;
G oo e
o ) e
L
ol B ...................... _______________________
T | e ........................ ________________________
00 2 4 6 g
f sec
Figure 7-2
for the case where K = 3anda = 1.

Unit-step response curve

Note that, depending on the system, the region over which the search for K and ais
conducted, the step sizes used, it may take from a few seconds to a minute or more for
MATLAB to compute the desired set of values. In the program, the statement

solution=[K a m]

displays the chosen set of values of K, a, and m.

ﬁATLAt; Program 7-2: MATLAB Program 7-2 is basically the same as MATLAP
va':'g}' am 7-1.We use two loops (the outer loop for varying K values and the inner 100 for
funryctni]g a valuesl. We define the PID controller by num1 and den1 and obtain the transfer
obtaino?hixgzenss;mft” for the controller. Then we define the plant by num2 and den2 a0

ster- unction expression tf2 for the ” transfer functio?
for the system is obtained by multiplying tf1 and tfzplam. Trpept

Chapter 7
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MATLAB Pl'ﬂgram 7-2 \
>>t = 0:0.01:8; \
>> for K = 3:0.2:5: ¢,

Starts the o
fora =0.1:0.1:3; % Stars l:;‘;zrilmp o Yary the K valyes,

numil = K*[1 2%, an2l e vary the a values,

den1 = [1 0l;
tf1 = tfinum1,den1).
num2 = [4];

den2=[1 6 g g4,
tf2 = tinum2,den);
tf3 = tf1*tf2;
sys = feedbacktf3,1);
Yy = step(sys,t);
m = max(y);
if m<1.15 & m>1.10;

lot(t,y); % i ;. ,
grid; Y); % See Figure 7-3 for the unit-step response curve obtained.

title('Unit-Step Response')
xlabel('t sec")
ylabel('Output y(t)')
solution=[K a m]
break; % Breaks the inner loop
end
end
if m<1.15 & m>1.10;
break; % Breaks the outer loop.
end
end

solution =
3.0000 1.0000 1.1469

5> KK = num2str(K); % String value of K to be printed on plot.
S>> aa = num2str(a); % String value of a to be printed on plot.
>> text(2.20,0.73,'K =), text(2.75,0.73,KK)

>> text(2.20,0.53,'a =), text(2.75,0.53,aa)

we obtain the closed-loop transfcr. function sy&:. ;hiesnl;z
he closed-loop system. If the maximum a_:Jullpu Lo
is MATLAB program automatically displays e
7-3 is the unit-step response curve obtained wi

Using the feedback command,
get the unit-step response of t
than 1.15, but more than 1.10, th
found solution of K, a,and m. Figure

program.
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Unit-Step Response

1.4

=
[= =]
w
!

a

Output (1)

o
o

s
0

=
[ =]
T

Figure 7-3 . "
UIEI:-S[EP response curve obtained with MATLAB Program 7-2.

EXAMPLE 7-2 In this example, we consider the case where there is no opt'imai s-:_:]ution. Cﬂl:.l,side,t again
the system shown in Figure 7-1(b). Let us assume that we wish to find a combination of g

and a such that the maximum output m satisfies the condition

m < 260 and m > 2.55

We assume that the search region for K and a is

2=K=35 and 0Dl=a=3

The computation step sizes are chosen to be 0.2 for K and 0.1 for a.

A MATLAB program to solve this problem is MATLAB Program 7-3, which is simi-
lar to MATLAB Program 7-1, except that the condition for m is different. According to
MATLAB program 7-3, the solution is

K = 50000, a = 3.0000, m = 2.9784

Obviously, the condition for m is not satisfied and the solution given is not the real solu-
tion, but is the last search point. The way the program is written, it assumes that the search
point which corresponds to the break point (the point at which breaking the inner 0P
and outer loop occur) is the solution. So, if a real solution does not exist and the last poift

is taslf:d, this .last search point is regarded as the solution because the search process ends
(that is, both inner and outer loops break) at that point,

380 Chapter 7 / Some Optimization Problems Solved with MATI AR
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| MATLAB PrograM
>> t= 0:0.01:8; \
>> for K = 3:0.2:5;
fora=0.1:0.1:3;
num = [4*K  g*Kx, 4*K*ang),

den = M1 6 B+4*K
4+8*K*
y= slﬁp(num,den,t); K*a 4"'(*&*‘-2]}

m = max(y);
if M<2.60 & m>2.55:
break :
end
end
if m<2.60 & m>2.55:
break
end
end

>> solution=[K g m)
solution =
5.0000 3.0000 2.9784

>>

>> % Note that the point K = 5, a = 3 corresponds to the last
>> % search point. It is not the solution to this problem.

Of course, it is obvious that m = 2.9784 does not satisfy the required condition
(m < 260 and m > 2.55), so the point K = 5,a = 3 (the last search point) is not the
solution point.

In the MATLAB program, the search point at which breaking the inner and outer
loops occurs is treated as the solution. The last search point corresponds to the point
where the inner and outer loops break. So, unless a solution was found in an earlier search
process, the last search point will appear as if it is a solution.

To avoid this situation, we may add NaN (the code for “not a number”) at the end of
the search regions for K and a. For example, we may define

K =[3:0.2:5 NaN]
a=[0.1:0.1:3 NaN]

This means that
N
k=3, 3.2,3.4; 448 5, Na
2=0.1,02, 0.3, .., 29,3, NaN
381
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>> K= [3:0.5:5]

I(=3 0000 3.5000 40000 4.5000 5.0000

[3:0.5:5 NaN]

s>K=

" 000 40000 45000 5.0000 NaN

o000 35000 402 i

last search point i
1f NaN is added in the search for K and @, then the las Point in the seqygy
procedure becomes

K a] = [NaN NaN]

So, if the real solution does not exist, we get

solution = [NaN  NaN NaN]

(See MATLAB Program 7-4.)

MATLAB Program 7-4

>>t=0:0.01:8;
>> for K =[3:0.2:5 NaNJ;
fora=[0.1:0.1:3 NaN];
num = [4*K 8*K*a 4*K*an2];
den=[1 6 8+4*K 4+8*K*a 4*K*an2];
y = step(num,den,t);
m = max(y);
if m<2.60 & m>2.55;
break
end
end
if m<2.60 & m>2.55;
break
end
end
>>solution=[K a m]

solution =

NaN NaN NaN
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Since the real solution doeg p

cal Ot exist in th;
appears as if it is the solution, s

case .
The solutjgp K a, the last search point K =

: N =
M} is expressed ag 2N =NaN

M<120 | amd wosilys

and the solution exists.
In MATLAB Program 7-6, the condition o

m<120 and m@m> 1.18

and the solution also exists,

Notice that, in comparing these two MATLAB
made more strict, the optimal K value (w
becomes larger. In many practical cases,

(or buy) and is desirable. So the conditi
necessary.

programs, if the condition on m is
here K is the gain constant of the PID controller)
a controller with a smaller K is cheaper to build
on on m should not be more restrictive than is

MATLAB Program 7-5

>>t=0:0.01:8;
>> for K = [3:0.2:5 NaNJ;
fora=[0.1:0.1:3 NaN];
num = [4*K 8*K*a 4*K*ar2];
den=[1 6 B8+4*K 4+8*K*a 4*K*ar2];
y = step(num,den,t);
m = max(y);
if m<1.20 & m>1.15;
break
end
end
if m<1.20 & m>1.15;
break
end
end
>> solution=[K a m]

solution =
3.0000 1.1000 1.1979
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MATLAB Program 7-6

>>t =0:0.01:8;
>>for K = [3:0.2:5 NaNI;
fora = [0.2:0.2:2.2 NaN];
num = [4*K 8*K*a 4*K*an2];
den=[1 6 B+4*K 4+8*K*a 4*K*anp).
y = step(num,den,t};
m = max(y);
if m<1.20 & m>1.18;
break
end
end
if m<1.20 & m>1.18;
break
end
end
>> SOILIthI'I = [K a m]

solution =
3.8000 1.0000 1.1888

384

EXAMPLE 7-3

In Examples 7-1 and 7-2, we wrote MATLAB programs to find the first set of
parameters that satisfy the given specifications. For any particular problem, there
may be more than one set of parameters that satisfy the specifications, In what
follows, we shall present methods for obtaining all sets of parameters that satisfy
a given set of specifications.

Consider the same system as in Example 7-1, except that the problem here is to find all
sets of K and a that will satisfy the given specification that the maximum overshoot in the
unit-step response be between 10% and 20%.

The system is shown in Figure 7-1 (b). Assume that the search region here is defined by

3=K=5 (0l=ag=3

We choose the step s?zes for computation to be 0.2 for K and 0.1 for a. We shall obtain al
sets of K and a combination that will satisfy the following condition:

m< 120 and m> 110

We can write many different MATL ; Here, ¥
AB programs to solve this problem. £

Frresent one such program: MATLAB Program Tg—r?. Note that this program is dJHeraq:

om MATLAB Program 7-3 in that the last search point is not a solution unless !

satisfies the condition on m.
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In MATLAB Program 7-7, the Statement

solution[k,:) =[K(i) a)) m)

will produce a table of [K 5 m] v
e alues,
a combination that exhibit m < 1.20 ani? Sl; tl-llelc[;ment System, there are 24 sets of Kifd

L/ 0, —_ 1 ,
tWRCh 10% and 20%.) To S0rt out the solution sets s, the maximum overshoot is be.-
maximum overshoot (startin In the order of the magnitude of the

g from the sma :
the largest value), we use the o llest value of M in the table and ending with

sortsolution = sortrows(solution, 3)
(This means that the solutions are sor

If we want to plot the response ¢
and a values shown in the 13th row

ted out according to column 3)
urve with the overshoot closest to 15

. _ %, we use the K
In the sortsolution. That is, we ente ,

r the commands
K= sortsolution(13,1)
a = sortsolution(13,2)

and use the step command. If we want to plot the

with any set of K and a values in the sorted table,
the sortsolution commands

unit-step response curve of the system
we specify the K and a values by entering

K = sortsolution(n, 1)
a = sortsolution(n,2)

where n is the row number in the sorted table.

MATLAB Program 7-7

>>t=0:0.01:8;
s> K = 3:0.2:5;
s> a=0.1:0.1:3;
>> k=0;
suf0ri= 1T
forj=1:30;

_— x5 *K I *a(-) 4*'((')*3“);\21! : )
{r:}zr:n =_[54 Ié[t) 834*I[(|?i) j4-|-3"‘!-((i}“.st(j!l 4*K(i)*a(j)r2];
y = step(num,den,t);
m = max(y);
if m<1.20 & m>1.10;
k = k+1; ‘ :
solution(k,:) = [K(i) a(j) mk
end
end
end

385

Optimal Sets
Section 7-1 '/ Computational Approach to Obtaining Op

Scanned with CamScanner



386

solution =

3,0000
3.0000
3.2000
3.2000
3,4000
3,4000
3.6000
3.6000
3.8000
3.8000
4,0000
4.0000
4,0000
4.2000
4.2000
4.4000
4.4000
4.6000
4.6000
4.8000
4.8000
5.0000
5.0000
5.0000

4.0000
5.0000
3.2000
4.2000
3.4000
4.4000
3.6000
4.6000
4.8000
3.8000
3.0000
5.0000
4,0000
3.2000

>> solution

1.0000
1.1000
0.9000
1.0000
0.9000
1.0000
0.9000
1.0000
0.9000
1.0000
0.8000
0.9000
1.0000
0.8000
0.9000
0.8000
0.9000
0.8000
0.9000
0.8000
0.9000
0.7000
0.8000
0.9000

sortsolution =

0.8000
0.7000
0.9000
0.8000
0.9000
0.8000
0.9000
0.8000
0.8000
0.9000
1.0000
0.8000
0.9000
1.0000

1.1469
1.1979
1.1065
1.1581
1.1181
1.1688
1.1291
1.1791
1.1396
1.1888
1.1003
1.1497
1.1982
1.1107
1.1594
1.1208
1.1687
1.1304
1.1776
1.1396
1.1862
1.1019
1.1485
1.1945

> sortsolution = sortrows(solution,3)

1.1003
1019
1065
1107
1181
1208
1291
1304
1396
.1396
.1469
.1485
1497
1581

e I T T e e e T ]
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4.2000 0.9000
4.4000 0.9000
3.4000 1.0000
4.6000 0.9000
3.6000 1.0000 1.1791
4.8000 0.9000 1.1862
3.8000 1.0000 1 .1888
5.0000 0.9000 1 1945
3.0000 1.1000 1.1 979
4.0000 1.0000 1.1 982

1.1594
1.1687
1.1688
1.1776

>> % Plot the response with

the overshoot closest to 159%,
>>

>> K = sortsolution(1 3,1)
K=

4
>>a = sortsolution(13,2)
a=

0.9000

>>num = [4*K  8*K*a 4*K*anr2];

>>den=[1 6 8+4*K 4+8*K*a 4*K*aA2];

>>
=2 nhum

num =

16.0000 28.8000 12.9600

>> den

den =

1.0000 6.0000 24.0000 32.8000 12.9600

>> y = step(num,dent);

>> plot(t,y)

>> grid |
>> Etle('Unit-Step Response')
>> xlabel('t sec') |

>> ylabel('Output y')

ainin
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_ 0.9 is shown in Figure 7-4.

The unit-step 1¢SP Unit-Step Response

Figure 7-4 and a = 0.9. (The maximum

Unit-step respon
overshoot is 14.97%.)

se curve of the system with K = 4

EXAM in Fi - Il obtain all sets of K and a values which
i shown in Figure 7-5. We shall 00 '
Rk sg?iz;}dget::e?i’;t:;on that the maximum overshoot 1n the unit-step response be less than

10%. (This means that overdamped systems are included.) Assume the search region to be

2<K=3 05=a=15

R(s) (s +a) 1.2 C(’_]_:
K= ] 0365 + 1.865% + 2,55+ 1
PID
controller
Figure 7-5

PID-controlled system.

In the actual design process, the step size should be sufficiently small. In this ﬂxam!}le’
however, we choose a fairly large step size to make the total number of search points
reasonable, Thus, we choose the step size of both K and a to be 0.2.

We can write many different MATLAB programs to solve this problem. Heré: "

present one possible such program: MATLAB Program 7-8
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mTI.AB Program 7-8 \

--"'"__'_—'_| Tal .
>>%'K'and 'a' values to test
> _

T —
r

s>K=120 22 24 24 24
s>a=[05 07 09 11
>>
>> % Evaluate closed-loop unit-
>> % that will yield a maximu
>>
>>t = 0:0.01:5;
>>g= tf([1.2],[0.36 1.86 2.5 10);
>>k=0;
>> fori = 1:6;
for j = 1:6;
ge = tHKA* (1 2%a() a(jnzy,[1 01); % controller

G =gc*g/(1 + gc*p); % closed-loop transfer function
y = step(G,t);

m = max(y);
ifm<1.10
k =k+1;
solution(k,:) = [K(i) a(j) m];
end
end
end
>> solution % Print solution table

3.0;
1.3 1.5

step response at each 'K’

and 'a' ¢ gt
m overshoot less than 10% ombination

solution =

2.0000 0.5000 0.9002
2.0000 0.7000 0.9807
2.0000 0.9000 1.0614
2.2000 0.5000 0.9114
2.2000 0.7000 0.9837
2.2000 0.9000 1.0772
2.4000 0.5000 0.9207
2.4000 0.7000 0.9859
2.4000 0.9000 1.0923
2.6000 0.5000 0.9283
2.6000 0.7000 0.9877
2.8000 0.5000 0.9348
2.8000 0.7000 1.0024
3.0000 0.5000 0.9402
3.0000 0.7000 1.0177

i i lution table sorted by
ion = ution,3) % Print s0
?‘ sortsolution = sortrows(sol b i
~
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sortsolution =
2.0000 0.5000 0.9002
2.2000 0.5000 0.9114
2.4000 0.5000 0.9207
2.6000 0.5000 0.9283
2.8000 0.5000 0.9348
3.0000 0.5000 0.9402
2.0000 0.7000 0.9807
22000 0.7000 0.9837
2.4000 0.7000 0.9859
2.6000 0.7000 0.9877
2.8000 0.7000 1.0024
3,0000 0.7000 1.0177
2.0000 0.9000 1 0614
22000 0.9000 1 0772

2.4000 0.9000 1.0923 .
>> % Plot the response with the largest overshoot that is less than 10%
[+]

>>
s> K = sortsolution(15,1)

K=
2.4000
>> a = sortsolution(15,2)
a_ =
0.9000
>> gc=tf(K*[1 2*a ar2],[1 0]}
>> G =gc*g/(1 + gc*g);
>> step(G,1)
>> grid % See Figure 7-6
>>
>> % If you wish to plot the response with the smallest overshoot that is
>> % greater than 0%, then enter the following values of 'K' and 'a'
>>
>> K = sortsolution(11,1)

K=
2.8000
>> a = sortsolution(11,2)
d=
0.7000
>>ge=tK*[1 2*a an2),1 0]);

>> G = gc*g/(1 + gep);
>> step(G,t)

>> grid % See Figure 7-7

gty
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If we want to plot the unit-step Teésponse cy
he sorted table, we enter the commands rve of the last set of the K and a values in

K= sortsolution(15,1)
d = sortsolution(15,2)

Then we get the transfer-function expression an —
: i : command. Th i
unit-step response curve is shown in Fig_urc 7-6. Similarly, to glot the 1unit-s.tcE resulting
curve with the smallest overshoot that is greater than 0% found in th E S
enter the commands e sorted table, we

K = sortsolution(1 1,1)
a = sortsolution(11,2)

1.4 -‘ : : 'lStep Rt?spons?

12 borssbimon i mmmehan ot

=
oo

Amplitude
£
(=8

P T .

0 05 1 1.5 2 25 3 35 4 45 5
Time (sec)

Figure 7-6

Unit-step response curve of the system with K = 2.4 and a = 0.9.

(The maximum overshoot is 9.23%.)

Again, we get the transfer-function expression and use the step command. (The resulting

unit-step response curve is shown in Figure 7-7.) 1% s
Note that if the specification were that the maximum overshoot be between

3%, there would be three sets of solutions:
K = 2.0000, a = 0.9000, m = 10614
K = 2.2000, a = 0.9000, m = 1.0772
K = 2.4000, a = 0.9000, m = 1.0923
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Step Response

1.4

Amplitude
s s
[=.1 =]

%

i i i

0 ; ; ; i :
Q 0.5 1 1.5 2 25 3 3.5 4 45 5
Time (sec)

Figure 7-7
Unit-step response curve of the system with K = 2.8 and a = 0.7. (The maximupm
overshoot is 0.24%.)

Unit-step response curves for these three cases are shown in Figure 7-8. Notice that
the system with a larger gain K has a smaller rise time and a larger maximum overshoot
Which one of these three systems is best depends on the designer’s objective.

- Unit-Step Response Curves

1.2

=
oo

Amplitude

= =
- N

<
b
T

4 NP B N
0 05 1 15 2 25 3 35 4 45 S
Time (sec)

Figure 7-8

Unit-step response curves of sy
a =109,

stem with K = 2.a= 09‘ K = Z.Z,H o 0_9; and K= 24,
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5 Consider again the system shown in F
[ and a values such that the closed-loop
ut more than 10%, in the unit-step reg g
than 3 sec. In this problem, assume th Ponse. In addit

3=K=5 and Ol=g<13

—

Determine the best choice of the paramete;
MATLAB Program 7-9 gives
table, it looks like the first three

$ K and g.

the solut i
olution to this problem. From the sortsolution

es. The unit-step response curves
Pear almost identical, Figure 7-9

= 3_2 and =2 3 T y ;
smaller K value than most other choices, we may ;eci 0.9. Since this choice requires a

choice. de that the first row is the best

MATLAB Program 7-9

>>t=0:0.01:8;
k=4
>> for K = 3:0.2:5;
fora=0.1:0.1:3;
num = [4*K  8*K*a 4*K*an2];
den=[1 6 B8+4*K 4+8*K*a 4*K*ar2]:
y = step(num,den,t);
s = 801;while y(s)>0.98 & y(s)<1.02; s = s — 1;end;
ts = (s—1)*0.01; % ts = settling time;

m = max(y);
if m<1.15 & m>1.10; if ts<3.00;
k = k+1;
solution(k,:)=[K a m ts];
end
end
end
end
>> solution
solution =

3.0000 1.0000 1.1469 2.7700
3.2000 0.9000 1.1065 2.8300
3.4000 0.9000 1.1181 2.7000
3.6000 0.9000 1.1291 2.5800
3.8000 0.9000 1.1396 2.4700
4.0000 0.9000 1.1497 2.3800
42000 0.8000 1.1107 2.8300
4.4000 0.8000 1.1208 2.5900
4.6000 0.8000 1.1304 2.4300
4.8000 0.8000 1.1396 2.3100
5.0000 0.8000 1.1485 2.2100

393
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= sortrows(so1ution,3)

>> sortsolution

sortsolution =

3.2000 0.9000 1.1065 2.8300
4.2000 0.8000 1.1107 2.8300
3.4000 0.9000 1.1181 2.7000
4.4000 0.8000 1.1208 2.5900
3.6000 0.9000 1.1291 2.5800
4.6000 0.8000 1.1304 2.4300
4.8000 0.8000 1.1396 2.3100
3.8000 0.9000 1.1396 2.4700
3.0000 1.0000 1.1469 2.7700
5.0000 0.8000 1.1485 2.2100
4.0000 0.9000 1.1497 2.3800

>> % Plot the responseé

>>
w5 K= sortsolution(1,1),

K=
3.2000

a=
0.9000

>> num = [4*K 8*K*a 4*K*anl];

ssden=[1 6 8+4*K 4+8*K*a 4*K*an2];

>> num

num =

12.8000 23.0400 10.3680

>> den

den =

1.0000 6.0000 20.8000 27.0400

>>y = step(num,den,t);

>> plot(t,y)

>> grid

>> title('Unit-Step Response'
>> xlabel('t sec'}p o
>> ylabel('Output y(1)')

curve with the smallest oversh

acs sortsolution(1 ,2)

oot shown in sortsolution table

10.3680
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Unit-Step Response

Qutput ¥(1)

0 : '. ;
0 2 4 6 8
I sec

Figure 7-9
Unit-step response curve of the system with K = 32anda

0.9.

—

7.2 SOLVING QUADRATIC OPTIMAL CONTROL
PROBLEMS WITH MATLAB

An advantage of the quadratic optimal control method over the pole-placement
method is that the former provides a systematic way of computing the state
feedback control gain matrix. Another advantage is that the system designed is

always stable.

Quadratic optimal regulator problems.
regulator problem that, given the system equation

We now consider the optimal

x = Ax + Bu (7-2)
determines the matrix K of the optimal control vector
u(z) = —Kx(t) (7-3)
so as to minimize the performance index
o0
J = / (x*Qx + u*Ru) df (74)
0
I itive- i r ositive-semidefinite) Hermitian or real sym-
where Q is a positive-definite (or p o

tive-definite Hermitian or real symme
Note that the second term on the right-hand side of Equation (7-4) accounts for

the expenditure of the energy of the control signals. The matrices Q aﬂ_d R Teipi‘;'
tively determine the relative importance of the error and the expenditure of this

energy. We assume that the control vector u(?) is unconstrained.

metric matrix and R is a posi

395
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Figure 7-10

Optimal regulator systen.

m is designed in the‘ time domain, it i i
the frequency-response charactens:tufs to compensate gy,
tem frequency-response characteristics must be such that

. : ncy range where noise and resong

tes highly in the freque ' Sonance

tl;c s}'steomn;:::r;?: expeftcd' (To compensate for noise effects, we must in sop¢
Sas{:;r?i,ther modify the optimal configuration and accept suboptimal perfoy.

dify the performance inf.:le}‘c.) . comn |
maf;fi,:: I?;c:r,hgvn thl;t if the upper limit of integration in the performance index

J given by Equation (7-4) is finite, then the optim'al control ?.rector is still a linear
fugnction of the state variables, but with time-varying coefficients. ('I‘h.erefore, the
determination of the optimal control vector involves that of optimal time-varying

matrices. : . :
As wi)ll be seen later, the linear control law given by Equation (_7“3} is the op-
timal control law. Therefore, if the unknown elements of the matrix K are deter-
rformance index, then u(t) = —Kx(r) is optimal

mined so as to minimize the pe _ 5 a2
for any initial state x(0). The block diagram showing the optimal configuration s

given in Figure 7-10. = ' .
Now let us solve the optimization problem. Substituting Equation (7-3) into
Equation (7-2), we obtain

i = Ax — BKx = (A — BK)x

When the optimal control systé

able to investigate
noise effects. The SYys

In the derivations that follow, we assume that the matrix A — BKis stable or that

the eigenvalues of A — BK have negative real parts.
Substituting Equation (7-3) into Equation (7-4) yields

f=f (x*Qx + x*K*RKx) dt
0

o0
= ./[; x*(Q & K*RK)x dt
Let us set

x*(Q + K*RK)x = —i(x*PX)
dt
Chapter 7/ Some Optimization Problems Solved with MATLAB
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where P is a positive-definite Hermis: :
it rmitian or reall symmetric matrix. Then we

K*{Q + K*RK)X = —x*Px — X*Pg = e

*[(A - BK)*P + P(A — BK)]x

Comparing both sides of this last equat; ; .
any X, e require that quation and noting that it must hold true for

(A — BK)*P + P(A - BK) = -(Q + K*RK) (7-5)
It can be proved that if A — BK is a stable matrix
definite matrix P that satisfies Equation (7-5). '

Hence, our procedure is to determine the elements of P from Equation (7-5)
and see 1f_P 1s positive definite. (Note that more than one matrix P may satisfy
this equation. Ff t.he system is stable, there always exists one positive-definite ma-
trix P that satisfies the equation. This means that, if we solve the equation and
find one positive-definite matrix P, then the system is stable. Other P matrices

that satisfy this equation are not positive definite and must be discarded.)
The performance index J can be evaluated as

then there exists a positive-

00

J= l x*(Q + K*RK)xdr = —x*Px| = —x*(00)Px(o0) + x*(0)Px(0)
0

Since all eigenvalues of A — BK are assumed to have negative real parts, we
have x(c0) — 0. Therefore, we obtain

J = x*(0)Px(0) , (7-6)

Thus, the performance index J can be obtained in terms of the initial condition
x(0) and P.

To obtain the solution to the quadratic optimal control problem, we proceed

as follows: Since R has been assumed to be a positive-definite Hermitian or real
symmetric matrix, we can write

R =T*T
where T is a nonsingular matrix. Then Equation (7-5) can be written as
(A* — K*B*)P + P(A — BK) + Q + K*T*TK =0
which can be rewritten as
A*P + PA + [TK — (T*)'B*P]*[TK - (T*)"B*P] — PBR'B*P +Q =10
The minimization of J with respect to K requires the minimizati-on of

x*[TK — (T*)"'B*P]*[TK — (T*)'B*P]x

k Section 7-2 / Solving Quadratic Optimal Control Problems with MATLAB 397
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. ive, the minimy
n is nonnegative, m acgy
. : t e,xpr@ssm Iy
K. Since this las

with respect to
P or when

when it is zero,

% = (T*)B*P

Hence, -ig*p = RTIB*P (1)

K =TT
: the optimal control law f,
, : timal matrix K. Thus, ; [ aW lor the
Equ:tlcs}:: (;;t?;,':n g;;’eso tnh;;;ppmblﬂm when the performance index is givep by
uadratl . .
gquation (7-4) is linear and is given by

) = —Kx($) = ~RB*Px(0)

The matrix P in Equation (7-7) must satisfy Equation (7-5) or the following
e m

reduced equation:
A*P + PA - PBR'B*P + Q=10 (7-8)

Equation (7-8) is called the reduced-matrix Riccati equation. The design steps

may be stated as follows:
1. Solve Equation (7-8), the reducec.l-matrif; Riccati'equation, for the
matrix P. [If a positive-definite matrix P‘ exists (certain systems may not
have such a matrix), then the system 1s stable, or matrix A — BK is

stable.]
2. Substitute matrix P into Equation (7-7). The resulting matrix K is the

optimal matrix.

A design example based on this approach is given in Example 7-6. Note that if -
the matrix A — BK is stable, then the method always gives the correct result.

EXAMPLE 7-6 Consider the system shown in Figure 7-11. Assuming the control signal to be
u(t) = —Kx(1)

determine the optimal feedback gain matrix K such that the following performance index
is minimized:

Figure 7-11
Control system, i

398 Ch
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where

Q=[1 0
0 . (b =0)

From Figure 7-11, we find th
) at the state ¢ i
qQuation for the
plant is

. .|':.
X = i
Ax + By |

where

& 1 Il
A= 0

[D 0]‘ L [1] ”I

We shall demonstrate the uge of

: the reduced-matrix Riceatj fiacs ;
the optimal control system. Let us solye Equation [7_3;{ Til;c:;; equation in the design of

A*P + PA — PBRIB*pP + Q=0

Noting that matrix A is real and matrix Q is real symmetric

: ! we see that matrix P is a real
symmetric matrix. Hence, the latter equation can be written

as
i
[0 Dil[l’ll Plz}_i_ P Plz-l 0 1
1 0] p2 pPn P pPn]l0 O .
_ l:Pu P12 [ﬂ][l][{l 1][.011 P12]+[1 U] 2[{} 0:\ :

P2 pPn|ll P2 Pn 0 g

0 0

which can be simplified to

0 0 0 pu P PuPn 41 Wi 00
+ - 2 0 0 0
P P2 0 pi P12P2 P M

from which we obtain the following three equations:

e e

1-P¥z=0
pi — pupn =0
g+ 2pp— Ph =0

S

. d requiring P to be t!
Solving these three simultaneous equations for pu, P12s and py, and req |
positive definite, we obtain .

Ve+2 1 ]
P= P plz:\ - [ 1 \/:u—:E
P2 Pn
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pack gain matrix K is obtained as

(7-7), the optimal feed

From Equation
K s R-'I.B#P‘
Pu Ptz]
= [HI9 1][;?1: Pz
= [pz P2l
=[1 p+ 2]
Thus, the optimal control signal is
u=-Kx=—"%7 Vit 2x; {1.9]
w given by Equation (7-9) yie_lds an optimal result for any i
g 7-12 is the block diagram of this };;s"::::l

trol la
Note that the contro <. Figure

state under the given performance inde

Plant

—— - —

ul I xz*"f 1—!-

Figure 7-12
Optimal control of
the plant shown in
Figure 7-11.

Since the characteristic equation is
IsI-A+BK|=s"+Vp+2s+1=0

if u = 1, the two closed-loop poles are located at

s =—0866 + 05j, s=—0866— 0.5j

These correspond to the desired closed-loop poles when p = 1.

Solving quadratic optimal regul ‘
MATLAB, the command P gulator problems with MATLAB. In

lgr(A,B,Q,R)

solves the conti e .

ed Riccati e(:;ll:t:t]iizus'l;:g 2’ s :} uadratic regulator problem and the associat-
N omman i s H

K such that the feedback control l:anw.rmadmlatﬁ:S M ptionl soeslb A A

u=—Kx
400 Ch
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minimizes the performance indey

o0
P
,[; (x*Qx S “*Ril) dr

subject to the constraint equation

X = Ax + Bu
Another command,

PA + A*P — PBR'B*P + Q = ¢
and eigenvalue vector E.

‘ If matrix'A — BKis a stable matrix, such a positive-definite solution P always
exists. The eigenvalue vector E gives the closed-loop poles of A — BK.

It 1s important to note that, for certain systems, matrix A — BK cannot be
made stable, no matter what K is chosen. In such a case, there is no positive-
definite matrix P for the matrix Riccati equation and the commands

K = Igr(A,B,Q,R)
[K,PE] = Iqr(A,B,Q,R)

do not give the solution. (See MATLAB Program 7-10.)

EXAMPLE 7-7 Consider the system defined by

HEFHHEH:

Show that the system cannot be stabilized by the state-feedback control scheme

u = —Kx
no matter what matrix K is chosen. (Notice that this system is not state controllable.
We define
K= [k k]
Then

o3 e

l:—l—kl 1 -k,

=

0 2

401
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o : .
Hence, the characteristic equation become

The closed-loop poles are located at

S—"l"kl# .5:2

5 is in the right-half s plane, the system s unstable, no matter whag g

Since the pole at s =“ce quadratic optimal control techniques cannot be applied to this

matrix is chosen. He
system. matrices Q and R in the quadratic performance index are givep by

Let us assume that
1 0
s , R=0[
o-[} 1] (1]

7-10. If you are using a newer version of MATLAR,
blem is ill posed. MATLAB tells you how you may
|der version of MATLAB, MATLAB solution

and that we write MATLAB Pr?gram
it tells you that this optimal design pro
remedy this problem. If you are using an 0
to this problem is given by

K = [NaN NaN]

(Again, NaN means “not a number.”) Whenever the solution to a quadratic optimal con-
trol problem does not exist, an older version of MATLAB tells you that matrix K consists

of NaN.

MATLAB Program 7-10

>> % Attempt to design a quadratic optimal regulator system —
>>

ssA=[-1 1,0 2];

>> B = [1;0];

>Q=[1 00 1J;

>>R=[1};

>> K = Iqr(A,B,Q,R)

222 Error using ==> ss.lqr

The plant model cannot be stabilized by feedback or the optimal design
problem is ill posed.

To remedy this problem, you may

* Make sure that all unstable poles of A
are controllable through B
(use MINREAL to check) g ontro B

* ModiEfy the weights QandR to make [Q N;N' RI positive definite
(use EIG to check positivity) (N and N' represent cross-product terms)

402 Chapter 7 / Some Optimization Problems Solved with MATLAB

Scanned with CamScanner



- " e |

F 7-8 Consider the system given by \
X =

where AX + Bu

ey 0
A= 0 0 1 . 0
L RE I S

The performance index J js given by

oG
f‘—‘ r i
L (x Qx + u'Ru) dy

where

Q- . R i

e e
e I R e
= =]

Obtain the positive-definite solutio i

. n mat i i i i

back gain matrix K, and the eigenvalues olél;:t:}ii t:ehml;:lc;h ShE i
MATLAB Program 7-11 solves this problem. (E gives the eigenval i

- genvalues of matrix

MATLAB Program 7-11

>> %
>>
>>A=[0 1 00 0 1,-35 -27 —-9;
>> B =[0;0;1];

>>Q=[1 0 00 1 00 0 1];

33> R=[1]

>> [K,PE] = Igr(A,B,Q.R)

Design of quadratic optimal regulator system ——

0.0143 0.1107 0.0676

42625 2.4957 0.0143
2.4957 2.8150 0.1107
0.0143 0.1107 0.0676

E=
~5.0958
~1.9859 + 1.7110i
~1.9859 — 1.7110i

403
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Next, let us obtain t

he response X of the 1€8

(oY

=

ulator system to the initial conditiop

With state feedback u =

—Kx, the staté equation fort

he system becomes

,';=Ax+Bu=(A"BK)K

Then the system, or 5yS, can be given by

sys

MATLAB Program 7-12

response curves are shown in Figure 7-13.

- ss(A — B*K, eye(3), eye(3), eye(3))

produces the response to the given initial condition, The

MATLAB Program 7-12

>>

>> B = [0;0;1];

s>t = 0:0.01:8;

>> x = initial(sys,[1;0;0],1);
>>x1=[1 0 0]*;
>>x2=[0 1 O0]*';

>>x3=[0 0 11*x};
>

>>

==

> 9% Response to initial condition.
ssA=[0 1 00 0 1,735 =27 -9

S>> K =[0.0143 0.1107 0.0676];
>> sys = sS(A — B*K,eye(3),eye(3),eye(3));

>> subplot(2,2,1);plot(t,x1);grid
>> xlabel('t(sec)');ylabel('x_1")

>> subplot(2,2,2);plot(t,x2);grid
>> xlabel('t (sec)');ylabel('x_2)

>> subplot(2,2,3);plot(t,x3);grid
>> xlabel('t {sec)');ylabel('f3'}

Chapt i
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Figure 7-13

EXAMPLE 7-9 Consider the system shown in

Response curves to initial condition.

Figure 7-14. The plant is defined by the state-space

equations
X = Ax + Bu
y=Cx + Du
where
0 1 0 0
A=|0 0 1, B=]0] C=[1 0 o] D = [0]
0 —2 =3 1
X
_‘.@F j— Py ) s EEEPN Ak
k X= + I )l‘: -
I T _"_.__
Ji[
ks
X3
“gure k3 -
1-14
Contr System
Section 7-2 Solving Quadratic Optimal Control Problems with MATLAB 405
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The control signal u is given by

u=kyr— x1) — (kax2 T kaxal =kyr — (k1xy + kpxp + k3xs)

control law, we assume that the input is zero,or r = (),

In determining an optimal
> te-feedback gain matrix

Let us determine the sta
K=[k k k3]

such that the following performance index is minimized:

o0
J= f (x’Qx + u'Ru) dt
0

where
\ gn 0 O X1 y
Q=|0 4» 0 | R =ry x=|x|=|y
0 0 (/£ X3 '};

To get a fast response, g;; must be sufficiently large compared with §22, g33, and ry. In this
problem, we choose

gn =100, @gu=4qun= 1, r; = 0.01

To solve the problem with MATLAB, we use the command

= Igr(A,B,Q,R)
MATLAB Program 7-13 yields the solution to this problem.
MATLAB Program 7-13
>> % Design of quadratic optimal control system —
>>
s>>A=[0 1 00 0 1,0 -2 -=3];
>> B =[0,0;1];
>Q=[100 0 0;0 1 00 0 1];
>> R =[0.01];
>> K = Igr(A,B,Q,R)
K=
100.0000 53.1200 11.6711

5 Next, we shall use the matrix K thus determined to investigate the step- -response
aracteristics of the designed system. The state equation for the designed system is

X = Ax + Bu
= AK + B("KX + klr]
= (A = BK)x + Bkyr

406 Chapter 7 / Some Optimization Problems Solved with MATLAB
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and the output equation is

= |
Y=C= o 0] x{|

X3

To obtain the unit-step response, use the command
I

lyx,t] = step(AA,BB,CC,DD)
where

AA=.A—BK, BB:Bk], CC:C’ DD'—"D=U
MATLAB Program 7-14 produces

the unit-step res i
¥ ponse of the designed
Figure 7-15 shows the response curves X1, %3, and x; versus ¢ on one diagram. R

MATLAB Program 7-14

>> % Unit-step response of designed system ——
>>

>A=[0 1 00 0 1,0 =2 =3];

»» B =(0:0:1]

>>C=[1 0 0]

>> D = [0];

>> K =[100.0000 53.1200 11.6711];

>> k1 = K(1);k2 = K(2);k3 = K(3);

>>

>> % ***** Define the state matrix, control matrix, output matrix,

>> % and direct transmission matrix of the designed systems as AA,
>> % BB, CC, and DD *****

>>

>> AA = A — B*K;

>> BB = B*k1;

=5 CC = C;

>> DD =D;

>>t=0:0.01:8;

>> [y,x,t] = step(AA,BB,CC,DD,1,1);
>> plot(t,x)

>> grid

>> title('Response Curves x_1, x_2, x_3, versus t')
>> xlabel('t Sec')

>> ylabel('x_1,x_2,x_3")

>> text(2.6,1.3,'x_1")

>> text(1.2,1.4,'x_2")

>> text(0.6,3.5,'x_3")

i 7
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Response Curves *1» X2 .
i N
¢ ;
*
5 6 7 3
Figure 7-15
Response curves x; VErsus f, X Versus t,and x; versus f.
7 :
/ Some Dpllllllzation Problﬂms s .
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Appendix

sses two subjects. Section A-1 presents a method for chang-

ing grids in root-locus diagrams or Nyquist diagrams to horizontal-vertical (x-y)
grid lines. Section A-2 presents some useful results in vector-matrix analysis—in
particular, the derivation of an expression for ¢Af (where Aisann X n matrix) in

terms of I, A, ..., A"

This appendix discu

409
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AMS
A-1 CHANGING GRIDS IN ROOT-LOCUS DIAGR

AND NYQUIST DIAGRAMS

i anyin
Consider the root-locus diagram accomp y

g MATLAB Program A-1,

T

S

MATLAB Program A-1

>s>num=[1 3L
s>den=[1 5 20

<> rlocus(num,den) .
6 4 -6 6];axis(v)

e g

16 0O

—

Real Axis

>>V=
>> grid
-
<
g
£
&
E
- o el F "‘ I
~077 T~.056 042--028 0.14 3
-6 - 1 Pl g 7 | I, T T 1 i L
4 -5 4 3 2 =1 0 1 x 35 4

If you do not like these grids, erase them by entering grid into the program so that

we have the two lines

grid
grid

410 At
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The second grid command erases the

grid curves already in the figure. (See the

diagram accompanying MATLAB Program A2 )

If you wish to draw x- and y-

’Murﬂsn 3; 6 Root Locus
773:1*1‘ 5 20 16 O Sl
on =
e rlm:ufﬁ(“'“'“*d'enJI ;
2V
??grld
??grid 2t
2
<
g 0 O m e e Y — = —mm —
=1
&
-2t
-4} !
i
‘_6 I il
e 5 @ = =3 - 010 % 3
Real Axis
o e

coordinate axes in any diagram (see Figure A-1),
enter the following commands into the computer:

D
x1 = [xA xBl; (A-1)
yl = [yA yBI; (A-2)
x2 = [xC xDJ; (A-3) °Ta 7
y2 = [yC yDI; (A-4)
Here xA, xB, xC,and xD are the y-coordinates of points c
A,B,C,and D, respectively, and yA, yB, yC, yD are the 0
y-coordinates of points A, B, C, and D, respef:twely. Figure A-1
A-2) define the x-axis, and Diagram showing the

Equations (A-1) and (
Equations (A-3) and (
the command plot(x1,

Section A-1 / Chan

A~4) define the y-axis. Hence,
yl) draws the X-axis,

command plot(x2, y2) draws the y-axis.

ging Grids in Root-Locus Diagrams and Ny

x-axis and the y-axis.
and the

quist Diagrams 411
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(See the diagram accompanying MATﬁ?l?n
commands, make sure that you enter

program A-3.) Before entering |,
Id command to retain the root-lg -

-3.
figure in the diagram. (See MATLAB Prograim A-3.)

= T e

MATLAB ProgramA-3 ~———

ssnum=[1 3}

s>den=[1 5 20 16 0l;

<> rlocus(num,den)

s>sy=[-6 4 b 6];axis(v)

>> hold

Current plot held

ssxl=[-6 4y1=0 0
>> plot(x1,y1); % Draw the x-axis.
s>x2=[0 0]y2=1-6 6]; .
>> plot(x2,y2); % Draw the y-axis.
>> hold

Current plot released

6 L) T L] T L

Root Locus

@O
x

Imaginary Axis
=

-2}

Real Axis

Appendix
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E
F
< C
A B
G J K
Figure A-2

Diagrams showing x-grids and y-grids.

If you wish to enter multiple x-y grid lines in the diagram, enter the following
commands, referring to Figure A-2:

x1 = [xA xB;xB xC;xC xD;xD xE; xE xF|;
yl = [yA yB;yB yCyC yD;yD yEyE yF];
Plot(x1,y1)

x2 = [xG xH;xH xI;xl x);x] xK;xK xL];
y2 = [yG yH;yH yhyl yhyl yKyK ylf;
plot(x2,y2)

(x1,y1) defines line A-B-C-D-E-F and (x2,y2) defines line G-H-I-J-K-L.

413
Section A—1 / Chanaing Grids in Root-Locus Diagrams and Nyquist Diagrams
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B Program A—4 shows x-y grids Super.

i ing MATLA ‘ T ; :
Thﬂddlag:l?:l rzgﬁom;ﬂznrﬁﬁgsmﬂar jllustrative Nyz.l—i;t diagrams with varjgy,
imposed on - : g . ‘
griﬂs are shown in MATLAB Programs A 5 through
MATLAB Program A—4 .

ssnum=[1 3];

s>den=[1 5 20 16 OF
>> rlocus(num,den)
s>sv=[-6 4 —6 6];axis(v)
>> hold

Current plot held
>> x1 =|?—6 44 44 66 —66 44 44 66 —6,-6 4

>>yl=[-4 —-4—-4 -2;-2 —2:=2 0;0 00 22 22 44 4
>> plot(x1,y1) % Draw horizontal grid lines.

>>x2=[-4 —4-4 -2;-2 -2;-2 0,0 00 22 2]

>>y2=[-6 66 66 —6-6 —6,-6 66 66 —6];

>> plot(x2,y2) % Draw vertical grid lines.

>> hold

Current plot released

& Root Locus

Imaginary Axis
=
Pl B

Appendix
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W 3
77 numg [] 04 ”.r
77 uist[ﬂum'den}
77 2
' grid
1
<
g o
g
E
-1
o3
-3
-1.5 =1 0.5 0 0.5 1 1.5 2
Real Axis
MATLAB Program A-6
>>num = [1]; Nyquist Diagram
s>den=[1 0.4 1]; 3 ' : -
>> nyquistinum,den) y
>> grid at E |
>> grid ;
i
H
1F ! g
7] I
i :
Lo I
) - SEEESSSRT™ </m—
H |
-1k }
1
E
-2} E 7
_3 3 1 : i i 1
-1.5 -1 =0.5 0 0.5 1 1.5 2
e Real Axis

Section A-1 / Changing Grids in Root-Locus Diagrams and Nyquist Diagrams
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____——'.-—-___—_ _-_"‘-\..__
MATLAB Program A-7 S S
>> num = [1];
>>den=(1 04 11
>> nyquist(num,den)
>> hold
Current plot held ;
o x] =15 2Lyl=[0 0L
>> plot(x1,y1); 94, Draw the x-axis.
ssx2=[0 Opy2=[3 3L
>> plot(x2,y2); % Draw the y-axis.
>> hold
Current plot released
Nyquist Diagram
3 :
2 L
1 i -
:
go
&
E
-1
-5 Lk
-3 ] 1 . ; .
S e S 05 I Ls 2
Real Axis

416 s
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<1AB Progra™ i
=1
m :
77 :—}:ﬂ =1 [‘] ﬂ'4 1].-
77 yquistinumsden)
77
>7 herifplﬂt held
=15 22 22 —L9r3 “1a-15 29 29 1515 -15-15 2
P A = el 00 00 1,1 1;1 22 2l;
> Y otix1,y1) % Draw horizontal grid lines.
»? xg_‘[,q ~1;-1 —0.5;-0.5 —0.5;-0.5 0;0 0;0 0.5:0.5 0505 3 15t CEES 1.5];
77 93 33 3;3 =33 -3;-33;3 33 -3;-3-3.333 33 -3
?}Emt{xz:?’m % Draw vertical grid lines.
b ¥4
?hﬂld
C rrent pl{)t l'EfEESEd
3 Nyquist Diagram
.-'-"""-__—_ -__-"'"‘-,.__l
1 |
g o
£ 0
£
=]
£ / \
" ( )
=2 \\\“ /'/
--._________'__1__“___-____,.-'
=05 ~1 0.5 0 0.5 1 15 2
Real Axis
Section A-1 / Changing Grids in Root-Locus Diagrams and Nyquist Diagrams 417
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A-2 SOME USEFUL RESULTS IN VECTOR-MATRIX ANALYSIS

We next present some useful results in vector-matrix analysis that we frequﬁmly
refer to in analyzing control systems in state space.

Cayley-Hamilton theorem. Considerann X n matrix A and its Chﬂracte,-_
istic equation,

M- Al =A"+agA" ' + - +a, A +a,=0

The Cayley-Hamilton theorem states that the matrix A satisfies its own charge.
teristic equation, or that

A+ AT+ e+ g A+l =0

To prove this theorem, note that adj(AI — A) is a polynomial in A of degre,
n — 1.That is,

adj(Al — A) = BA" 1 + B)A" 2+ -+ + B, 1A + B,
where B, = L Since
(AL — A) adj(AI — A) = [adj(AT — A)](AT — A) = [AT — AlI
we obtain

AL = AI=IA" + g A" 1 + -+ + g, A + a,]
= (Al - A)(BA"' +BA"? + - + B, A +B,)
= (BA" 1+ BA" 2+ oo + B, A + B,)(Al - A)

From this equation, we see that A and B;(i = 1,2,..., n) commute. Hence, the
product of (AI — A) and adj(AI — A) becomes zero if either of these factors is
zero. If A is substituted for A in this last equation, then, clearly, A — A becomes
zero. Hence, we obtain

A"+a A"+ o ta, A+al=0

This proves the Cayley-Hamilton theorem.

Minimal polynomial. According to the Cayley-Hamilton theorem, every
n X n matrix A satisfies its own characteristic equation. The characteristic equa-
tion 1s not, however, necessarily the scalar equation of least degree that A satis-
fies. The least-degree polynomial having A as a root is called the minimal

polynomial. That is, the minimal polynomial of an n X n matrix A is defined as
the polynomial

G(A) = A" + g A1 4 L. 4 GniA +a,, m=n

418 Appendix
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of least degree such that ¢(A) = 0, or
¢(A) = A™ + g;Am-!

The minimal polynomial pla i :
isledhann X matrix.p ys an important role in the computation of polyno-

11 tlldleet:lirs;;lglﬁgsgft:?(i(l)‘} 1poly“°mial in A, is the greatest common divisor of
a ] ). Then we can show that if the coefficient of the

highest-degree term in A of d(A) i S :
- ggiven by (A) is chosen to be 1, then the minimal polynomial

B(A) = l’%{;]i'

: Note that the minimal polynomial ¢(A) of an n X n matrix A can be deter-
mined by the following procedure:

1. Form adj(Al — A), and write the elements of adj(Al — A) as factored
polynomials in A.

2. Determine d(A) as the greatest common divisor of all the elements of
adj(AI — A). Choose the coefficient of the highest-degree term in A of
d(A) to be 1. If there is no common divisor, d(A) =1

3. The minimal polynomial ¢(A) is then given as |AI — A| divided by d(A).

Lagrange’s interpolation formula and Sylvester’s interpolation formula.
Consider the following polynomial in A of degree m — 1, where we assume
Mgz gy s v Ay O DO distinct:

L

(A= Ap)ee(A— A1) (A = Ags) = (A = Am)

pl) = (A — A1) (A = A=) (A = Aert) (M = Am)’ =t
Notice that
1, ii=k
pe(X) = Yo, ifi#k
Then the polynomial f (A) of degree nm — 1,or
F) = 21 MIP)
o (A=A (A= de)A ~ Agar) (A = Am) (A-S5)
> kE-lf(lk} (A — A1) (A — A1) (A — Aer) (A = Am)

i ion (A-5) is commonly called
takes on the values f(A) at the points Az Equation ( ] -
Lagrange’s interpolation formu:‘a.'[he polynomial f(A) of degree m — 1115 de:tf;r]l
mined from m independent data F(A), f(A2)se- o f (Am}. That is, the pulynomfil
f(A) passes through m points F(A) f(A2)s-e0 f(Am). Since f(A) is a polynomi

419

Section A-2 / Some Useful Results in Vector-Matrix Analysis
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ther representations of the

ined. Any © ;
it is uni determined olynomial
e e e 1 bt e s
e i i Jues of an 71 X nma

Assuming that the eigenva

i we get
tute A for A in the polynomial pi(A)s then We &
m .‘lk.{.ll) et (A e )lml)

; — ApaD (A
(A~ et = Are1) (A — Am)

o — A1) (Ak

(A = 411])"
pk(A) 4 (Ak s )‘1)...(}\

: — 1. Notice also that
Notice that py(A)isa polynomial 11 A of degree m — 1

L ifi=k
pe(M) = Yo, ifi# k

Now define

£(A) = STOP(A)
o {A - A I] {A = z\k._ll}(A T )tk+1[) R (A = )‘ml) A_G
- kzif“k) (A — 1!"1)“'("‘;: — Ap-1) (M = Agar) o (A = Am) (A-5)

Equation (A-6) is known as Sylvester’s interpolation formula and is equivalent to

the following equation:

Moo AT f(A)

1 & 4 o BT (M)
=0 (A-T7)

1 )l.m A‘Eﬂ ‘e Am-l f(}\.m)

I A A?” - Am—l f(A)

Equations (A-6) and (A-7) are frequently used to evaluate functions f(A) of
matrix A—for example, ¢, [For a derivation of Equation (A-6) from
Equation (A-7), see, for example, pages 811-816 of Reference 1]

Computation of e*, We present here the Sylvester’s interpolation method.

First we consider the case where the Ini
we ‘ roots of the minimal polynomial ¢(A) of A
are distinct. Then we deal with the case of multiple roots, e s

Appendix
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Case 1: Minimal Pol :
4ssume that the degree o}gzziignoilr; ;‘: Involves Only Distinct Roots. We shall
polynomial of A is m. By using Sylvester’s

;nterpolation formula, it can be sh
. — sho A : ;
following determinant equation: wn that eA’ can be obtained by solving the

A-l )L% “aa Ajiﬂ—l e‘)‘i'I

1 "12 A% T AE“I—] ehzr
anf =0 (A-8)

Am Aﬁi - )Lﬁ_l ot

I A A? ... Am1l LA

Bj}r‘ solving Equation (A-8) for eM ¢A' can be obtained in terms of the
Ak (k=0,1,2,...,m - 1) and the ¥ (i = 1,2, 3,...,m). [Equation (A-8)
may be expanded, for example, about the last column. ]

Notice that solving Equation (A-8) for ¢M is the same as writing

eM = ap()I + (A + a()A? + -+ + A AP (A-9)

and determining the a()(k=0,1,2,...,m ~ 1) by solving the following set of

m equations for the ax(1):

ﬂg(f) + al(r))q ¥ a‘;(f);\% e R am_l(f),\?"'l = Mt
agt) + as(t)h2 + alt)Ag Aok am_l(;),vzn-l = Mt

ag(t) + ay(H)Am + A # oo F amrl(t}x\ﬁ'l = e

has distinct eigenvalues, then the number of ak{r).'s
f, however, A involves multiple eigenvalues, but its
simple roots, then the number m of ay(t)’s to be

IfAisann X n matrix that
to be determined is m = 7 I
minimal polynomial has only
determined is less than 7.

Case 2: Minimal Polynomial of A Involves Multiple Roots. As an example,
consider the case where the minimal polynornial of A involves threelegual
roots (A = Az = A;) and has other roots (Mg As-- A,,) that are all distinct.

421
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: A
By applying Sylvester’s interpolation formula, it s be shown that At ¢, be
obtained from the following determinant equation:

(m = 1){m - 2] Am—3 _zehlf
0 0 1 3r - 2 4 2
0 "1 A E (m — 1)A7™ fe’
9 3 Am_l e'&ll
1 A]. )l.] )t]_ e 1 g w
0
1 A B A - A
0 : 1T 0 (Aay
- . * e '_1 mf
R A An ¢
I A A2 A .. A et

Equation (A-10) can be solved for ¢*’ by expanding it about the last column,
Note that, just as in case 1, solving Equation (A-10) for e* is the same a5
writing

eM = ag(I + (A + a(t)A2 + -+ + a,,_q(t)A™] (A-11)

and determining the ey (¢)’s (k = 0,1,2,...,m — 1) from

= = 2
a(t) + 3as(t)A + -+ + i )2(m )qu{f))ti"ﬂ = %e)"t

al(f) + 2&2(3‘).‘11 G i 30‘.’3(1‘).&% + -0+ (m — 1)ﬂm_1(f).f\f1_2 = fe)ql

ao(f) + ay(t)As + az{f)-"% ¥ oo SPAPS = M

_ ' ases where, for example, there are two or more sets of
multiple roots will be apparent. Note that if the minimal polynomial of A is not

found, it is possible to substitute the characteristi

polynomial. The number of
422 Appendix
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LE A-1 Consider the matrix

At 0 -2
From Equation (A-8), we a5t Tpolation formuy]y,

1 ,11 e.ll:
1 "‘2 E'\ ¥ = 0
I A A
The eigenvalues of A are 0 and — . ‘
equation, we obtain 2. Substituting 0 for A; and ~2 for A, in the latter
1 0 1
1 =2 E_'II =
I A &

Expanding the determinant yields

~2¢M + A+ 21 - Ae2 =0

or
ehr = %(A + 21 — Ae—lt)
1J{0 1 2 0 0 1|

A A

|1 31 -¢%)

il e

An alternative approach is to use Equation (A-9). We first determine ag(f) and a(r)

from

ﬁ'u(f) b arl(!).h = Ejlr
ag(t) + ﬂ!ll:f).\g = ¥

Since A, = 0and A, = —2,the last two equations become
ap(t) =1
-2
aolt) — 2au(r) = €
Solving for ay(f) and ay(t) gives

o
) =1, a=30"¢ )

Then e* can be written as L = &)
1 A [ e
W e R e s
E'M = ao{:)‘[ + ul[I)A =1+ 2(1 0 €

23

P
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" te e, where
EXAMPLE A-2 Using Sylvester’s interpolation formula, comP®

L 4
A=|0 2 0
3 1

LT =

The characteristic polynomial and the minimal Pﬂl}'ﬂﬂﬂgal are the same for this A, Ty,
ar ( na |
mi;i:‘:nal polynomial (characteristic polynomlal) is given DY

o)) = (A -2 -1
Note that Ay = A, = 2and A3 = 1. Referring to Equation (A-11), we have
A = (D)l + ay(H)A + (1) A2
where ag(t), a;(t), and ay(t) are determined from the equations

ay(1) + 2ap()A1 = teM!
ap(t) + ay()A + a(t)A} = eV
at) + ay(t)Az + ap()A3 = M

Substituting A; = 2, and A; = 1 into these three equations gives

ay(1) + day(1) = te”
ag(t) + 2ay(t) + dep(t) = &
ag(t) + ay(t) + az(t) = €'

Solving for ay(r), ay(t), and a,(t), we obtain

ag(t) = 4e' — 3e¥ + 2t

ay(t) = —de' + 4e¥ — e

at) = € — ¥ + re¥
Hence,

e = a( + ay()A + ay(r)A2

= (4¢ o 2 1 4
=@ =3 +2e%) 0 1 + (4 + 42 — 32| 0 2 0
A 0 3 1
4 16 12
+('E{_'€2'+I.92'}0 4 {]'
& 7 4
12¢" - 1
= B 2::+13re1f ~4¢' + 4%
0 =3e' + 3% 3

424 Appendix
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Comments:

i A 24 entering in MATLAB program, 19
| Absolute value, s 51 Complete observability, 309
" Ackermann’s formula, 31 ,3 Complete state controllability, 306
for observer gain matrix, 329-30, Complex conjugate transpose, 13
332,340 : ; Complex matrix, 13
for state feedback gain matrix, 317 Complex number, 12
Adj (A — A),418 Conditionally stable system, 176-78,265
Angle condition, 152 Conformal mapping, 170
Approximation of dead time, 184 Conjugate transpose, 11
Approximation of transport lag, 184 Constant-gain loci, 170
Array division, 25 Constant M circles:
Array multiplication, 23 a family of, 253
Available colors in MATLAB plots, 37 Constant-magnitude loci, 251
Constant N circles:
B a fam]_ly Of, 254—55 . 54
Bandwidth, 268, 275 Constant phase 'ang}je i%";l,fgf’
MATLAB approach to obtain, 269 Constant @y 10.“’;56 167,169
Bode diagram, 221-33 Constant { loch, 162, 120 o

] systems compensation: 3
e -response approach, 271-304

C frequency
| h, 186-220
i root-locus approactl,
~ for i ! 40 Controllabilt )
. Cimleﬁ% minimum-order observer,3 O volution,
' ; the heading
MATLAB commands discussed in this book are listed under
AB commands. o 427
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428

D

Dead time, 180

Deconvolution, 31

Design of quadratic optimal control
system, 406

Design of quadratic optimal regulator
system, 403

Detectability, 310

Diagonal matrix, 16

Dual problem, 327

Dual system, 328

Duality, 328

E

Al

computation of, 420-24
Eigenvalue, 28

Eigenvalue vector E, 401
Eigenvector, 28

Equation for the asymptotes:
in root locus plot, 160

Error equation:
for minimum-order observer, 339

Estimator error, 326

F

Feedback compensation, 215

for expression, 106

Full-order state observer, 325-27,333
equation for, 329

G
Gain crossover frequency, 262, 265, 267
Gain margin, 263-67
negative, 264
positive, 264
Greek letters, 37

/
Identity matrix, 16
Impulse input, 119
Impulse response, 121
Initial condition,
response to, 404
Inner loop, 378-79
Inverted-pendulum system, 49

K
Kalman, R.E., 305

L
Lag compensation:
frequency-response approach to,
287-98
root-locus approach to, 194-203
Lag compensator, 194-95, 287-89

[ -4

Index

Lag-lead compensation:
frequency-response approach to,

298-304
root-locus approach to, 203-14

Lag-lead compensator, 204,212,298, 301
Lagrange polynomial, 420
Lagrange’s interpolation formula, 419

Lead angle, 274
Lead compensation:
frequency-response approach to,
271-87
root-locus approach to, 187-93

Lead compensator, 187,279
Bode diagram of, 283
Line types,
in MATLAB plots, 36
Lines of constant damping ratio , 165
Lo g—magnitude-versus~phase plane, 256
Log—magnitude~vcrsus-phase plot,
,290
Logarithmic plots, 35
Logical operators,
in MATLAB,7

M

M circles, 251
M loci,
constant, 253
magnitude condition, 152
Mathematical model of observer, 326
MATLAB approximation of dead
time, 184

MATLAB commands:

Ali,j), 8

Ali,:), 8

Al), 8

A(,)), 8 -
[A,B,C,D] = tf2ss(num,den), 66-68, 80
abs, 2

abs(A), 25

acker, 2,322

angle, 2

angle(A), 25

ans, 2,21

atan, 2

axis, 2, 36

axis('equal'), 36
axis('normal'), 36
axis('square'), 36

bode, 2,221
bode(A,B,C,D), 221,228
bode(A,B,C,D,iu), 228
bode(A,B,C,D,iu,w), 221
bode(A,B,C,D,w), 221
bode(num,den), 221-23
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bode(num,den,w), 221,224
bode(sys), 221
c2d, 2,66
clear, 2,18
clf, 2,155
clock, 18
colon, 7
computer, 2
conj, 2
CONT, 310-12
conv, 2,154
corrcoef, 2
cos, 2
cosh, 2
cov, 2
ctrb, 2
d = poly(r), 65
date, 19
deconv, 2
det, 2
diag, 2
diag(A), 16
diag(diag(A)), 16
diag{’ds 16
diag(0,n), 17
diag(0:n), 17
eig, 2
eig(A), 29
eig(A — B*K), 321
end, 2,106
exit, 2
exp, 2
expm, 2
eye, 2
eye(n), 16
feedback, 2
filter, 2
fontangle, 39
fontname, 39
fontsize, 39,90
for,2
for loop, 106
format long, 2, 14-15
format long e, 2,14
format short, 2, 14-15
format short e, 3,14
fregs, 3
freqz, 3
[G,H] = c2d(A,B,Ts), 72
GmdB = 20*log10(Gm), 268
[Gm,Pm,wcp,wcgl = margin(num,
den), 277, 280,284,299, 302
[Gm,Pm,WCPrWCg] = margl n{SYS),
267-68
ram, 3
grid, 3,410

Index

grid off, 3

grid on, 3

gtext('string'), 35

gtext('text'), 93

help, 3

hold, 3

hold off, 3

hold on, 3

i,3

im, 237

imag, 3

impulse, 3

impulse(A,B,C,D), 118

impulse(num,den), 118

Empu|53{num,den,t), 118

!mpu1se{5ys}, 118

impulse(sys,t), 118

inf, 3

initial, 324

initial(A,B,C,D,[initial condition],t), 142

inv, 3

inv(A), 33

iu, 228

j, 3

K = acker(A,B,)), 322-23, 343, 347,
360, 368

K = Igr(A,B,Q,R), 401, 406

K = place(A,B,)), 322-23

K. = acker(A',C',L)', 341, 368

K. = place(A',C', L)', 341

[K,r] = rlocfind(A,B,C,D), 170

[K,r] = rlocfind(num,den), 170-72

[K,PE] = Igr(A,B,Q,R), 401

legend, 3

length, 3

linspace, 3,11

load, 3

log, 3

log10,3

loglog, 3,35

logm, 3

logspace, 11

lggzpace(d'i ,d2),222

logspace(d1,d2,n), 222

lge, 3

Igr,3

|qr{A,B,Q,R), 400

[sim, 3

|5im{:"ﬁ;B; C.- D;urt:'? 128‘

lsim(num,den,u,t), 1

Isim(sys,u,t); 1;?3 3

Isim(sys,u,tXo)s

15i,m{5¥r51, 5Y52, R | 1 128

lyap, 3

m dB = 2(]*'081 [}(mag:') 221

{n'?ag,phase,W] = bode(A,B,C,D), 222

429
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MATLAB commands (continued):

[mag,phase,w] =

222
[mag,phase,w] = bode(A,B,C,D.wW),
222
phase,w] = bode(num,den),
gg:g,ghase,w] — bode(num,den,w),

%91-22,225, 227,246
= bode(sys), 222
b e _ nichols(A,B,C,D), 257

hase,w] ,
frr:'lqaagghase,w] — nichols(A,B,C,D,iuW);
25
[mag,phase,w] = nichols(A,B,C,D,w)
257

(mag,phase,w] = nichols(num,den),
[mag?glzase,w] = nichols(num,den,w),
257

[mag,phase,w] = nichols(sys), 257

margin, 4

max, 4

mean, 4

median, 4

mesh, 4

mesh(t,zeta,y’), 147-50

mesh(y’), 145-46

mesh(zeta,t,y), 147-50

mesh plot, 44

min, 4

minreal, 4, 83

minreal(sys), 310-11

NaN, 4, 381-83

ngrid, 4, 258-59, 261

nichols, 4

nichols(A,B,C,D), 257
nichols(A,B,C,D,iu,w), 257
nichols(A,B,C,D,w), 257
nichols(num,den), 257
nichols(num,den,w), 257
nichols(sys), 257

norm, 26-27

num2str, 4

[num,den] = pade(1,2), 185
[num,den] = residue(r,p,k), 57
[num,den] = ss2tf(A,B,C,D), 69, 158
[num,den] = ss2tf(A,B,C,D,iu), 68, 70
[[N UMéde?] = ss2tf(A,B,C,D,iu), 71
num,den] = zp2tf (z,p,K),
nyquist, 4 d EREESICS
nquEst(A, B,C.D), 236, 241,243
nyqugstE:,B,C,D,iu}, 241
nyquist(A,B,C,D,iu,w), 2
nyqulist{A,B,C, D,w), 2j35 it
nyquistinum,den), 236
nyquistinum,den,w), 236

Index

bOdel:A, B, C,- D;iu:w}s

LISty 20 &=
ggSER. 310-12
obsv, 4,310
OdEZBo 4
ode45,4
odel13,4
ones, 4
ones(m,n), 15
ﬂnestn]u 15
ord2, 4

pade, 4
parallel, 4

%, 19

pi, 4

place, 4, 322

plot,4
plot(re,im), 240,245

lot(t,y), 92
Elot(x,y}. 34
plot(z), 35
plot3, 42
olar, 4
polar(theta,r), 273
polar(theta,rho), 35
pole, 4
poly, 4
polyfit, 4
polyval, 4
polyval(p,s), 31
polyvalm, 4
pow2(t), 54
printsys, 4
printsys(num,den), 86
printsys(num,den,'s'), 57, 86
prod, 4
pzmap, 4
quit, 4
r = abs(z), 272-73
r = rlocus(A,B,C,D,K), 159
r = rlocus(num,den), 153, 156
r = rlocus(num,den,K), 157
r = roots(d), 65
rank, 4
re, 237
[re,im,w] = nyquist(A,B,C,D), 236
[re, !m,w] = nyquist(A,B,C,D,iu,w), 236
[re,im,w] = nyquist(A,B,C,D,w), 236
[re,im,w] = nyquist(num,den), 236
[re,im,w] = nyquist(num,den,w), 236,
1o 240,244,286
re,im,w] = nyquist(sys), 2
real, 4 vmsipliae
rem, 4
residue, 4, 55-56

[rK] = rIocus{A,B,C,D], 153
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? _ rlocus(A,B,C,D.K), 153

=

"> _ rlocus(num,den), 153
ocus(num,den,K), 153

] = rlocuslsys), 153

——————
SRS
AT
"
-

r00[51
mo{g{pdy'(ﬁl". 28
ikl = remduel.’num,den}, 55-56, 58,
62-63, 95
cemilogx, 4,32
cemilogy: 4
SEriE5‘l 4
shg, 4
sign,
sin,
sinh, 4
size, 4
sgrid, 165
77-79, 381-86, 389, 393

golution, 111,3
sortsolution, 385-87,389-91,394

sphere(n], 44
sqrt, 4

sqrtm, 4

ss, 4
ss(A-BK eye(3
ss2tf, 4, 66
ss2zp, 66

std, 4

step, 4
step(A,B.C, D), 87,98-99

step(A, B,C,D,iu), 99-100
step(num,den), 86
step(num,den, t), 86
step(sys), 86, 88

step(sys,t), 86

sys = feedback(sysg,[1]), 76
5ys = feedback(sysg,sysh), 76
sys = feedback(sysg,sysh,+1); 76
sys = feedback(sysg, — sysh), 76
sys = parallel(sys] ,5ys2), 75

sys = series(sys] ,5Y52), 74

sys = ss(A,B,C,D), 74

sys = tf(num,den), 74

sys_min = minreal(sys), 84

sys_tf = tf(sys_ss), 82-83

subplot, 4, 324

subplot(m,n,p), 41

sum, 4

surf, 42

switch, 4

—_—Tr———7

Bkii hme b

),eye(3)eye(3)), 324

Index

tan, 4

tanh, 4

text, 4: 35, 93

te Totr: mey!
tf”fxx‘ﬂl string'), 43

tf2ss, 4, 66
:LZZP. 4,66
eta = an
ttle 4 gle(z), 272-73
trace, 4
who, 4, 18
whos, 4,18
xlabel, 4
(X,D] = eig(A), 29-30
y= !mpulse{num,den). 118
Y= In]pulse{sys), 118
y = Isim(A,B,C,D,u,0), 128
y = Isim(num,den,u,t), 128-29
y = Isim(sys,u,t), 128
y = step(num,den,t), 86
y = step(sys,t), 86, 92
[y,t] = impulse(num,den,t), 118
[y,t] = impulse(sys,t), 118
[y,t] = lsim(sys,u,t), 128
[y] = step(num,den, ), 86
[y,t] = step(syst), 86
[y.xtl = impulse(A,B,C,D}, 118
ly,xt] = impulse(A,B,C,D,iu), 118
ly.x,tl = impulse{A,B,C,D,iu,t}. 118
ly,xtl = impulse{num,den}, 118
lyxtl = impulse{num,den;t}, 118
[y.x.A] = step(A,B,C,D,iu), 8
[y,xt] = step(A,B,C, D,iu,t), 88
lyxt]l = step{num,den,t}. 88
ylabel, 4
7 = re + i*im = re®, 272-73
zero, 6
zeros, 6
seros(m,n), 13
zeros(n), 15
zlabel, 4
zp2ss, 66
sztf, 4,66

zpk, 4
[zp.kl = ﬁZzp{num,den}. 59-60
End of MATLAB commands

Matrix exponemial, 32

: rshoot, 115-17
Maximum OF% 274,281

. m phase lead angle $ms
e €1.01,137, 345

echanical system
ﬂinimum-phﬁze system, 175-76,263
Minimal polyno:mial, 418-19
Minimum-order observer, 326,33545
Miﬂimum-order state obseTVvel, 326,
33545

431

;
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432

Minimum-order observer-based
controller, 356-57
Modified Nyquist path, 234
Multiple-loop systems, 235
Multiplication:
array, 23
matrix, 21

N
N circles, 251,254
Negative-feedback system, 75
Nyquist plot for, 249
Nichols chart, 256
Nichols plot, 250, 257-61
n X n faceted sphere, 44
Non-minimum-phase system,
173-76, 26566
Non-minimum-phase transfer
function, 230
Nyquist diagram, 234
Nyquist path, 234
Nyquist plot, 234
for positive-feedback system, 248-49
of system defined in state space, 241
Nyquist stability analysis, 234
Nyquist stability criterion, 234

O
Observability, 305, 308, 312
condition, 308
matrix, 310
Observation, 325

error, 326
Observed-state feedback control system,

333-35,338, 341,351
with minimum-order observer, 34041
Observer, 325
Observer-based controller, 349-50
transfer function, 350
Observer-controller transfer
function, 350-51
Observer error equation, 334, 339
Observer gain matrix, 326
MATLAB approach to determine, 341
Optimal control law:
for quadratic optimal control
problem, 398
Optimal regulator system, 396
Optimal sets of parameter values, 375
Orthogonality:
of root loci and constant-gain loci, 169
Outer loop, 378-79

P

Pade approximation of dead time, 185
Parallel compensation, 215

Index

allel compensated system, 215
g:;tial-fraction expansion, 55

k time, 115—
Ez ?formance index, 395-98,401

Phase crossover frequency, 263, 265,267
Phase margin, 250, 26268

in ]og-magnitude-versus-phasg

plot, 263

in polar plot, 263

negative, 264

positive, 2
PID controller, 295, 375
PID-controlled system, 376
Plotting multiple curves, 34
Point types, 36

Polar plot, 234 !
Pgle-aﬁsignment technique, 313

Pole placement, 313
Pole-placement problem, 315
solving with MATLAB, 321-25

Pole-placement-with-observer approach:
to design systems, 345-49
Pole-zero configuration:
of lag network, 194
of lead network, 187
Polynomial evaluation, 31
Positive-definite matrix, 397
Positive-feedback system, 75
Nyquist plot for, 248-49

Q

Quadratic optimal control problems,
395-408
solution to, 397-408
Quadratic optimal regulator

problems, 395
solved with MATLARB, 40006

R

Ramp responses, 122-27
Rectangular plot, 234
Reduced-matrix Riccati
equation, 398-99
Reduced-order observer, 326
Reduced-order state observer, 325
Regulator poles, 315
Regulator system, 314, 317, 351,358
Regulator system with observer:
design of, 358
Resonant frequency, 268-69
MATLAB approach to obtain, 269
Resonant peak, 268-69
MATLAB approach to obtain, 269
frequency, 277
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itrary initial
nse to .":lll'bl
Respo condition, 136
onse to arbitrary input, 128
ResP nse to exponential input,

RespOg 31,133
13 i m]tlal condition, 138—44, 324

e
R,e?;?;quation, 401
che ime, 115-17
bust pole placement, 321
ot-locus plots, 151

1

RO

S cond-order observer, 346
e

. .olon, 7,10
rieg(::ompensanon, 215

SEttling time, 115-17
Sering_maSS'dHShpOt System, 88
Spuare matrix, 33
sflabi]ily analysis, 235
Stahiiizability. 306, 308

tandard second-order system, 85
gtate feedback gain matrix, 314

-26
observer, 325-26 ; &
Stf:cesgary and sufficient condition

for, 328-29
satic velocity €Iror constant K, 200,279

Step responses

System with observed state feedback,
339,345,353

Subtraction, 19

Surf plot, 45

Sylvester’s interpolation formula, 419-24
T

Tachometer feedback control
system, 109

Three-dimensional coil, 50

Three-dimensional plot, 42, 144

Transfer function:

of observer controller, 352-54, 357,

360-61, 363,370,372

Transfer matrix, 230

Transport lag, 180, 235

Transpose, 11

U

Unit-ramp response, 122-27

Unit-step response, 86-105

Unstable controller, 362

Unstable observer controller,
360-62,374

V .
Velocity feedback system, 216
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