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The pre-processing steps such as filtering, derivatives, and wavelet transform are necessary for many
applications before data transmission, especially in telemedicine; however, the pre-processing makes
variations on the signal sparsity, entropy, and compression metrics. In this paper, aiming at an
information-theoretical study, we exemplify pre-processing by Savitzky Golay filtering because of its spe-

cial properties, and then, show that (i) adding noise to an ECG signal decreases its sparsity and increases
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the diversity index named Gini-Sympson as a special case of Tsallis entropy; (ii) the sparsity of filtered,
and wavelet transformed ECG is increased; (iii) Gini index of the modified signal is not more than that
of the main one, but the non-zero elements are decreased, (iv) the compression metrics such as PRD
and CR are improved if the compressed sensing method is performed on the filtered signal. And, finally,
theoretical claims are validated by numerical results.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The biomedical data acquisition methods usually result in
unreal or missing values of the desired signal. Thus the recorded
data should be presented in more proper form by applying pre-
processing levels including some algorithms such as denoising,
wavelet transform, feature extraction, and compression for effi-
cient storage or transmission, especially in telemedicine plans.
These processing algorithms can be implemented on different
signals such as ECG [1-3], EEG [4,5] and image [6,7]. Signal com-
pression is one of the main steps of signal preparation which
is applied in all different types of data in bioelectrics and [8]
and wireless sensor networks [9]. Compressive sensing (CS) is a
method which senses the data in a compressive form directly at
a much lower sampling rate in comparison to other compression
techniques. The recovery stage then can be done by nonlinear opti-
mization based on the few measurements [10]. All different kinds
of compressed sensing methods have been used vastly in many
applications from biomedical signals and images, telehealth, radar,
communications, image and video processing and sensor networks
[11-14].
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Signal recovery with minimum error is one of the key aspects of
a compression method, which the main aim is finding the sparsest
signal while ensuring that the final signal is consistent with the
measurements. The sparsity of each signal which can be measured
by different indexes like Iy or I; norms, and Gini Index (GI), is a key
constraint to recover the original signal from the compressed one
[15-17]. Also, the sparsity content of a signal can be evaluated via
different concepts of entropy and diversity [18].

There are some ways to represent a signal in different domains
via different coefficients. Signal filtering is an approach to pre-
pare the original data in a suitable form and reject its undesired
parts. One of the most important properties of different filter algo-
rithms is their frequency response in the pass band and stop band,
which determines whether the filter makes distortion on the origi-
nal signal or not. Signal derivatives are another appropriate tool for
data sparse representation and enhancement the processing levels
which has been used in different signals such as ECG [3,19]. One of
the applications of signal derivatives is signal denoising, which is
called as Total Variation (TV) denoising. The TV denoising problem
hasreceived large attention in the communities of signal processing
[20,21].

1.1. Our motivation

The main motivation for this work is finding a more detailed
relation between a signal sparsity content and some preprocess-
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ing tasks such as SG filtering, deviation, and wavelet transform.
More precisely, in this paper, we try to increase the signal spar-
sity using some preprocessing levels before compressing the signal,
which could lead to more efficient compression performance. We
do the preprocessing stages on a noisy ECG signal and calculate
the processed signal sparsity using Gini and lp norm indices, then
compare the sparsity indices of the processed and not processed
signals together. We also apply the entropy concept (specially Tsal-
lis entropy) to compare the sparsity of pure and noisy signal.

To the best of our knowledge, despite expanding different algo-
rithms of compression, or different approaches of solving sparse
representation problems, the direct relation between the signal
sparsity variations and processing algorithms have not been inves-
tigated in the literature.

1.2. Paper organization

In section II, some important concepts of our work are explained
in brief, such as sparsity, entropy and diversity, SG filters, wavelet
transform, compressed sensing and compression performance
metrics. In section III, we prove that a) Sparsity of noisy ECG signal
is less than that of the clean signal, b) Sparsity of filtered signal by
SG filter is more than the sparsity of primary signal, c¢) Compression
ratio (CR) of the compressed filtered signal is more than that of not
filtered one, d) Percentage root-mean-squared difference (PRD) of
the compressed signal which has been filtered first, is less than that
of the compressed signal without any pre-processing stage, and e)
SG filters does not change the main time and frequency features of
the original signals. Finally we compute Gini index for some ECG
signals and express the numerical results in section [V. We conclude
the paper in section V.

2. Preliminaries

In this section, we describe the mathematical basis of the spar-
sity and entropy concepts, Savitzky-Golay filtering, compressed
sensing and some compression performance metrics.

2.1. Sparsity and entropy

Each signal x has elements with some probability distribution,
which are represented via numerical coefficients. The elements
with equal probability lead to similar coefficients, therefore the
randomness of signal elements can be defined by the repetition
of coefficients or their compressibility. This relation in a signal can
imply the relation between entropy, diversity, and sparsity with
different kinds of formulations [18].

The concept of sparsity has originally an economically basic and
itis used in different areas such as wireless communications, image
processing, signal recovery, denoising, compressed sensing, and
signal representation [16]. In the sparse representation models,
most of the signal information is concentrated in few big coef-
ficients and other signal elements are neglected. Many different
sparsity-based algorithms have been applied in noise cancellation
and signal recovery routines, such as LASSO or Basis pursuit Denois-
ing (BPD) [22-24].

Entropy is a measure of the unpredictability of information con-
tent which its relation with sparsity can be explained as relations
(1)and (2)[18]:

sparsity(P) 1= entropy(X) | (1)
sparsity(P) |= entropy(X) 4 (2)

In general, a sparse measure S is defined as a function which
maps complex vectors to a real number. There are many measures
of sparsity which are used to calculate a number which determines

the sparsity of a set of coefficients X = [x7 X2. . .Xj...xn]. Some of
these metrics are I, norms, pg-mean, Hoyer, and Gini index (special
Tsallis entropy). Gini index is the most applicable one because of
having all the ideal features of a sparsity measure. Given a vector,
[x1%2...X;...xNn], we order from smallest to largest, X(1) <X(2) <...

Ny where (1), (2), ..., (N) are the new indices after the sorting
operation. The Gini Index is given by (3) [16]:

_1—2Z|§"

Diversity is an important notion in a variety of scientific sub-
jects such as physics, ecology and information theory which can be
related to the entropy and sparsity. A diversity index is a quantita-
tive measure that reflects how many different types there are in a
dataset. For a given number of types, the value of a diversity index
is maximized when all types are equally abundant. Having random
variable X with probability distribution p(x), some diversity indexes
are as follow (relations (4) and (5)) [25]:

N k+2

) (3)

N
Simpson = pr (4)

N
Gini — Simpson = 1 — szz (5)
i=1

Among several extensions of entropy, Shannon, Renyi, and Tsal-
lis are more stated in the literature about sparsity and diversity.
Shannon and Renyi both have the additivity property for two inde-
pendent random variables Xand Y, means H(X, Y) = H(X) + H(Y).
Tsallis entropy is referred to a nonadditive one because it does
not have an additivity for two independent random variables.
Given arandom variable X with probability distribution p(x), Tsallis
entropy [26] is defined as (6):

Sq(X)= =3 Px)ingp(x), g # 1 (6)

where q is a parameter as an extension of Shannon entropy, and
g-logarithm function Ingx is defined as the relation (7) for any
nonnegative real number x and q.

x1-9-1

— o)

Ingx =

2.2. Total variation (TV) and signal derivatives
The total variation of a signal or a function can evaluate the signal

changes between its different values. Total variation definition for
an N-point signal x(n) is expressed as (8):

x)_Z|x

Itis indeed first order difference of a discrete signal and can also
be written in this form (relation (9)):

—x(n—1)| (8)

= x|, ©
Where D is an (N — 1) x N matrix as relation (10):
11 ... 0
D= |: K (10)
0 o —-11

The concept of TV is vastly applied as a denoising method called
TV denoising or sparse derivative denoising [20]. This method refers
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to estimate a signal (x) from its noisy observation (y = x + z) while
having sparse derivatives of the signal. The problem is equivalent to
this optimization problem, arg miny {3y — xI13 + AHDXH .} Where
A is a regularization parameter chosen to be positive. The problem
can be rewritten as (11):

N-1 N-1
arg minX%Z|y(n)fx(n)|2+)LZ |x(n)7x(n71)| (11)
n=0 n=1

Other approximations of higher order differences for the sparse-
derivative denoising problem [20] can be applied. Higher order
derivatives can decrease the staircase characteristic of the first
order derivative, therefore leads to more flexible recovered sig-
nal. This extension of TV has been applied for MRI reconstruction,
texture extraction and image processing [27].

2.3. Savitzky-Golay (SG) filter

Savitzky and Golay proposed a method of data smoothing based
on local least-squares polynomial approximation. The low pass fil-
ters obtained by this method are widely known as Savitzky-Golay
filters. They demonstrated that least squares smoothing reduces
noise while maintaining the shape and height of waveform. Sub-
sequently, this property of the SG filters has been found to be
attractive in many applications such as ECG processing [28]. To
design an SG filter (IM,N), it should be chosen a frame size (FS) or
window length (2M + 1) where M is half the width of window and
N determines the degree of employed polynomial or polynomial
degree (PN). Fig. 1 shows the frequency response of three SG filters
varying the PN parameter while the FS is fixed [29].

The impulse response of SG filter is in form of (12):

N
~h(n)=z~aknk,M§n§M (12)
k=0

Because the odd-indexed coefficients of the impulse response
design polynomial are all zero so that we can express (12) as:

5]
~h(n) = Zwaz,(nz" (13)

k=0

Now the output of the filter (relation (14)), can be explored via
the convolution of the impulse response and the input:

M n+M
y[n] = Zh[m]x[n—m]: Z h[n—m]x[m] (14)
m=-M m=n-M

replacing h[n] by (13) in (14), and assuming the input x[n] as the
original signal adding noise we get the filter output as (15) [29]:

N
M N

2
yinl= > "~aymxin—m (15)

m=—-M k=0
2.4. Compressed sensing (CS)

The main aim of CS is to reconstruct completely a signal based
on its reduced measurements considering that the signal is sparse
or approximately sparse as a priori information. If we suppose an
n dimensional x signal, we can take the measurements via a mea-
surement or sensing matrix A, as Eq. (16):

y=Ax+z (16)

Where x is nx 1 signal vector, y is m x 1 measurement vector or the
samples, and A is m x n measurement matrix and z is measurement

Table 1
PRD and corresponding quality class [33].
PRD Reconstructed Signal Quality
0-2% Very goodguality
2-9% Very goodor goodquality
>9% Not possible to determine the quality group

noise which can be interpreted as a stochastic unknown error term
and can be modeled as an additive white Gaussian noise (AWGN).
Depending on the applications, the main signal is often sparse itself,
but sparsification of not sparse signals is required [22]. This sparsi-
fication stage is done by multiplying a transformation matrix ¥ in
the original signal which can be written as (17):

6 = Ux 17)
And the CS observations can be written as Eq. (18):
y=AY942 (18)

here 6 is the resulting sparse representative vector for x. It means
that most of the 6 elements are equal to zero [10].

In the compressed sensing recovery stage, the undetermined
case of problem is interesting for us, in which we have fewer equa-
tions than unknowns, (m<n), therefore the problem is of course
ill-posed case. But if we suppose that x is sparse or approximately
sparse, the problem will be changed and it has been shown that the
solution x* (relation (19)) recovers x precisely:

min ||~X|; S.t. A~x =y (19)

The relation between CS and approximately sparse signals can be
stated via isometry constant and the restricted isometry property
(RIP). The RIP concept measures how the sensing matrix A distorts
the I,-norm of sparse vectors. In general sensing matrices with the
RIP are easy to guarantee the reconstruction process with mini-
mum error. For each integer s=1,2,3,.. ., isometry constant (ds) of
a matrix A is the smallest number which satisfies the inequality
(20) for all s-sparse vectors x [30]:

(1-8) i3 = [[Ax||2 < (1485 x3 (20)

In general, the purpose of a compression system is to ignore
redundancy and irrelevant information efficiently from the origi-
nal signal. Consequently, the error criterion measures the ability
of the compression system to reconstruction the primary signal
exactly from the compressed samples. There are different metrics
for evaluation the compression method performance. Compression
Ratio (CR) is one of the main measures which is defined as is the
ratio between the size of the compressed file (m) and the size of
the source file (n) and is stated as relation (21):

CR = %*100 21)

Another compression criterion is Percentage root-mean-
squared difference (PRD), which many compression algorithms
have employed it to compare the results. PRD is defined as (22):

x—fq
PRD = #100 = ~—=2 %100 (22)

here x is the original signal and ~x is the reconstructed one
[31,32]. The link between the measured PRD and the signal diag-
nostic distortion is determined based on [33], which classifies the
different values of PRD based on the signal quality controlled by a
specialist. Table 1 reports the resulting different quality classes and
corresponding PRD. According to this table, it can be understood
that lower PRD leads to better signal reconstruction quality.
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Fig. 1. Frequency response of different SG filters.

2.4.1. Main results

In this section, we investigate the sparsity and compression met-
rics variations due to the processing stages Specifically, it is proved
that:

¢ Adding noise to a signal (filtering the noisy signal) decreases
(increases) its sparsity.

¢ Performing derivation on a signal, SG filtering and wavelet trans-
form sparsify the ECG signal.

e Compression ratio (CR) of the compressed filtered signal is more
than that of non- filtered one.

e PRD of the compressed signal which had been filtered first will
be less than that of the compressed signal without any pre-
processing stage.

® The SG filtering does not alter main time and frequency features
of original signals because of its special frequency response.

2.5. The effect of noise on the sparsity

First, we explain that adding noise to a signal reduces the spar-
sity of the primary signal, by using Shannon entropy and also by
Tsallis entropy and related indices.

(i) It is easily shown that when X and Y are two independent ran-
dom variables, we have H(X+Y) > max {H(X), H(Y)}.

In a communication system or during a processing level where
the input signal (X) has been polluted by additive white Gaussian
noise (Z) in the output, the signal and noise often satisfy the inde-
pendent assumption. Therefore it can be stated that:

H(X + Z) > max{H(X), H(Z)} (23)

The inequality in relation (23) means that the entropy of noisy
signal is more than that of the original one, so based on relations
(1) and (2) it can be concluded that the noisy signal sparsity is
decreased in comparison to the pure signal.

e We can also use diversity and entropy relation to illustrate that a
noisy signal sparsity is less than that of the pure one. As men-
tioned in section II, diversity of a distribution is measured by
different numerical indexes like Gini-Sympson index. Applying
Tsallis entropy relation (6) and substituting q parameter with 2,
we then have relations (24) and (25):
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N
Sq=2(X) ==Y _pi~Ing_op; (24)
i=1
N N ]
S2(0 == _piinapi == pi(1- ) (25)
i=1 i=1
Knowing that Zp,- =1,(25) can be written as relation (26):
N
SHX)=1-) p? (26)

i=1

It means that Tsallis entropy with q=2 is Gini-Sympson index
of diversity, relation (5). When in a noisy signal the entropy is more
than that of the clean signal (due to relation (23)), we can say that
the Gini-Sympson index for diversity of that signal also is more
than that of the pure one. The greater diversity means the smaller
sparsity.

2.6. The effect of filtering on the sparsity

Now we investigate the effect of filtering and wavelet trans-
form (as a pre-processing stage) on the sparsity level of a signal.
In the pre-processing level, the noisy signal (x+2z) is filtered by
SG filter and the added noise is filtered too. Here we imply that
S(y) > S(x + z), where y is the filter output. Knowing that the joint
entropy of two random variable X and Y can be stated as (27),
(widely used in information theory and easily proved from the
definitions of H(X), H(X, Y), and conditional entropy):

H(X,Y)=H(XY)+H(Y)=H(YX)+H(X) (27)

if Y=1(X) where f is a deterministic function, then H(f(X)|X) = O,
and obviously the inequality (28) can be concluded:

H(f (X)) = HX) (28)

We can apply the relation (24) to the SG filter input and out-
put, because the filter output is a deterministic function of the
input elements. The function is SG filter impulse response (13).
Therefore performing filtering on the signal x +z will decrease its
entropy, H(f(x + z)) < H(x + z). Due to relations (1) and (2) it can
be explained that that why the sparsity of filtered signal is more
than the sparsity of the original signal, this means the following
inequality, (29):

S(f(x+2))>S(x) (29)
2.7. Comparing CR and PRD of filtered signal and the original one

Here we show that increasing sparsity by pre-processing,
improves the compression performance. Due to the sparsity
assumption, we can suppose that xs is the filtered signal which is k-
sparse, x is the original signal which is p-sparse. Using the relation
(21) we have:

k—my p—my

CRy = , CRy =

Where m; and my; are the size of compressed nonfiltered signal and
compressed filtered one respectively. Noting to k < p and possibly
assuming my < mjy for filtering, we have (30):

k<p, my<m (30)

Then, it might be myp < my k, or relation (31):

k —mj _ pP—m

A B (31)

And,
CR2 > CR1 (32)

Considering my, < my, the inequality (32) can be true in some
cases.

As it was mentioned before, lower PRD measures mean that
reconstruction has been done more completely. In order to com-
pare two compression algorithms with and without pre-processing
levels, the PRDs are formulated and proved that PRD of the pre-
processed compressed signal is less than that of the not processed
compressed signal. First, we state some of the norm important
inequalities which have been used in our analysis.

Ix+yl2 < X2 + 1yl (33)
Ix =yl2 = X2 — Iyll2 (34)
HMtz < HMHzanz,(Misamatrix) (35)

Now we show that PRD, < PRD;, while PRD, stands for SG
filtered compressed signal. For this purpose we begin with PRD
definition according to the relation (22):

IXsc — ~Xscll2 X —~x|l»
Xscll2 %112

where xg¢ is the ECG filtered signal by SG algorithm, and ~xs is
the reconstructed signal based on the xs; compression. Also, x and
~x are the original and its decompressed signals, respectively. We
can write the compression as the relation (16), with compression
matrix A and the compressed signal y. It could be supposed that ~x
is approximately equal to y (~x = Ax), where the approximation
can be modeled as relation (37):

(36)

~x=(A+ ~A)x (37)
Also the filtered signal xs; could be modeled as (38):
XsG = Ex (38)

Where E is the coefficient matrix of the SG filter and the decom-
pressed signal after compressing filtered one can be rewritten as
relation (39):

~xsc = (E+ ~E)x (39)

Where ~A and ~E are small, by smallness we mean that H~AH2 <

||A||2 and ||~E||2 < ||EH2 Now begin with the relation (36) and
replace the component by (33-35) relations. The left side of (36)
could be changed as following:

=gty _ (E+~Bx- B, x|, o
IXscll2 HEXH2 HEXH2
The right side of (36) is rewritten as:

= ~xly _ [A+~Ax =k, [[A-Dx+~Ax], 41)
X112 X112 X112

Now the inequality (36) is changed to the following, using (40)
and (41):

HNEXHZ
|[Ex]

|(A=Dx+~Ax||,

X112 (42)

B
Using (33) the right side of (42) could be written in the following

form, relation (43):

~Exl, _ [lca= D]l + || ~ax]],

T, EE )
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Fig. 2. Group delay of Savitzky Golay filters based on their frequency response.

Applying (35) in the left side of (42), we have (44):

el -, + -], "
HEH2\|X||2 [l
Then:
~Ex
bl - -, s)

2

Supposing that A, ~A and~ E have restricted isometry property
and so they satisfy inequality (20) and there is some 0 < §s < 1
which:

[A=Dx||, < V/(1+85)Ix1l2 (46)

[|~Ax||, < V/(1+82)lx1l2 (47)

|~Ex|[, > v/ (1=8s3)lIxI12 (48)
Then we can write (45) using inequalities (46-48) as (49):

VT=baixlz < (V1560 ) + V4822 ], (49)
Squaring all components we have:

1-8 < [148q +14 8o +2y/(1+8)V/(1481|E[,> (50)

In the inequality (50), the left side is a number smaller than one,
and the right side is obviously greater than one, because all terms
are positive. Therefore it is proven that PRD, is smaller than PRD;.

2.8. Preserving main signal features after SG filtering

The amplitude of each part of the original signal will not be
changed if the filter frequency response is flat in its pass band which
SG filter satisfies.

To preserve frequency components of the original signal we
should consider designing an appropriate filter with cut off fre-
quency greater than the highest frequency in the original signal.
The nominal normalized cutoff frequency depends on both the
implicit polynomial order N and the length of the impulse response,
(2M +1). The passband of the filter gets wider increasing N [29].

To explain how filtering effects on the time features of the signal,
it is better to find the group delay of the filter response. To reach

this target we begin from the impulse response of the SG filter (13),
performing z-transform on it, the relation (51) can be written:

+oo N

H(z)= ZZNG"nk z "

n=0 k=0

(51)

It can be written as:
+00
H(z)= E ~agZ M+ ~agn! Z7 4 ~apn? 7 4L
n=0

+~aynN z " (52)
Expanding relation (52) based on n, we have:

H(z)= ~ag + (~ag +~ay +~y + ...+ ~ay)z"!

+(~ag +2~ay +4~ay + ...+ 2N~ay)z2 + ... (53)

In relation (53) we can write all the coefficients of z~1 as some

constant values and rewrite the relation as (54):
H(Z) = N00+Nb12_] +Nb22_2 + ... (54)

Now substituting z=1 = eV it can be written as the relation
(55):

H(eM) = ~ag+ ~bje™™ + ~bye 4" 4 ... (55)
Which e% = cos(w) + jsin(w) can be applied:
H (e™) = ~ag + ~by [cos (w) — jsin (w)]
+~b; [cos(2w) — jsin(2w)] + ... (56)
The argument of relation (56) is:
I ~by [sin(w)] + ~b, [sin(2w)] + ~b3 [sin(3w)] +...
¢(w) = tan ~@g + ~bq [cos (W)] + ~b; [cos (2w)] + ~b3 [cos (Bw)] + ... (57)
The group delay of a frequency response is defined as —%,
performing on the relation (57) we have:
+o00
Z~bi [sin (iw)]
_ 4 -1 i=1
Ty (w) = dw tan (58)

+0o
~ag + Z~b,~ [cos (iw)]

i=1
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Fig. 3. the processing steps to compare signal sparsity.

Table 2
Numerical results of Gini index calculation.

Main 15t diff Noisy  Noisy 15t diff SG filter SG filter and 1°¢ diff

00 0.3401 0.1119 0.2657 0.1888 03346  0.1904
01 0.3382 0.1122 0.2678 0.1889 0.3191  0.1911
02 0.3320 0.1084 0.2439 0.1888 0.2836  0.1842
03 0.3076 0.1020 0.2753 0.1880 0.3209  0.1860
04 0.3336 0.1149 0.2440 0.1893 0.2983  0.1847

To investigate the variations of the group delay based on fre-
quency (w), we compute the derivatives considering some limited
number of terms in relation (58), such as relation (59):

d _1 ~bq [sin(w)] + ~b, [sin(2w)]

Tg(w)= — 7 tan ~ag + ~b1 [cos(W)] + ~by [cos (2w)] (59)

In Fig. 2 we plot the group delay of some Savitzky Golay filters
based on relation (58). We can understand that the time delay of
the different frequency components of a signal is approximately
ignorable in low frequencies (passband of the filter). This means
that different parts of the original signals which have different
frequency ranges, pass through the filter with similar time delay.
Having this property leads to a filtering level without any distortion,
and this is the reason for applying SG filters in this study.

3. Simulation results

We make some processing levels on a pure ECG signal and a
noisy one and rate their sparsity via computing Gini index and the
number of non-zero elements (ly norm). Our goal is comparing the
sparsity value of the main signal and the processed one to find a
method which increases signal sparsity more than others. Aiming
that we follow the block diagram in Fig. 3 and compute the sparsity
of signal in every step.

To do that we apply the MIT-BIH database of cardiac signals.
This databank consists of 48 signal records of 30 min from 48 dif-
ferent patients with 360 Hz sampling frequency. Approximately 60
percent of these records are for patients with arrhythmia [34].

We consider SG filter in two cases which are different in their
polynomial degree (PN) and frame size (FS) to prevent the ability of
comparing the sparsity of filtered signals. The polynomial degrees
are 3 and 4 and the frame sizes are 41 and 21. Fig. 4 shows the main
ECG signal and its noisy and differenced versions. Fig. 5 also shows
the main, noisy ECG signal and its filtered one.

Table 2 illustrates the results of Gini index values of signals after
different processing levels. In this table, we consider the SG filter
with PN=4 and FS=21. The noisy signal is the main ECG signal
adding to a Gaussian noise with SNR=0.2 dB.

To have another index of sparsity, we use Iy norm index which
calculates the non-zero elements of signal. Table 3 shows the
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Fig. 4. Main ECG signal and its noisy and differenced version.
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Fig. 5. Main ECG signal and its noisy and filtered version.

Table 3
Numerical results of Iy norm index calculation (non-zero elements).

Main 15t diff Noisy Noisy 15t diff SG filter SG filter and 15 diff
00 33 20 367 476 223 382
01 27 21 380 484 224 391
02 93 19 409 488 294 391
03 82 35 336 491 204 405
04 65 34 405 496 302 371

non-zero elements of main ECG signal and its processed ones via
derivation, SG filtering. It can be concluded that 15t derivative of a
signal has less non-zero elements than the main signal. Also, the
filtered signal is sparser than the noisy one but less than the orig-
inal one. Performing derivation on the noisy and filtered signal is
not effective way to increase the sparsity content of the signal.

Table 4 illustrate the difference between Gini and lg norm of the
filtered signal applying two different SG filters with various polyno-
mial degrees and frame sizes. In this comparison it is obvious that
increasing the frame size of SG filter increases the Gini index and
decreases the none-zero elements of signal. This means that chang-
ing the filter characteristics effectively can improve the sparsity of
a signal.

Table 5 is about the results of wavelet transforming (daubechis
wavelet in this research) main and noisy and derived ECG signal
and computing none-zero elements. It is observed from this table
that performing wavelet transform clearly improve the sparsity of
signal, as the number of none-zero elements of the wavelet trans-
formed noisy signal is less than the noisy one.
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Table 4
Numerical results of Gini and lp norm index calculation of two SG filters.
PN=4,FS=21 PN=3,FS=41
Gini Lo Gini L(]
Filtered Filtered 1%t drivation Filtered Filtered 15t drivation Filtered Filtered 15t drivation Filtered Filtered 1%t drivation
00 0.3346 0.1904 223 382 0.3646 0.1934 97 159
01 0.3191 0.1911 224 391 0.3592 0.1946 82 180
02 0.2836 0.1842 294 391 0.3271 0.1924 185 190
03 0.3209 0.1860 204 405 0.3509 0.1906 117 197
04 0.2983 0.1847 302 371 0.3276 0.1883 227 187
Table 5 Table 6
Numerical results of 1y after wavelet transform. Mean of the results in different processing cases.
Before wavelet After wavelet Main Noisy  SG filtered Wavelet
Noisy Noisy 1% diff Noisy Noisy 1% diff transformed
00 367 476 154 252 Mean of Gini index 0.3303 0.2593 0.3113 0.3424
01 380 484 165 242 Mean of lp (non-zero elements) 60 379.4 2494 172
02 409 488 189 239
03 336 491 157 247
04 405 496 195 244

The results of simulations show that the Gini index of the ECG
signal after adding noise decreases significantly, and SG filtering
improves the Gini index of noisy signals. The numerical results are
prepared at the Table 2 for five samples of the ECG database. It
can obviously be concluded that SG filtering impact on the sparsity
level of the noisy signals. Moreover, comparing the first and the last
columns show that filtering increases the sparsity to more than the
sparsity of the main signal.

4. Discussion

There are many cases which work on denoising different sig-
nals such as the image or biomedical data. Considering to our work
which is concentrated on ECG signal, here we point more to some
works in this field and compare our idea to them. In all of them
it is only considered to perform some algorithms on a signal and
evaluate their proposed method. [2] uses daubechies wavelets in
ECG signal denoising and [3] studies on ECG enhancement and QRS
detection based on signal derivatives, and SG filtering is one of the
methods which has been used in ECG signal applications due to its
time and frequency properties [28]. Many works have been done in
the field of ECG compression [4,5], and some about other signals fil-
tering and denoising [20,21],and compression [8,9,10,11,12,13,14].
On the other hand, a signal sparsity and sparse representation is one
of the important subjects in the compression studies [15,22,23,24].

The most important idea of this study is to combine the men-
tioned methods and perform them on an ECG signal to explain some
relation between signal processing and its sparsity, in order to have
more efficient compression and recovery stages. To the best of our
knowledge this point of view is not considered in any work before.
As the application of pre-processing levels have been studied in
[6] and [7] in order to get better results, in this work we compose
three paths of processing which are proposed to have been per-
formed before signal compression. We apply first derivatives, SG
filtering and wavelet transform on pure and noisy ECG signal and
compute the quality of the output signals in the form of sparsity
measure, Gini index and ly. All the simulation results show that the
signal sparsity increases after pre-processing and therefore it could
be better compressed.

To have a better view of the simulation results, we show the
mean of Gini index and non-zero elements of the main and pro-
cessed signals in Table 6. In this table, it is obvious that the mean
value of Gini index and non-zero elements of a noisy filtered signal
is improved compared to not filtered one.

In addition to simulation the claims, we study the mentioned
effect and the relation of sparsity with some entropy concepts
(especially Tsallis entropy which is non additive entropy)in a math-
ematical form in section III. Also, in this section we investigate the
effect of increasing the signal sparsity on the compression metrics
such as CR and PRD.

5. Conclusion

In this work, the effect of the pre-processing stage such as fil-
tering, signal derivation and wavelet transform have been studied
on the sparsity level and recovery metrics of the ECG signal, by
exploiting the concepts of Shannon entropy, Tsallis entropy and
related indices, diversity and group delay of the SG filters frequency
response. The claims were explained mathematically and validated
by simulation. It has been concluded that the sparsity of a noisy
signal is less than that of the main signal and filtering increases
the signal sparsity. Evaluating the signal sparsity has been done
via Gini index and non-zero elements of the signal in different
cases. Also, we have concluded that compressing the filtered or
wavelet transformed signal with more sparsity content leads to
better reconstruction and lower compression error by using the
measures of CR and PRD. We have validated the results numerically
by simulating the proposed preprocessing levels on the ECG sig-
nals of MIT-BIH database. The simulation results show that we can
increase the signal sparsity before its compression specially using
filtering and wavelet transforming. This brings us advantages in the
signal recovery level and leads to more exact signal reconstruction.
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